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Introduction

The mathematician's patterns, like the painter's or the
poet's must be beautiful; the ideas like the colours or the
words, must �t together in a harmonious way. Beauty is
the �rst test: there is no permanent place in the world for
ugly mathematics.

Godfried Hardy, A Mathematician's Apology

Two broad observations lie at the basis of this dissertation, that �nds itself at
the intersection between philosophy, mathematics and proof theory. The �rst one
is that mathematicians often prove a theorem in many different ways, even if they
already believe in its validity. A theorem that illustrates the pursuit for differing
proofs well is Pythagoras's Theorem, having been re-proved many times in its long
history — yet even as recently as 2022, a new proof was discovered by New Or-
leans high school students Ne'Kiya Jackson and Calcea Johnson, which received
widespread attention1, and surely more are to come. Hence, even though Pythago-
ras's Theorem is one of the most well-established mathematical truths, new proofs
are considered to hold value for various reasons. By their use of trigonomet-
ric means, Jackson and Johnson's proof can be considered “to demonstrate the
power of different methodologies”, one of the reasons named by Dawson (2006)
to re-prove theorems. Other reasons include improving previous arguments that
suffer from perceived gaps or de�ciencies; using simpler reasoning; extending or
generalizing results; and so on. A speci�c strand of such motivations focuses on
so-called `ideals' of proof, which are particular conceptual properties that `good'
mathematical proofs are considered to possess (such as simplicity, or beauty, as
the above epigraph illustrates). One main feature of this dissertation is its focus
on ideals of proof.

Our second observation is that mathematics as well as logic deal with an inher-
ent interplay between formal and informal notions, for which the right trade-off
needs to be found. For instance, “[t]hough formal rigor is crucial, it is not suf-
�cient to shape proofs intelligibly or to discover them ef�ciently, even in pure
logic” (Rathjen and Sieg, 2024). Hence, mathematics and logic switch between

1See for instance the news item https://www.theguardian.com/us-news/2023/mar/24/
new-orleans-pythagoras-theorem-trigonometry-prove .
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Introduction

various levels of formality, and unavoidably deal with the formalization of infor-
mal notions. Still, how formalization works, and what are exactly the differences
between informal and formal concepts, are not well-understood. A second main
feature of this dissertation is its interest in formalization of notions surrounding
mathematical proofs.

Bringing these two observations together, our aim is to de�ne and compare sev-
eral formalizations of ideals of proof. The ideals we consider will lack exactly the
type of rigor that mathematical de�nitions are commonly thought to possess, yet
they play a legitimate role in guiding mathematical practice. By studying their
formalizations, we aim to better understand the nature of ideals of proof, as well
as the nature of formalization (speci�cally on the level of formal proof systems).
There has been relatively little attention for this topic in the literature. An exam-
ple consists of Hilbert's `24th problem', which was left out of the famous list of 23
problems in mathematics that Hilbert presented at the International Congress of
Mathematicians in Paris in 1900.

“The 24th problem in my Paris lecture was to be: Criteria of simplicity,
or proof of the greatest simplicity of certain proofs. Develop a theory
of the method of proof in mathematics in general. Under a given set
of conditions there can be but one simplest proof. Quite generally, if
there are two proofs for a theorem, you must keep going until you
have derived each from the other, or until it becomes quite evident
what variant conditions (and aids) have been used in the two proofs.
Given two routes, it is not right to take either of these two or to look
for a third; it is necessary to investigate the area lying between the two
routes.” (English translation by Thiele (2003))

Some proposals have been given in the literature for criteria for simplicity (see e.g.
(Hipolito and Kahle, 2019)), but the philosophical nature of the informal property
of simplicity has shown that formalization is a complex process. We intend for our
case studies to take concrete steps in the development of formalizations, speci�-
cally that of proof ideals.

Main contributions

The main results of this dissertation concern three ideals of proof: that of purity (as
opposed to impurity), explanation (concerning proofs that explain, versus proofs
that do not), and semantic pollution (as opposed to syntactic purity). 2 These ide-
als will be properly introduced in Chapter 1. A �rst contribution of this dissertation

2A more appropriate description might mention instead of semantic pollution, its counterpart syn-
tactic purity as the real `ideal'. However, we remain relatively neutral on the value of these properties,
and assume that either extreme of an `ideal' of proof can become desirable in certain contexts and
with certain purposes. Additionally, the emphasis in this dissertation will lie on providing measures of
semantic pollution, instead of syntactic purity.

2



is then its relatively large-scale comparison of various models of purity and expla-
nation (for informal proofs), relative to a case study of two particular informal
proofs. Included in this comparison, and forming the second main contribution
of this dissertation, is the introduction of a new model of purity to the litera-
ture, namely that of ontological purity. We de�ne this model of purity not only
on the level of informal proofs, but additionally for formalized (natural deduc-
tion) proofs as well. In doing this, we show that the combination of mathematical
tools (such as Visser (1997)'s interpretation translation) with philosophical per-
spectives (like mathematical structuralism (Shapiro, 1997)) can lead to successful
formalizations.

Third, we introduce an elaborate conceptual and formal understanding of se-
mantic pollution, an ideal that is mentioned widely throughout proof-theoretic
literature in connection to `labeled' proof systems, but has not often been con-
sidered closely. This involves a case study of proof systems for modal logic, in
particular various generalizations of usual sequent calculi — as well as accompa-
nying Kripke models and the notions of equivalence that relate them. We take a
range of proof-theoretic languages as objects of study, and we report a �rst system-
atic analysis of these languages under our measures of semantic pollution (where
labeled languages emerge as relatively highly semantically polluted).

Remark (Use of the term `purity'). The term `purity' has two main uses. First,
it occurs as an ideal of mathematical proof, and it will be used for specifying more
speci�c variants such as topical purity, operational purity and ontological purity.
Second, the term is used in `syntactic purity' as the counterpart of semantic pollu-
tion. We will largely restrict to using the generic term `purity' only for the general
ideal of mathematical (informal) proofs. More speci�c terms such as `ontological
purity' and `syntactic purity' will be used in these speci�c settings, possibly re-
placed by `purity' only in cases where the intended interpretation is unmistakable
from context.

Remark (Background knowledge). We assume that the reader has basic familiarity
with the syntax, proof theory and semantics of the usual propositional, �rst-order
and modal logics. Where relevant, speci�c de�nitions will be given, but we will
often restrict to the level of detail that is relevant for our speci�c investigations.
For instance, in discussing proof theory for modal logics in Chapters 5 and 6, we
will not introduce proof systems by their full set of axioms and inference rules,
but we focus instead on the grammar, the aspect that is most relevant to our sub-
sequent formalization of semantic pollution. Of course, we always provide more
speci�c references where appropriate. To start, broad and more rigorous formal
treatments on natural deduction and sequent calculi can be found in (Negri and
Von Plato, 2008; Buss, 1998), and a good coverage of the syntax and semantics
for modal logic is (Blackburn et al., 2001).

3



Introduction

Structure of the thesis

The dissertation consists of seven chapters, and is intended to be read from begin-
ning to end. However, several parts may be read independently, since we concern
ourselves with different case studies.

First, Chapter 1 concerns a broad introduction to the case studies of the fol-
lowing chapters, and serves to de�ne the wider context we can embed them in.
There, we will introduce the distinction between informal and formal proofs, sev-
eral aspects of formalizations, and the most well-known ideals for each type of
proof.

Afterwards, Chapter 2 stands independently as a case study comparing models
of purity and explanation for informal proofs. A preview of the notion of ontolog-
ical purity can be found there, while it is presented in detail in Chapters 3 and 4,
the latter which should be read in this order.

Furthermore, we create a formalization of semantic pollution (as opposed to
syntactic purity) of formal proofs in Chapter 6, preceded by conceptual and tech-
nical preliminaries in Chapter 5 (that is thus intended to be read before Chapter
6). Zooming out, the case studies can be seen to concern mathematical proofs
(Chapters 2, 3, 4) as well as logical proofs (Chapters 5, 6); and informal proofs
(Chapters 2, 3, 4) as well as formal proofs (Chapters 3, 4, 5, 6).

Chapter 7 will take the previous chapters together in observations about the
similarities and differences between our case studies, generalizations of our for-
malizations, and re�ections on formalization of ideals generally. We end the dis-
sertation with some concluding remarks.

Sources of the material

Chapters 1 and 7 were written speci�cally for this dissertation. The other chapters
are based on single- or co-authored papers, either published or submitted.

• Chapter 2 (in particular, Sections 2.1.1, 2.2.1, 2.3, 2.4, 2.5, and 2.6.3) is
based on a collaboration with Francesca Poggiolesi:

Martinot, R. and Poggiolesi, F. (2025). Purity and explanation: A
systematic case study.Synthese (accepted)

The authors contributed equally to the mentioned sections. The other sec-
tions were added separately to the chapter, in order to better �t the story of
the dissertation.

• Chapter 3 and 4 are published as one paper, as follows.

Martinot, R. (2024b). Ontological purity for formal proofs. The
Review of Symbolic Logic, 17(2):395–434

4



• Chapters 5 (in particular, Sections 5.2, 5.3, and 5.4.1) and Chapter 6 are
currently submitted as one paper:

Martinot, R. (2024a). A formal characterization of semantic pol-
lution of modal proof systems. Submitted

• Chapter 5, Section 5.4.2 is based on parts of the following publication.

Martinot, R. (2022). Towards a formal analysis of semantic pollu-
tion of proof systems. The Logica Yearbook 2022, 33(1):79–98
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1
Ideals of proof (systems)

and formalization

This chapter will provide an introduction into the various available ideals of infor-
mal (mathematical) proofs, and those of formal proofs (and proof systems). They
range from ideals with a relatively technical focus, to ideals with a philosophi-
cal foundation, and they can often be traced back to historical origins. Our own
interests in ideals of proof are motivated not only by a general interest in why
mathematicians favor certain proofs over others, but also by ideals as case studies
of formalization. In the chapters that follow, we will consider several formaliza-
tions (on different levels) of ideals of proof and proof systems. Here, we provide
a general embedding of these case studies in the literature.

First, since both informal and formal proofs play a large role in this disserta-
tion, we will consider their distinction in Section 1.1. We will then discuss the
nature of formalization in Section 1.2, and formalization of ideals in Section 1.3.
Subsequently, Sections 1.4 and 1.5 consider the presentation of ideals of mathe-
matical (informal) proof, and ideals of formal proofs (and proof systems), respec-
tively. We conclude in Section 1.6.

1.1 The relation between informal and formal
proofs

The terms `informal proof' and `formal proof' may be used in several different
ways. One interpretation of the distinction concerns their degree of satisfying a
certain standard of rigor upheld by the mathematical community, where informal
proofs are somehow `faulty' and unreliable — this is not the interpretation we aim
at here. Instead, the difference in formality is identi�ed within the class of valid
proofs. Here, informal proofs are mathematical proofs the way mathematicians

7



Chapter 1. Ideals of proof (systems) and formalization

write them down and use them in practice. As a consequence, they are commonly
characterized as “linguistic entities” that “contain gaps of reasoning and [appeal]
to intuition” (Antonutti Marfori, 2010). One might even view them as “social con-
ventions by which mathematicians convince one another of the truth of theorems”
(as `social proofs', (Buss, 1998, p.2)). Note that this means that the standards for
what is an informal proof may �uctuate over time, and may �uctuate depending
on the audience of the proof. Instead, formal proofs are formal in a precise sense,
as they correspond to “a string of symbols which satisfy some precisely stated set
of rules and which prove a theorem, which itself must also be expressed as a
string of symbols” (Buss, 1998). The �eld of proof theory is dedicated to treating
and studying formal proofs as mathematical objects — to a lesser extent, infor-
mal provability has also been the subject of formal treatment (see e.g. (Leitgeb,
2009)).

The notion of formal proof can be traced back to the emergence ofHilbert's
program in 1921. With this foundational research program, Hilbert aimed to for-
malize classical mathematics entirely in axiomatic systems, as well as prove the
consistency of these systems using only `�nitary' means. This was supposed to
lead to a “philosophically satisfactory grounding of classical, in�nitary mathemat-
ics (analysis and set theory)” (Zach, 2007). However, the infeasibility of Hilbert's
program is typically regarded as having been shown by Gödel's Incompleteness
Theorems. In particular, the Second Incompleteness Theorem shows that every
consistent and effectively axiomatized theory that allows for the development of
basic parts of arithmetic cannot prove its own consistency (see (Zach, 2007, 2023)
for more discussion on the impact of this result on Hilbert's program).

Still, Hilbert's program led to numerous successful research areas, and proof
theory itself may be considered a consequence of it. The axiomatic systems in
which Hilbert aimed to formalize mathematics became known asHilbert-style proof
systems. In general, the notion of a proof system is known nowadays as containing,
relative to a formal grammar, a collection of axiom schemes (whose substitution
instances are axioms), and a collection of inference rules (that provide a way of
deriving new formulas from previously derived ones). Hilbert-style proof systems
are, in the spirit of Hilbert's aims, focused on �nding the right axioms of a proof.
Such a proof system comes with an abundance of axiom schemes, and a restricted
number of inference rules. The standard Hilbert systems for propositional logic
only contain the rule of Modus Ponens (MP).

A A ! B MPB

Two different styles of proof systems were introduced by, among others, Gent-
zen (1935) (see also (Gentzen, 1969)), who was primarily motivated by the aim
of proving the consistency of arithmetic. The system ofnatural deduction resulted
from the idea that a proof system should re�ect more the way we reason in practice
(it was independently also introduced by (Jaśkowski, 1934), who used graphical
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1.1. Informal and formal proofs

and linear styles of proof representation). Unlike Hilbert systems, natural deduc-
tion systems have in fact no axioms, but incorporate logical constants in terms of
inference rules. Additionally, natural deduction systems work with assumptions
from which one can reason, that can be discarded once they are no longer neces-
sary. Some of the natural deduction rules for classical propositional logic are the
following, coming in the form of introduction rules (allowing a logical constant
to appear in the conclusion) and elimination rules (allowing a logical constant to
disappear in the conclusion).

A B ^ IA ^ B
A ^ B ^ EA

A ^ B ^ EB

[A]

...
B ! IA ! B

A ! B A ! EB

After believing that classical natural deduction could not provide suitable nor-
malization results (a way of showing that the proofs in a proof system are not
`roundabout'), Gentzen developed a different style of proof systems known as the
sequent calculus.

Sequent calculi keep track of the open assumptions in a proof by presenting
them in a list in every proof line. The data structure occupying a proof line is
no longer a formula, but a sequent� ) � , where (antecedent) � and (succe-
dent) � represent (originally) lists of logical formulas A1; :::; An . Sequent calculi
thus introduce the comma `,' as a new syntactic symbol, as well as the `sequent
arrow' ) , which can (among others) be considered a formal representation of
the derivability relation. The exact properties of the sequent ingredients may dif-
fer depending on their applications — for instance, there exist single-conclusion
and multiple-conclusion sequent calculi, and one may vary the nature of� and �
(treating them as sets, multisets, sequences, lists or formulas). Logical constants
are incorporated in a sequent calculus via `left rules' (corresponding to natural
deduction elimination rules) and `right rules' (corresponding to natural deduction
introduction rules). Some examples of inference rules from a multiple-conclusion
sequent calculus are given below.

� ; A; B ) �
^ L� ; A ^ B ) �

� ) A; � � ) B; �
^ R� ) A ^ B; �

� ) � ; A � ; B ) �
! L� ; A ! B ) �

� ; A ) B; �
! R� ) A ! B; �

These types of proof systems comprise the three main proof-theoretic formulations
of systems of logical rules, and they each provide a basis for generating `formal
proofs' (we refer to (Buss, 1998; Negri and Von Plato, 2008) for more details).
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Chapter 1. Ideals of proof (systems) and formalization

At this point, the question naturally arises how informal proofs and formal
proofs relate to each other. This is an area where many questions currently still
exist, although several relations are generally agreed upon. For instance, as a
consequence of their high rigor, formal proofs may serve as acorrectness checkfor
informal proofs (see e.g. (Avigad, 2021)). The difference in rigor, however, goes
together with a difference in epistemological value of the two types of proof. It is
generally recognized that formal proofs “are abstractions from mathematical prac-
tice that fail to capture many important aspects of that practice” (Dawson, 2006),
and so unlike informal proofs, formal proofs do not generally convey a higher-
level conceptual understanding of the reasoning used in a proof. Still, some are
tempted to conjecture more speci�c relations between informal and formal proofs.
The `derivation-indicator view' (Azzouni, 2004) says that each informal proof `in-
dicates' an underlying formal derivation. How this is supposed to work, however,
is unclear, and the idea is met with criticism in, among others, (Rav, 2007). Still,
there are ongoing attempts to bridge the gap between informal and formal proofs,
see for instance discussions in (Jojgov et al., 2004; Burgess, 2015; Weir, 2016),
although a detailed understanding of how formal proofs more conceptually ap-
proximate informal proofs, remains largely unclear.

A better understanding of this approximation is desirable for various reasons,
however. For instance, “[i]n order to make the wonderful tools from proof theory,
model theory, recursion theory, set theory, modal logic, and so forth, applicable
to the analysis of informal provability, we need bridge principles which relate in-
formal provability to formal provability” Leitgeb (2009). Such `bridge principles'
would thus create a better understanding of informal provability itself, and would
allow justi�ed transferral of results between the two types of proofs. Leitgeb notes
that “[e]ven for giving partial answers to questions such as `What do the Incom-
pleteness Theorems tell us about mathematical provability?' we need a theory of
informal provability”.

Additionally, �nding ways to preserve the informal intuition behind a formal-
ized proof enables a more complete justi�cation for the validity of a proof. As
Hamami (2022) notes, formal deductions have a legitimizing role for human
knowledge, and a routine translation of reasoning into formal deductions would
contribute to the conceptual part of the justi�cation. And more philosophically,
once an area of mathematics has been formalized, the question remains: “[h]ow
can we be sure that the formal system accurately re�ects the original mathematical
structures?” (Shapiro, 2006) (see also (Lakatos, 1978)). A better understanding
of the relation between informal and formal proofs could help assess the suitability
and naturalness of formalizations.

We also emphasize that investigating informal and formal provability has a
tight connection to investigating the notion of formalization, generally. A better
understanding of the relationship between informal and formal proofs contributes
to characterizing the type of formalization that informal proofs are subject to. Vice
versa, knowing more about formalization itself may contribute to bridging the gap
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Formal modelPre-theoretic concept

open texture

�xed elucidates properties

sharpens concept

Figure 1.1: A visualization of two views on formalization.

between informal and formal provability. The following section will clarify more
the type of formalization we will concern ourselves with in the next chapters.

1.2 Formalization

We base our general understanding of the notion of formalization on the ideas of
Waismann (1968) (and analyses in (Shapiro, 2006; Incurvati, 2020)) and Hans-
son (2000). Let an informal concept that will be subject to formalization (into a
formal model) be called the pre-theoretic concept. It is then recognized that we can
distinguish between different views on the nature of the pre-theory — Incurvati
(2020) describes three such views, two of which we take as a basis (see Figure
1.1). Generally, the �rst view says that pre-theoretic concepts are themselves im-
precise, and formalizations serve tosharpen them, by clarifying properties that
may not originally have been part of the concept. The second view claims that
the pre-theoretic concept is itself in fact already sharp and �xed `in all directions'
— we just have a limited informal understanding of it. In this case, formaliza-
tions serve to elucidatethe more detailed properties that were already part of the
pre-theory, but that we did not perceive.1

Waismann (1968) is a main promoter of the �rst view. He argues that infor-
mal concepts possessopen texture, which refers to the idea that “[t]he fact that
in many cases there is no such thing as a conclusive veri�cation is connected to
the fact that most of our empirical concepts are not delimited in all possible direc-
tions” (Waismann, 1968). Although this is meant as an attack on phenomenalism
(concerning the veri�cation of sentences like `there is a cat next door'), Shapiro
(2006) provides several mathematically �avored examples.

1Incurvati (2020)'s third view says that the pre-theoretic concept may be inconsistent, which is
when a formalization serves to replacethe concept by a new (consistent) one. This is a relevant view
when the other two views assume that the pre-theory is always consistent. We will, however, assume
that the possibility of inconsistency of the pre-theoretic concept is already present in the other two
views (enabled by open texture, or our inaccurate perception of a �xed pre-theory).
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Chapter 1. Ideals of proof (systems) and formalization

A well-known case is the successful formalization of the notion of computabil-
ity. Church's Thesis proposes that all and only recursive functions are effectively
computable — the intuitive concept of computability is thereby formalized into a
rigorous one. This formalization involved �xing certain parameters surrounding
the informal notion of computability, that are in principle up to interpretation.
This includes “such matters as the attention span, lifetime [of a computist], and
available materials” (Shapiro, 2006), and to what extent these should be ideal-
ized in order to end up with an interesting notion of computability. For instance,
the amount of memory or materials available to a computist should not affect the
possibility of a computation in order for it to be an interesting notion. Accord-
ing to Shapiro, by setting such parameters (based on mathematical efforts) the
formalization of computability in fact sharpenedits pre-theoretic version.

Another example concerns the concept of set. Shapiro (2006) notes that “[t]he-
re is still some debate over the intuitive underpinning of the iterative conception”,
and Boolos (1989) argues there is not one single, informal notion of set under-
lying ZF. See also (Incurvati, 2020) for an elaborate analysis of different con-
ceptions of set (neutrally taken as either `sharpening', `elucidating' or `replacing'
pre-theoretic concepts of set). Finally, take the example of the notion of a poly-
hedron. The teacher-student discussions described in (Lakatos, 2015) show that
the pre-theoretic notion of a polyhedron is subject to interpretation and changing
boundaries. Various de�nitions are proposed and rejected, illustrating the differ-
ent ways one can interpret formalization of intuitive concepts.

Furthermore, a view common to Waismann (1968) and Hansson (2000), inde-
pendent of the supposed `sharpness' of the pre-theory, is that formalizations gener-
ally only sharpen or elucidate a concept onsomeaspects. That is, the pre-theoretic
concept can never be `completely' captured, thereby overlooking some aspects that
perhaps were present in the pre-theory. Hansson (2000) calls attention to this by
pointing out the `simplifying' side to formalization (of rational behavior).

“[F]ormal models of rational behaviour and rational belief [...] are
both (1) idealizing — simplifying, i.e. they leave out many of the
complexities of real life, and (2) idealizing — perfecting, i.e., they rep-
resent patterns that satisfy standards of rationality that are higher than
what actual (doxastic) agents usually live up to.” (Hansson, 2000)

The simplifying side to formalization has the purpose of obtaining at least some
understanding of the concept under analysis. However, “[i]t may involve a distor-
tion of the original or it can simply mean a leaving aside of some components in a
complex in order to focus the better on the remaining ones” (McMullin, 1985).

We will thus take formalizations as multi-sided, not only sharpening or eluci-
dating a pre-theoretic concept, but also possibly (over)simplifying it. It is useful
to outline more speci�cally some of the possible virtues as well as dangers of for-
malization in philosophy that Hansson (2000) describes. Besides noting virtues
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that are similar to sharpening and elucidating aspects of the pretheory (e.g., iso-
lating important aspects that underlie a concept, and shedding light on implicit
assumptions made informally), Hansson notes that formalization also encourages
“de�nitional and deductive economy” (such as by showing which concepts are
in fact interde�nable or equivalent in the formal setting, and by minimizing the
principles of inference used). Additionally, it encourages a deeper understand-
ing of concepts by supporting intricate theoretical frameworks that in the informal
setting become too ambiguous to uphold; �nally, formalization can lead to the dis-
covery of previously unnoticed philosophical problems, by supporting a `complete'
formal description of an informal phenomenon.

On the other hand, Hansson draws attention to cases where formalization
causes more confusion than clarity. We already mentioned that formalization can
induce oversimpli�cation. More speci�cally, formalization can cause false uni�ca-
tion of informal concepts (into one formal notion); and it can propose technically
pleasing but practically false conceptual primitives. On the other hand, formal-
ization can also introduce unnecessarycomplexity. For instance, it can encourage
introducing ad hoc constructions that have no natural informal counterpart; and
it might lead one to focus on (philosophically irrelevant) problems that are in fact
just technical artifacts of the formalization. Hansson �nally mentions that for-
malization can involve (harmful) implicit ontological assumptions; and that rash
(unmotivated) philosophical choices can be made by making formally convenient
choices.

In short, to assess the use of formalizing, one should always be aware of which
aspects of formalization contribute to which aspects of informal issues. We will
now consider what views on formalization are (ir)relevant for the formalization
of ideals of proof (systems) that will follow in the next chapters.

1.3 Formalization of ideals of proof (systems)

The kind of formalization that we will concern ourselves with focuses on ideals
of proof (systems) as pre-theoretic concepts. The formalization of ideals of proof
is an area that has not yet enjoyed many substantial results, but which relates
for example to `Hilbert's 24th problem' for formal proofs: the problem of �nding
criteria for simple proofs (Hipolito and Kahle, 2019). This involves formalization
of particular aspectsof these proofs, namely speci�c conceptual qualities that they
possess. In particular, our formalizations will concern the following cases, taking
place on different levels of analysis.

• Formalizing pre-theoretic intuitions about an ideal of informal proofs, into a
model of the ideal for informal proofs (Chapter 2). The relevant ideals in
this chapter will be purity and explanation.

• Formalizing pre-theoretic intuitions about an ideal of informal proofs, into a
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Chapter 1. Ideals of proof (systems) and formalization

model of the ideal for formal proofs (Chapters 3 and 4). More speci�cally,
this formalization will concern �rst-order natural deduction proofs, and the
relevant ideal will be purity .

• Formalizing pre-theoretic intuitions about an ideal of formal proofs, into a
model of the ideal for formal proofs (Chapters 5 and 6). More speci�cally,
this formalization will concern proofs of (generalizations of) propositional
modal sequent calculi, and the relevant ideal will be syntactic purity (as op-
posed tosemantic pollution).

Thus, models of ideals of proof will look quite different, depending on the type of
proof that the ideal and formalization concern itself with. Generally, on the level
of informal as well as formal proofs, a model should specify under what conditions
a proof can be said to satisfy the ideal, as well as motivate how these conditions re-
late to the pre-theoretic understanding of the ideal. On the level of formal proofs,
we expect there to be a relation of the ideal to rigid counterparts of formal proofs
(such as syntax or inference rules). Furthermore, given the described positions,
virtues and dangers of formalization, we will assume that the type of formaliza-
tions we will use for ideals of proof have at least the following properties, that we
elaborate on below.

1. We will adhere to pluralism for formalizations.

2. We remain neutral on whether a formalization `sharpens' a pre-theory with
open texture, or whether it `elucidates' aspects of a �xed pre-theory.

3. We will assume formalizations to have both virtuous as well as harmful sides.

Key to our approach to formalizations is that we consider there to be multiple
`acceptable' formalizations of ideals of proof. Depending on the goal one has,
one can pick a particular formalization that has the right properties — giving
rise to a pluralist attitude towards formalizations. Note that this seems especially
compatible with the open textureview on pre-theoretical ideals: the pre-theory will
contain undetermined aspects, and formalizations can `sharpen' them in different
ways. This is compatible with the following idea:

“[I]t should be clear that there is no unique “true” formal analysis of
non-philosophical or informal philosophical concepts. Different for-
malizations may capture different properties of the concepts.” (Hans-
son, 2000)

Even on the view of a `�xed pre-theory', however, pluralism with respect to
formalizations is acceptable. Different formalizations may still `elucidate' different
aspects of the (�xed) pre-theory, and ignore others.

A basic consequence of pluralism of formalizations is that different formal-
izations (of the same proof ideal) can lead to different judgements on whether
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a proof possesses the ideal, or not. We might expect this to only be compati-
ble with the `open texture view' of pre-theories. It seems natural that different
choices of sharpening the pre-theory can lead to different outcomes for the same
proof. On the `�xed pre-theory' view, we might expect at �rst sight that different
formalizations should provide compatible judgements, as they describe the same
(�xed) pre-theory. However, recall that two formalizations of the �xed pre-theory
may still focus on elucidating some(different) aspects, and ignore the elucidation
of others. In case a proof possesses an aspect that only one formalization eluci-
dates, two formalizations might still provide different judgements. Thus, we have
reached our second assumption, which is that we remain neutral with respect to
the nature of the pre-theory.2

Third, pluralism on formalizations is naturally compatible with a nuanced view
on the value of formalizations. By sharpening or elucidating `some' and not all
properties of an ideal, a formalization inevitably simpli�es or ignores others. We
may thus assume that any formalization is biased to a certain extent to the prop-
erties that it focuses on, thereby providing a `distorted' view of the pre-theory.
Generally, then, we expect that `Lakatosian monsters' may appear, that satisfy the
formalizations, yet seem counter-intuitive. It should be stressed that we do not
consider this to be a reason to reject the formalism. In the spirit of Hansson
(2000), “even if such a counter-argument convincingly discloses a de�ciency in
the model, this is not necessarily a suf�cient reason to give up the model. If the
counter-argument cannot be neutralized without substantial losses of simplicity,
then an appropriate response may be to continue using the model, bearing in
mind it[s] weaknesses”. We can consider such examples to belong to the ideal of
proof relative to the aspects that have been formalized — and we might consider
the formalization to focus on these aspects of a proof ideal, instead of on the entire
ideal itself.

Finally, despite the fact that we advocate a plurality of formalizations, we rec-
ognize that different pre-theoretic concepts will �t a monist or pluralist approach
to formalization best. In the case of computability, Shapiro (2006) considered the
formalization to essentially removethe open texture of the concept, so that mathe-
maticians could settle on a `right' concept. If there are natural choices for sharpen-
ings such that the mathematical community largely agrees on them, then pluralism
may turn into monism, and we do not claim that this cannot happen with certain
ideals of proof. Alternatively, if pluralism of the formalization of some ideal causes
long-term disagreements in the mathematical community, differing formalizations
might instead be taken to be formalize different ideals, splitting up a pre-theoretic
ideal into multiple ones. Such choices, however, all depend on the development
of mathematical practice, and for now we may simply adopt pluralism towards

2Despite this neutrality, a more biased view might be more appropriate depending on the partic-
ular proof ideal. An open-texture pre-theory seems more likely relative to a high-level, philosophical
ideal — whereas our intuitive understanding of some ideals of formal proofs seem from the beginning
already more rigid.
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formalizations.

1.3.1 The value of considering such formalizations of ideals

The reader may still be wondering why our perspective on formalizations of ideals
is an interesting one to take, and what this implies about ideals of proof them-
selves. We will thus brie�y elaborate on the value of ideals of proof (relative to
the properties of formalization presented above), as well as on the value of the
formalizations themselves.

Concerning the �rst, we recognize that originally, ideals of (informal) proof
were intended (by scholars that discussed them, such as Aristotle and Bolzano
on `purity' or explanatory value of proofs) to select the `highest quality' proof, a
seemingly monist endeavor. The ideal of proof then favors a proof possessing the
ideal, over a proof not possessing the ideal. Arguably, aformalization of an ideal
is intended to clarify more precisely what the ideal amounts to, and should help
us detect whether or not a proof possesses it. However, adhering to pluralism of
formalizations now gives us multiple ways of judging a proof on the ideal, and
these ways may be inconsistent. This seems to change the role of ideals, as their
formalizations cannot generally select one, highest-quality proof.

However, as in line with the previous section, we argue that ideals of proof
still select high-quality proofs. They may just be considered to do this relative to
particular aspectsof the ideal. We may choose a particular formalization as guid-
ing the choice of `best proof' relative to our goal that favors these aspects. A goal
of a formalization may be something technical and speci�c, or something more
general and philosophical: it may even concern aspects fromdifferent ideals of
proof (instead of �nding an explanatory proof, one might want to �nd a fruitful
explanatory proof, for which a formalization of explanation emphasizing connec-
tions to other results may provide the best guidance). Ideals of proof thus become
a collection of favorable aspects, that show us more precisely the different ways in
which mathematics can be informative and valuable. 3

Now, why are we interested in studying formalizations of ideals of proof them-
selves? First of all, naturally, formalizations provide insights into (aspects of) ide-
als of proof. Tappenden (2012) notes that analyses of ideals of proof can “clarify
what it is that makes mathematics informative and revealing”. Formalization may
thus help us see why mathematicians prefer certain valid proofs over others, and
help explain mathematical practice. Related is the observation that ideals of proof,
as properties of desirable proof, can be seen as guiding the search for proofs gener-
ally. This raises a question: “[h]ow can such pragmatic and apparently subjective
advantages possibly serve as reliable guides to what istrue?” (Tappenden, 2012).

3And if, amidst all formalizations of a certain ideal, one insists on knowing which one is the `best'
or `true' formalization capturing the ideal — one might instead be willing to take each formalization
as `creating' a new (variant of the) proof ideal. The rivalry between formalizations then once again
corresponds to a rivalry between proof ideals, which was already there.
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It remains unclear why philosophical properties of proof, if at all, are related to
mathematical success. “The methodologist has the task of clarifying the nature
and role of these theoretical virtues, or demonstrating that they do not guide the-
ory choice in a signi�cant way after all, and that appearances to the contrary are
misleading” (Tappenden, 2012).

Furthermore, formalizations of ideals can be considered case studies of the no-
tion of formalization, generally. Section 1.1 already illustrated that the process of
formalization in mathematics is not well-understood: in particular, this concerns
the relation of informal proofs to formal proofs, but also the more general pre-
cisi�cation of informal properties of (informal or formal) proofs. Studying and
devising speci�c formalizations should thus contribute more generally to under-
standing what is a (successful) formalization.

Finally, formalizations of ideals of proof can tell us several things about math-
ematical practice. For one, a successful formalization tells us that there are rela-
tively consistent frameworks underlying our (informal) mathematical intuitions;
while it also shows us which parts of our intuitions may not be consistent. This
knowledge can help shape the philosophical debates surrounding ideals. Formal-
izations can pinpoint where disagreements originate, and can help us show in
which situations we should (not) consider certain aspects of ideals valuable. For-
malization then prevents miscommunication when ideals of proof are understood
in different ways by different mathematicians or philosophers.

The rest of this chapter will introduce the main ideals of proof (systems) that
are mentioned in the literature. In the chapters that follow, we will dive into vari-
ous formalizations of speci�c ideals of proof. After that, we will re�ect on what is
gained as well as lost by the formalizations in Chapter 7.4

1.4 Ideals of informal (mathematical) proof

In order to obtain a better understanding of the nature of ideals of informal, math-
ematical proofs, let us name the most common ones. In the philosophy of math-
ematics, ideals of informal proofs are also called `virtues' of proof, and a proof
may possess various types of them. Lange (2016b) mentions the following list:
accessibilityto a given audience,beauty (see e.g. (Novaes, 2019)),brevity, depth,
elegance, explanatory power(with a wide literature, see also Chapter 2), fruitful-
ness, generalizability, purity (see Chapters 2, 3, 4), andvisualizability. Even others
are “standards of rigor, certainty, apriority ”5, and simplicity of proof (see (Daw-

4Note that, even though we introduce speci�c formalizations of proof ideals, this does not contradict
our pluralist conception of formalization. We consider our own formalizations to focus on particular
aspects that we �nd interesting relative to the current mathematical and philosophical debate. How-
ever, other formalizations may still be more appropriate relative to other goals or other aspects of the
pre-theory.

5Seehttps://mdetlefsen.nd.edu/research/ideals-of-proof-ip/ .
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son, 2006; Hipolito and Kahle, 2019)). 6 Often, mathematicians and philosophers
only possess a rudimentary, intuitive understanding of such an ideal. For instance,
we might say that elegance of a proof holds when “[a] proof (and so on) can be
praised for attaining in a more ef�cient and “clean” way what previously had been
done indirectly and clumsily” (Tappenden, 2012), but how exactly to be more pre-
cise is unclear, and seems best illustrated by concrete examples. Common to all
ideals of proof is that the judgements of mathematicians are key in establishing
whether the ideal holds. Although unavoidable, this can be problematic when
narrowing down the concepts behind ideals of proof: it can already be unclear
“whether mathematicians are appealing to the same virtue each time they invoke
`beauty' (for instance)” (Lange, 2016b). It depends on the particular ideal of proof
whether other, external factors are also at play in determining whether a proof
possesses it. For fruitfulness of mathematical proof, for instance, it is “not just
a question of the feelings or subjective reactions of mathematicians, since there
is a genuine fact of the matter at stake: will this proposal actually lead to the
discoveries we are looking for?” (Tappenden, 2012).

This relates to a main distinction that can be made between the kinds of values
that ideals of proof provide to mathematicians. First, ideals can be valuable mainly
in an `extrinsic' sense. Here, ideals ensure that a proof is useful in order to achieve
other goals. For instance, accessibility to a given audience, brevity, and fruitfulness
can be seen to possess this type of value: they help to communicate the proof to an
audience, or to stimulate the discovery of new theorems or proofs. That is, ideals
of proof are here strategicor pragmatic in the �rst place: such an ideal is “not so
much prized for the knowledge it itself constitutes, as for the knowledge it in some
broadly pragmatist sense provides for” (Detlefsen, 2008). But ideals of proof may
also merely be `intrinsically' valuable, so that “mathematics may seek them not as
a means to some end, but as ends in themselves” (Lange, 2016b). Lange notes as
examples here “explanatory power and purity, perhaps”. Here, we may see ideals
of proof as achieving higher epistemic goals: they are assumed to lead to a `higher
quality of knowledge' of a proof. On the other hand, we may imagine that some
ideals of proof only possess `aesthetic value' to mathematicians, without a clear
relation even to epistemic values.

Hence, ideals of proof play a role in mathematical practice, guiding the search
for `good' proofs. Among their variety, however, there is not generally an order of
importance to be recognized. I.e., “there need not be any sense in which a proof
that exhibits one of them is `better, all things considered' than a proof that lacks
any of these virtues” (Lange, 2016b). Similarly, a proof of a theorem possessing
one virtue is a valuable �nd, even if it lacks other virtues. The relation between
ideals of proof can theoretically be many things: ideals of proof may be dependent
on each other, (partly) overlap or be reducible to one another, but they may also

6As these terms are of a general nature, it would be interesting to see whether (in line with anti-
exceptionalist views of logic) they may also be applicable to the way that we choose scienti�c theories,
in general.
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be entirely independent, or “they may stand in some more complicated relation"
(Lange, 2016b). We will attempt to explore one such relation between two proof
ideals in Chapter 2.

Finally, ideals of proof indirectly tell us something about `sameness' of proofs.
Namely, when a proof is considered to possess a certain ideal of proof, it is also
considered to be suf�ciently conceptually distinctfrom a proof that does not pos-
sess this ideal. Where the boundary lies between two proofs, i.e., when two proofs
can be calleddistinct, is a non-obvious question (see, for instance, (Straßburger,
2007)). The case studies that we address in this dissertation can be seen as con-
tributing to de�ning some boundaries (in certain contexts) — although we do not
address the general problem of the identity of proofs.

Having said all this, the dynamics of mathematical practice may change ide-
als over time, and so the aspects by which a certain ideal of proof is known at
one point in time, can be signi�cantly different at another. For instance, purity
was already by Aristotle considered a “quality of highest or best proof” (Detlefsen,
2008), but Detlefsen describes how the notion of purity received different concep-
tions over time. This should not be considered something problematic: in fact, it
seems only appropriate with respect to a pluralist conception to formalizations of
ideals.

1.5 Ideals of proof systems

Intuitively, like ideals of informal proofs, ideals of formal proofs are independent of
provability. That is, given multiple ways of (formally) proving the same theorem,
an ideal will for some reason favor one formal proof over the other. Unlike many
ideals of informal proofs, however, ideals of formal proofs do not as such have to
do with delivering the highest quality of `knowledge' of the mathematical content
of a proof — simply because a formal proof does not primarily serve to provide
conceptual understanding of a proof. However, ideals of formal proof may serve
other types of epistemic goals; and they often also serve pragmatic goals within
mathematics. In general, a formal proof satisfying an ideal of proof will display a
`higher quality' of derivability than another, relative to these goals.

There are various levels at which we can present such ideals: we can phrase the
ideal at the level of the formal proof itself, but we can also present it at the level of
a proof system, or even more generally, at the level of a p̀roof-theoretic formalism'.
Speci�c to sequent caluli, although we may use this term as applying to any type
of proof system, a proof-theoretic formalism is given by “the standard notation it
uses, the data structures employed in sequents, the types of inference rules that
normally appear, and the types of properties ordinarily shared by the proof calculi
thereof (which serve as instances of a formalism)” (Lyon et al., 2023). Ideals
phrased at one level, can be seen to affect the other levels: an ideal of a proof-
theoretic formalism can also be phrased from the perspective of a formal proof,
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requiring that it should `be part of a proof system that instantiates a proof-theoretic
formalism with that ideal'; and the other way around. To present ideals of formal
proofs, we will use the level that the ideal is most naturally phrased at.

In the literature, various lists of (slightly differing) desiderata of proof sys-
tems are provided (see e.g. (Avron, 1996; Wansing, 1994; Poggiolesi, 2010; Lyon
et al., 2023)). We will distinguish between ideals of proof systems for the more
mathematically-mindedproof theorist, and ideals of proof systems for the more
philosophically-mindedproof theorist (although we recognize one may be a proof
theorist with both interests). The mathematically-minded proof theorist is gener-
ally interested in ideals that help “generate large classes of proof calculi for logics
on demand without requiring substantial work on the side of the logician” (Lyon
et al., 2023). Additionally, ideals that help establish technical results about proof
calculi fall under this category. On the other hand, the philosophically-minded
proof theorist cares more about the `rightness' of formal properties relative to a
philosophical goal.

With this distinction in mind, it should be noted that compared to ideals of
informal proofs, for formal proofs there is some more ambiguity regarding when
something is an ideal of proof, as opposed to simply a `mathematically desirable
result' — as well as when something is a pre-theoretic ideal of proof, as opposed
to a formalization of an ideal. The �rst ambiguity has to do with the fact that
formal proofs and proof systems are themselves mathematical objects of study in
proof theory. A technical desirable property of formal proofs may then simply
be an open problem in proof theory, instead of a `higher-level' quality of formal
derivability. The second ambiguity has to do with the fact that the intuitive ideals
of formal proofs are often already a bit more rigid, and that the formalization
of such intuitions may sometimes proceed in multiple steps, the ideal becoming
more formal or speci�c with each step, clouding the boundary between pre-theory
and formalizations. We do not aim to provide an absolute boundary between these
concepts for ideals of formal proofs — we will present several of them as presented
by the literature, and simply advocate caution with respect to the terminology
`ideal of formal proof'.

First, then, consider some mathematically-oriented ideals, which are presented
at the level of a proof-theoretic formalism as in (Lyon et al., 2023) (based on
(Wansing, 1994; Avron, 1996)). Satisfying these ideals generally increases the
ease with which proof systems can be generated and interpreted.

1. Generality. The proof-theoretic formalism that the proof system belongs to is
not biased to particular logics: instead, it can deal with a large class of logics
with proof systems (that share desirable properties).

2. Uniformity. The proof-theoretic formalism that the proof system belongs to,
is stable the way it is: it does not need to be enriched in order to obtain
proof systems for particular logics.
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3. Modularity. A proof system for a logic in some class, can be transformed into
a proof system for another “with properties preserved, by adding/deleting
rules or modifying the functionality of rules” (Lyon et al., 2023).

4. Constructibility. The proof system for a logic in some class, is constructible
according to an established method.

5. Syntactic parsimony.7 The data structures that occur in the proof system
are only as complex as they need to be, relative to the logic or (technical)
purpose of the proof system.

The above ideals are presented on a relatively high conceptual level. Some well-
known ideals at the level of proof systems for instance look as follows (again see
(Lyon et al., 2023)), specifying desirable properties of concrete ingredients (or the
formal proofs) of a calculus.

1. Analyticity. A formal proof is analytic if the premises of each rule only con-
tain subformulas of the conclusion. This is a widely recognized value of
formal proofs, relating to results like interpolation, the disjunction property,
decidability, and so on. Analyticity in sequent calculi follows from estab-
lishing the possibility of cut-elimination, which says that each proof that
incorporates uses of the cut rule, can be transformed into proof of the same
theorem that is cut-free.

2. Termination. A proof system is terminating if the premises of each rule are
less complex than the conclusion. Combined with analyticity, this property
ensures (in sequent calculi) termination of proof search: when following
rules bottom-up, every branch of a derivation leads to either an axiom or an
unprovable sequent.

3. Invertibility. An inference rule of a formal proof is invertible if derivability
of the conclusion of a rule implies derivability of its premises. This enables
ef�cient proof search, as it ensures that it does not matter in which order
rules are applied bottom-up during proof search.

4. Countermodel generation.Proof search in sequent calculi may provide the
result that a conclusion is not provable, where the search ends with a deriva-
tion containing an unprovable sequent as a leaf. A calculus then generates
countermodels if this sequent can be used to de�ne a countermodel of the
conclusion.

In the above cases, the ideals of formal proofs are so precise already, that their
pre-theory and formalization almost coincide. We might also conceive of these
properties instead as formalizations of a wider, higher-level ideal of formal proof

7We split Lyon et al. (2023)'s criterion of syntactic parsimonyinto a version of the criterion for
mathematical reasons, and a version of the criterion for philosophical reasons.
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such asef�ciency or applicability, and that by force of familiarity they have started
to be used as ideals in their own right. We will not elaborate further on them here.

For more philosophically-oriented ideals of formal proofs, we can more easily
recognize a gap between the pre-theory and its formalization. Some examples of
philosophical ideals are the following, ranging from desires for clear connections
to informal reasoning, to requirements on the relationship of proof systems to
meaning.

1. Conceptual simplicity.8 The data structures that are used by the proof system
are only as complex as required by the logic or (philosophical) purpose of the
proof system. For instance, they are simple enough to suf�ciently support a
conceptual understanding of the (ingredients of the) data structure. This
relates to the next ideal, but is here independent of inferential practice.

2. Closeness to inferential practice. This is a relevant requirement for a proof
system if one is interested in understanding the relation between informal
and formal reasoning better. It is related to Steinberger (2011)'s Principle of
Answerabilityof proof systems, which says that “only such deductive systems
are permissible as can be seen to be suitably connected to our ordinary infer-
ential practices”. Steinberger argues, for instance, that multiple-conclusion
proof systems do not satisfy this principle.

This ideal can manifest itself on different levels of analysis. We can distin-
guish between proof systems that aim to formalize entire ways of informal
reasoning, and those that focus only on properties of informal reasoning. For
example, some proof systems are intended to formalize deontic reasoning
(e.g. (Torre and Villata, 2014)), or to focus on avoiding paradoxes such as
logical omniscience. Then there are philosophical properties of mathemati-
cal reasoning such as our ideals of proof discussed in Section 1.4, and one
might focus on formalizing just those aspects. On a more fundamental level,
the type of proof system to begin with is thought to in�uence suitability of
formalization. There, natural deduction is often mentioned as “[intending]
to capture the way [we] actually reason” (Bimbó, 2014) (originally already
noted by Gentzen), more than systems such as sequent or Hilbert calculi.

3. Normativity. Similar to desiring normativity of logic, we can seek normativity
of a proof system. Here, we aim to trust the proof system to be a reasoning
system that we can (and should) look to for improving our arguments (see
e.g. (Tosatto et al., 2012)). Thus, instead of closeness to inferential practice,
a proof system may instead be taken to display closeness to how weought to
reason.

8This can be seen as the philosophical variant of syntactic parsimony, which we dubbed `conceptual
simplicity' for clearer pre-theoretic nature.

22



1.5. Ideals of proof systems

4. Providing meaning to logical constants. Inferentialismis a broad philosophi-
cal framework (with the slogan `meaning-as-use') according to which infer-
ences establish the meaning of expressions (as opposed to `denotationalism'
as commonly used in model theory). Proof-theoretic semanticsmay be consid-
ered the more concrete efforts of creating inferentialist proof systems, that
can provide the meaning of logical constants. A well-known worry to infer-
entialists is that we can devise rules for a connectivè tonk', that allow us to
prove anything, and that render the connective meaningless. The common
conclusion is that there should be constraints on inference rules to make
them suitable for inferentialism.

5. Categoricity. A proof system is categorical if one can uniquely determine
the truth conditions of logical constants from their proof-theoretic inference
rules. This ideal can be considered a philosophical one in the sense that we
want a proof system to properly connect to the semantics, and rule out `un-
wanted' valuations. Carnap (1943) showed that basic proof systems already
fail to satisfy this notion; however, there are various known methods for
creating categorical proof systems (see e.g. (Smiley, 1996; Hjortland, 2014;
Bonnay and Westerståhl, 2016, 2023)).

6. Syntactic purity. A proof system should not make any use of any (model-
theoretic) `semantic elements', for example, possible worlds or truth values
(Avron, 1996; Poggiolesi, 2010). We will leave any more detailed interpre-
tations of this ideal to the discussions in Chapter 5 and 6.

The less rigid pre-theories of many of these ideals leaves it unclear what formal-
izations could correspond to them. Proof-theoretic semantics is an interesting area
of research where more and more formal properties of `meaning-conferring' rules
are identi�ed. We name some of them below, which can thus be seen as further
sharpening the fourth point in the above list. The �rst three properties ensure cer-
tain conditions for meaning-assignment of logical rules; together, they ensure that
“every connective that is explicitly de�nable in [a given logic] L also has separated,
symmetric, and explicit introduction rules” (Wansing, 1994).

1. Explicitness. The inference rules for a logical connectiveC are weakly explicit
if they exhibit C in their conclusion sequents only. They areexplicit if they
are both weakly explicit, and the (relevant) rules exhibit only one occurrence
of C on the right and on the left.

2. Separation. Logical rules should only exhibit the constant that they intro-
duce.

3. Symmetry. The rules for a connectiveC are weakly symmetricif every rule
either belongs to a set of rules that introduce C into premises, or to a set of
rules that introduce C into conclusions. The rules aresymmetricif they are
both weakly symmetric and both types of rules are non-empty.
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4. Uniqueness.A connective is uniquely characterizedin a system that uni�es
two languages with the same connective, that denote it by a different syn-
tactic symbol (C and C � ) — iff for every formula in that uni�ed language,
A(C) is provable in the system iff A(C � ) is provable in the system.

5. Harmony. Harmony is a broad term for a requirement on the introduction
and elimination rules being `in balance', in order to somehow exclude `patho-
logical' connectives like Prior's tonk from counting as meaning-conferring.
There is no unique accepted formal criterion for harmony, but various ones
exist in the literature, and discussions on their relationship and suitability are
ongoing (see, for instance, (Francez and Dyckhoff, 2012; Schroeder-Heister,
2014)).

In Chapter 5 we will see the way in which proof systems for modal logic are subject
to enrichment of the data structure of sequents in order to achieve some of these
desiderata.

1.6 Conclusion

In this chapter, we have provided the general embedding of the work following
in the next chapters. We have seen that the relation between informal proofs
as present in mathematical practice, and formal proofs as syntactic derivations in
proof systems, is wanting for more clarity. Additionally, the notion of formalization
is one that should be taken in a nuanced way, with regard for its bene�ts as well
as dangers. We discussed a range of philosophical ideals of mathematical proof, as
well as a variety of more technical ideals as well as philosophical ideals of formal
proofs. The next chapters aim to put into practice the notion of formalization in
various case studies of ideals of proof.
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2
Two ideals of proof
Purity and explanation:
models and interactions

We begin our investigation of ideals of proof at the level of informal mathematical
proofs. Ideals or `virtues' of informal proofs encompass a variety of properties,
among them mathematical depth, beauty, simplicity, fruitfulness, elegance, and
so on. We here select and zoom in on two such properties, namely purity and
explanation. Both ideals of proof have historical roots (in works of, for instance,
Aristotle and Bolzano), and there appears to be a connection in their origin. Still,
the literature on purity of proof is growing and is especially wide in the case of
explanation (see for instance (Lange, 2016a)), and more recent works mainly
highlight the differences between purity and explanation. This shows that the
nature of ideals of proof changes over time, and that their value is closely tied
to the dynamics of mathematical practice. In this chapter, we are interested in
two things: �rst, what are the different ways in which purity and explanation
of informal proof can be made precise? We will discuss various models of the
two notions, including a preview of the notion of `ontological purity', described in
(Martinot, 2024b), which we discuss elaborately in Chapters 3 and 4. Second, we
are interested in how the two ideals of purity and explanation interact, and we
explore one way of approaching this question by taking several presented models
of purity and explanation as a starting point.

First, Sections 2.1 and 2.2 will provide an intuitive introduction to the ideals
of purity and explanation, as well as several examples of proofs possessing these
values. Among them are the proofs of two theorems that will serve as case studies
in the next part of the chapter, where we begin the comparison between purity and
explanation. Section 2.3 provides some preliminary remarks on how our compar-
ison will be carried out, followed by the actual comparison in Section 2.4 and 2.5.
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We provide some more re�ections in Section 2.6. This chapter corresponds to an
adapted version of the submitted work of (Martinot and Poggiolesi, 2025).

2.1 Purity of proof

Purity has a long history as an ideal of proof for mathematicians, tracing back to
early writings of Aristotle and Archimedes (Detlefsen, 2008). The notion concerns
itself with certain restrictions in the way we are allowed to prove a theorem, and
has several interpretations in the literature. Generally, we take a pure proof to
only draw upon notions that belong to the content of the theorem. Here, `content'
should be taken as synonymous to the term `topic' or `subject matter'. Impure
proofs distinguish themselves from pure proofs by making use of concepts that are
somehow extraneous to what a theorem is about. To provide an intuitive sense of
what purity involves, we mention two common types of (im)pure proofs found in
the literature.

Dawson (2006) mentions that the search for purity can be recognized in at-
tempts to exclude topological elements from proofs of the Fundamental Theorem
of Algebra. We recognize this type of purity more generally, as well, for example in
the idea that “[i]n many cases our understanding is not satis�ed when, in a proof
of a proposition of arithmetic, we appeal to geometry, or in proving a geometrical
truth we draw on function theory” (a quote from Hilbert cited in (Hallett, 2008)).
This illustrates a common view that a theorem belongs to a particular discipline
of mathematics, and that the particular discipline used to prove the theorem in
affects purity results. Similarly, a contrast is often made between arithmetical
proofs of the In�nitude of Primes ( IP), and a topological proof of the theorem by
Furstenberg (1955) — we discuss this example soon in Section 2.1.1.

A different shade of purity statements suggests that impurity can occur when
the theorem and proof still share a general conception of a mathematical sort
(such as `number' or `set', where we here take a discipline of mathematics to con-
cern itself with a speci�c sort). For instance, although all numerical domains can
be thought to concern numbers, Dawson (2006) implies that impurity may occur
when allowing imaginary values to occur in a real-valued power series. Addi-
tionally, consider Planar Desargues's Theorem, which assumes that two triangles
ABC and A0B 0C0 lie in the same plane, and that they “are so arranged that the
lines AA 0, BB 0, CC0 meet at a point. Desargues's Theorem then says that the
three points of intersection generated by the three pairs of straight linesAB and
A0B 0, BC and B 0C0, AC and A0C0 themselves lie on a straight line” (Hallett, 2008)
(see also Figure 2.1). A common proof of this theorem uses a point outside the
plane, and draws upon all spatial axioms of Hilbert's incidence and order axioms
(Groups I and II). Although the theorem and the proof share their focus on geo-
metrical primitives such as points and lines, the theorem appears to only concern
a two-dimensional version of these notions. Therefore, the point outside the plane
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2.1. Purity of proof

Figure 2.1: Visualization of Desargues's Theorem, adapted from (Arana and Man-
cosu, 2012).

can be seen as a source of impurity (see also (Arana and Mancosu, 2012)). A
proof from just Hilbert's linear and planar axioms (Group I 1-2 and Group II 1-5),
however, does not exist.

(Im)purity of proof has been considered to provide various values for math-
ematicians over time. Purity was originally taken to indicate reliability of proof.
For one, a pure proof may be more appropriate to the theorem than an impure
proof, as the latter “strays at points from its proper topic and is not in all its parts
relevant” (Detlefsen, 2008). Additionally, pure proofs might match more the gen-
erality of the theorem they prove, an argument put forward originally by Bolzano
(1817). This relates to the idea that different domains of mathematics should not
be mixed, because there is a “natural order of priority among truths in mathemat-
ics and logic”, a belief for instance supported by Frege (Burge et al., 2005). In this
traditional conception, a pure proof does not rely on a subject matter that violates
the right `hierarchy' of truths.

While this idea has largely disappeared nowadays, remaining values of purity
focus more on epistemic bene�ts. For example, pure proofs allow us to “become
familiar with the speci�c details of the subject of the theorem” (Lehet, 2021).
In other words, we acquire a `deeper' understanding of the truth of a theorem
based only on local, direct properties of the relevant objects. Lehet observes, how-
ever, that contemporary mathematics has lost much of its interest for pure proofs.
Instead, the traditional conception of impurity �ts today's mathematical endeav-
ours better. Although impure proofs might divert the attention to notions outside
the topic of the theorem, they are valued for their ability to unify and generalize
mathematical results. For example, by proving analytic theorems algebraically,
the distinct mathematical domains of analysis and algebra are uni�ed by show-
ing that they have intrinsic conceptual relations. Further, Lehet recognizes that
explanatoriness can accompany impurity, for example when multiple objects from
different mathematical disciplines are represented by the same structure in cat-
egory theory. The relation between impurity and other epistemic values such as
simplicity and explanatoriness is also explored by Arana (2017); Iemhoff (2017);
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Lange (2019).
The main example that we will focus on in our case study, is the following.

2.1.1 The In�nitude of Primes

Consider the following theorem.

2.1.1 Theorem. In�nitude of Primes ( IP). For each natural numbern, there exists
a prime p such thatp > n .

We present two proofs of this theorem, that present examples of purity and of
impurity. Consider �rst the pure proof of the theorem of the In�nitude of Primes,
originally presented by Euclid.

Pure proof. The proof proceeds by induction on n. For the base casen = 1 , it is
easy to take the prime p = 2 . For the casen > 1, let p1; :::; pm be all the primes
less than or equal ton. Then, let Q = ( p1 � ::: � pm ) + 1 . If Q is prime, then it is the
prime we were looking for and the proof ends. If Q is not prime, then, using the
Fundamental Theorem of Arithmetic, we know that there is a prime b that divides
Q. We see that it must be the case thatb 6= pi for any i � m, because ifb = pi for
some i � m, it would hold that b divides Q and also that b divides Q + 1 . Hence,
b divides 1, a contradiction; so b must in fact be a new prime. Also, b � n by the
assumption that before we listed all primes lower than or equal to n, sob > n, and
b is the prime that we were looking for.

Without already going into the details of speci�c models of purity, intuitively,
pure proofs only use concepts that inherently belong to (sometimes explicated as
the concepts that are `mentioned by') the theorem being proved, and avoid the
introduction of `foreign' elements. As analyzed by Arana and Detlefsen (2011),
Euclid's proof can naturally be carried out in Peano Arithmetic, and “it is rea-
sonable to think of these axioms together with the [...] de�nitions of primality
and divisibility as at least approximating the topic of IP” (see also mentionings in
(Thorstad, 2012; Pillay, 2021; Kahle and Pulcini, 2018)). That is, the claim is that
IP naturally concerns a collection of arithmetical concepts surrounding the natural
numbers and primality. Euclid's proof, using only bounded sequences of primes,
some instances of multiplication, addition and division, and an order relation,
does not introduce any concept that seems extrinsic to this arithmetical context.
Hence, the proof is generally considered pure. On the other hand, a proof ofIP
generally considered to be impure is the following from (Furstenberg, 1955).

Impure proof. The set f Ba;b j a; b 2 Z; b > 0g is a basis for the topology of the
integers, containing arithmetical sequences, i.e. setsBa;b = f a + bn j n 2 Zg. Now
take B0;p = f pn j n 2 Zg. By the Fundamental Theorem of Arithmetic, every
integer except � 1 is contained in some B0;p . Let A =

S
p B0;p for p prime, then
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7 8 9

4 5 6

1 2 3

Figure 2.2: A calculator keyboard.

A = Z � f� 1; 1g. Now it can be shown that A is a union of in�nitely many B0;p

(and so, that there are in�nitely many primes). Namely, if there were only �nitely
many B0;p , this means that A is a closed set; thenf 1; � 1g (as A's complement)
is open; but each open set must contain a basic open set (one of the arithmetic
sequencesBa;b ); this cannot be the case.

According to Arana and Detlefsen (2011), the proof uses set-theoretical and
topological constructions that “clearly [lead] outside the topic” of IP. Speci�cally,
the proof introduces the notions of a topology, arithmetical sequences, notions of
`open' and `closed' sets, and `sets' generally, that we do not recognize as belonging
to a basic arithmetical topic that IP naturally belongs to. IP does not explicitly
mention these notions from set theory and topology, nor does it seem to refer to
them implicitly, hence they can be thought of as foreign elements occurring in the
proof.

2.2 Explanatory value of proof

We turn now to the explanatory value of proof. This virtue of proof starts from
the idea that some proofs of a theorem showwhy the theorem is true, and possess
explanatory value, while others merely show that the theorem is true. A standard
example (see e.g. (Lange, 2016b)) concerns a calculator keyboard, see Figure 2.2.
Using this keyboard, six-digit numbers can be created by taking any row, column
or main diagonal on the keyboard for the �rst three numbers, and then taking
them in reverse order for the last three numbers. It can be proven that any such
number (e.g., 789987) is divisible by 37. A proof of this fact that does not possess
any explanatory value, simply takes any of our `calculator numbers', and checks
case by case whether this number is indeed divisible by 37. We are now convinced
that the theorem is true, but we do not see any reason for it to hold. It still seems
just a coincidence, or an accidental truth. However, the following proof (originally
given in (Nummela, 1987)) arguably doesprovide an explanation for this truth.
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Proof. Any calculator number is generated by an arithmetic progression of three
integers, which can be written as a, a + d and a + 2d. Now we can rewrite the
entire calculator number as 105a + 104(a + d) + 10 3(a + 2d) + 10 2(a + d) + a.
Some more rewriting provides the equality of this number to a(105 + 104 + 103 +
102 + 10 + 1) + d(104 + x � 103 + 2 � 102 + 10) , which equals 111111a + 12210d =
1221(91a + 10d) = (3 � 11� 37)(91a + 10d).

The latter product shows that any calculator number is divisible by 37, and thus
that the result is indeed not accidental: the more general notation of calculator
numbers shows that (among others) 37 uni�es all particular instances. In contrast,
the case-by-case proof employs `brute force' that fails to explain.

The distinction between explanatory and unexplanatory proofs, like purity,
goes back to ancient Greek philosophers (Lange, 2016b), and a myriad of pro-
posals have been put forth for what it means for a proof to be explanatory. Mathe-
matical explanation is commonly separated fromcausalexplanation, where causes
explain their effects, since the kind of explaining that mathematical proofs do is
taken to be independent of cause or of time. In order to be more precise, models of
explanation have been developed, each of which proposes a different conception
of the asymmetric explanatory relation between proof and theorem (that does not
exist between theorem and proof). While there is no space to discuss all available
proposals of explanation, we will brie�y describe the most well-known ones in the
literature here, and select some of them for the comparison to purity.

First, Marc Lange advertises in various studies (e.g. (Lange, 2014, 2016b)) an
approach to explanation that relies on symmetryand salient propertiesoccurring in
the proof. He claims that “a mathematical result that exhibits symmetry of a cer-
tain kind is explained by a proof showing how it follows from a similar symmetry
in the problem. Each of these symmetries consists of some sort of invariance under
a given transformation; the same transformation is involved in both symmetries.”
This high-level characterization is intended to apply to several known examples of
explanatory proofs, but not to exclude explanatory proofs that work differently.

Two of the most well-known early models of explanation are given by Kitcher
(1989) and Steiner (1978a). Kitcher claims that a main characteristic of an ex-
planatory proof is its uni�catory power , while Steiner proposes that a `characteristic
property' of elements occurring in the theorem must play a role in an explanatory
proof. More recently, Pincock (2015) proposes an account of explanation that re-
lies on an abstraction difference between proof and theorem. More details about
these accounts will follow in the next sections. More accounts of explanation
are still being developed, for instance `conceptual explanation' of Poggiolesi and
Genco (2023) where the notion of conceptual complexity is the relevant property.

Recent trends in the study of explanation also include a `functional' account
of explanation Inglis and Mejía-Ramos (2021) (emphasizing that “explanatory cri-
teria offered by earlier accounts can all be thought of as features that make it
more likely that a mathematical proof will generate understanding”, instead of as
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features that `de�ne' explanation), new case studies (see for instance (Antos and
Colyvan, 2024) for a set-theoretic case study) and critical evaluations of estab-
lished approaches (for instance, Steiner's approach knows criticism from (Resnik
and Kushner, 1987) as well as modern literature (D'Alessandro, 2019)), to show
where the limits of these accounts lie. Finally, it is interesting to note that the liter-
ature on explanation contains several debated `border' cases, for instance methods
of indirect proof (proof by contradiction), and proof by induction. Additionally,
there are also strands of explanatory proofs that use speci�c reasoning strategies,
such as explaining by using diagrams (see (D'Alessandro, 2020; Brown, 1999)), or
proofs that explain by drawing on analogies (see (Lange, 2016a)). For a broader
overview of explanation, we also refer to Mancosu (2001) for a general re�ec-
tion on explanation, and to (Mancosu et al., 2023) for a recent overview of the
literature on explanation.

The main example that we will focus on in our case study, is the following.

2.2.1 Pythagoras's Theorem

Consider the following theorem.

2.2.1 Theorem. Pythagoras's Theorem. For any right triangle ABC with the right
angle onA, the squareBC 2 on the hypotenuseBC equals the sum of the squaresAB 2

and AC 2 on the other sidesAB and AC of the triangle.

We present two proofs of this theorem: the �rst is recognized to have explana-
tory power, whilst the second is not. Consider the �rst.

Explanatory proof. Take any right triangle ABC with the right angle on A and let
AH be its height with respect to the hypotenuseBC , as shown in Figure 2.3. First,
we notice that the triangle AHC contained in ABC is similar to ABC itself, since
they both have a right angle and they both share the angle onC.1 The similarity
between the triangles ABC and AHC implies the following equality of ratios:

AC
BC

=
CH
AC

which can in its turn be expressed in the following way: AC 2 = CH � BC .
Symmetrically, the triangle ABH contained in ABC is similar to ABC itself

since they both have a right angle and they both share the angle onB . The
similarity between the triangles ABC and ABH implies the equality of ratios:

AB
BC

=
BH
AB

1Since by �xing two angles of a triangle, we also �x the third, the equality of the two right angles
of the two triangles and of their angle on C implies that the angle on B of ABC and the angle on A
of AHC are equal, which, by the de�nition of similarity, implies that the two triangles are similar.
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A

BC
H

Figure 2.3: A right triangle with height AH

which can in its turn be expressed in the following way: AB 2 = BH � BC . Since
we have established thatAC 2 = CH � BC and AB 2 = BH � BC , we can put them
together, obtaining AC 2 + AB 2 = CH � BC + BH � BC , which is equivalent to
AC 2 + AB 2 = ( CH + BH )(BC ). This, in turn, precisely gives us the conclusion
AC 2 + AB 2 = BC 2, since by constructionCH + BH = BC .

The �rst mathematician who argued that this proof is explanatory was Bouli-
gand (1937, p. 258). Both Bouligand and Steiner (1978a) (see also (Mancosu,
2001)) claim that the explanatory character of the proof is due to its general na-
ture. The proof explains a property of right-angled triangles by relying on a more
general property which belongs to `similar' �gures: the latter emerges as the rea-
son why the former is true. The explanatory nature of this proof is arguably less
universally agreed upon than, for instance, the example concerning the calculator
keyboard. This illustrates already the level of open texture that ideals of mathe-
matical proof may contain. Hence, if desired, a more re�ned starting point for this
proof is to take it as embodying a more speci�c variant of explanation, for instance
as the type of explanation that suitably matches the sharpened concepts of Steiner
(1978a)'s model (which we will describe in more detail in Section 2.5).

For a contrasting unexplanatory proof of Pythagoras's Theorem, here is one
which serves the purpose.

Unexplanatory proof. Consider any right-angled triangle ABC , where the hypo-
tenuse BC is called c and other sides AB and BC are called a; b, respectively.
Consider then the squareq with side a+ bconstructed by four copies of the triangle
ABC as shown in Figure 2.4. Clearly, the area of the internal squareq0 with side c
is equal to the difference between the area ofq and the area of the four copies of
the right-angled triangle, that is, Area(q0) = Area(q) � 4(Area(ABC )) . Now, we
know that the area of q0 is c2, the area of q is (a + b)2 and the area of one triangle
is ab

2 , therefore we have that c2 = ( a+ b)2 � 4( ab
2 ). By simplifying the product with

the fraction, we obtain the equality c2 = ( a + b)2 � 2aband then, by rewriting the
square of the sum, we obtain the equality c2 = a2 + b2 + 2ab� 2ab which results
in the desired equality: c2 = a2 + b2, namely BC 2 = AB 2 + BC 2.

By the constructions carried out and subsequent reasoning about the surface
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Figure 2.4: Arrangement of four copies of a right-angled triangle around a square.

areas, we become convinced that Pythagoras's Theorem holds. However, it re-
mains unclear why we made the particular arrangement of Figure 2.4 in the �rst
place, as it does not lead to any general property the theorem eventually relies on.
In other words, there is no element of the proof that seems to stand out as the
reason why the theorem is true, hence, the proof is (intuitively) unexplanatory.
Consider Bouligand's words, that also apply to this example:

“One sees clearly the difference between these two ways of treating the
same problem. Only the�rst gives a satisfactory explanation, precisely
because it takes place within the domain of causality of the proposi-
tions that is to be established” (Bouligand, 1937, p.7).

2.3 Comparing purity and explanation

Below we sketch possible similarities between purity and explanation through a
historical conception that connects them through an `order of truths'. Although
this should not necessarily be interpreted as a universally held perspective on
purity and explanation at the time, it was to a certain extent supported by the
scholars mentioned below. It emphasizes an interesting harmonic view on these
two ideals, that suits comparisons to their (more diverging) formalized models
that show where sharpenings depart from this pre-theory.

One of the �rst to establish a link between pure and explanatory proofs was
Aristotle. In particular, Aristotle underlines the epistemic value of pure proofs. To
him, a pure proof shows that the predicate of its conclusion holds of its subject
solely because of what the subject in itself is (see Detlefsen (2008)). It follows
that a pure proof reveals the reason why the subject has the property expressed by
its predicate, since reasons are typically extrapolated from the very essence of the
subjects themselves.
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The `why' is referred ultimately [...] in mathematics, to the `what', (to
the de�nition of `straight line' or `commensurable', &c.) [...] (Aristotle,
1954, §198)

Because pure proofs provide the reasons why their conclusions are true, they
also become explanatory proofs. This conception of proofs, that are at the same
time explanatory and pure, can also be found in the work of Leibniz. According to
Leibniz, there is an ordering among mathematical truths, and explanatory proofs
reveal this order by showing the reasons — namely the more fundamental truths
— why the theorem is true. However, this objective ordering of truths also suggests
a conception of purity: an explanatory proof is also a pure proof in that it is
restricted to a segment of this ordering of truths.

[W]e are not concerned here with the sequence of our discoveries,
which differs from one man to another, but with the connection and
natural order of truths, which is always the same. (Leibniz, 1981, Bk.
IV, ch. vii, §9)

The dichotomy of explanatory proofs and pure proofs �nds support in the work
of Bernard Bolzano. Bolzano distinguishes between proofs which merely show
that a theorem is true, and proofs which explain why a theorem is true. Thales,
Bolzano (1837) says, did not attempt to prove that the angles at the base of an
isosceles triangle are equal, though this was evident to him. Rather, he tried to �nd
the reason for this truth: he tried to provide an explanatory proof of this theorem.
The reasons for a certain truth are for Bolzano always simpler than the given truth.
In other words, for any given truth, if we aim to �nd its grounds, we need to look
inside the truth itself, to analyze the constituents of its concepts. In this respect,
a proof which explains by providing the reasons why its conclusion is true, is also
a pure proof, in that the reasons are always connected to the conclusion and are
simpler, or more general2, than the conclusion itself.

[It is] an intolerable offense against correct method to derive truths
of pure (or general) mathematics (i.e. arithmetic, algebra, analysis)
from considerations which belong to a merely applied (or special) part,
namely, geometry [...] if one considers that the proofs of a science
should not be merely con�rmations (Gewissmachungen), but rather jus-
ti�cations (Begründugen), i.e. presentation of the objective reason for
the truth concerned, then it is self-evident that the strictly scienti�c
proof, or the objective reason, of a truth which holds for all quanti-
ties, whether in space or not, cannot possibly lie in a truth which holds
merely for quantities which are in space. (Russ, 1980, p. 160, translat-
ing Bolzano)

2As underlined in several texts, e.g. Ginammi et al. (2020) or Poggiolesi (2024), complexity and
generality are often linked; more precisely, they are inversely proportional.
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A last advocate of the connection between explanatory and pure proofs is Frege
(see Detlefsen (2008)). Not only did Frege accept purity as an ideal of proof, he
also connected it with proofs that explain by the idea that pure proofs provide the
reasons for the truth of a theorem.

The aim of proof is in fact not merely to put a proposition beyond all
doubt, but also to afford us insight into dependence of truths upon
one another. [...] The further we pursue these enquiries, the fewer
become the primitive truths to which we reduce everything, and this
simpli�cation is in itself a goal worth pursuing. (Frege, 1980, §2)

Despite this historical tradition, that from now on we might call the Aristotelian
tradition , the connections between explanation and purity have loosened in the
contemporary literature. On the one hand, the notion of explanatory mathemati-
cal proof has increasingly encompassed cases of mathematical proofs that, instead
of explaining by providing the reasons why the theorem is true, rather explain by
displaying a diagram, or by drawing on an analogy, see for instance (D'Alessandro,
2020). However, once an explanatory proof does not necessarily provide the rea-
sons, which should be simpler and thus pure (according to the Aristotelian tra-
dition), of why its conclusion is true, its connection with purity is undoubtedly
blurred. On the other hand, although the notion of purity still concerns itself with
certain restrictions in the way we are allowed to prove a theorem, it has been given
several new interpretations, which part from the idea of the ordering of truths that
was at the core of the Aristotelian tradition. Once the connection to the hierarchy
of truths is lost, the relationship with the traditional notion of explanation, where
reasons are simpler than the conclusion, fades away as well. As a result, nowa-
days more and more scholars insist on the importance of looking at the properties
of explanatory power and purity of proof as separate. Whilst Lange (2015), for
example, when analysing the proof of Desargues's theorem in projective geometry,
concludes that such a proof shows that “a proof's explanatory power is indepen-
dent of its purity” 3, Lehet (2021) or Ryan (2023) more generally aim at showing
that impurity, rather than purity, might extend our knowledge and thus provide
explanation.

2.3.1 A new comparison

In view of the diversity of these positions, we aim to develop a study which ana-
lyzes the links between explanation and purity of mathematical proofs, i.e. which
shows if and where the two notions coincide. The comparison of ideals of proof
is of general philosophical interest, as shown for instance by Pel (2023) (com-
paring purity to `directness' of proof), Arana (2017); Iemhoff (2017) (comparing

3Although we do not discuss Desargues's Theorem in this chapter, it is fairly common in the litera-
ture on purity — see also (Arana and Mancosu, 2012).
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(im)purity to simplicity of proof), and Novaes (2019); Lange (2016b); Inglis and
Aberdein (2015) (relating `beauty' of proofs to other ideals of proof, such as ex-
planation and simplicity). Such investigations allow us to evaluate our intuitions
concerning these ideals more critically, and to better understand the epistemic dif-
ferences between various proofs of the same theorem (see also Dawson (2006)).
The comparison between models of purity and explanation of proof has been initi-
ated by Arana (2022), who argues that `topical purity' as in (Arana and Detlefsen,
2011) and the notion of explanation of Steiner (1978a) do not coincide. We here
expand this study by providing a comparison with the following features.

1. We take into account awide variety of models of purity and explanation.

2. We take acase studyof two mathematical theorems — Pythagoras's Theorem
and the In�nitude of Primes — and their proofs.

3. For the comparison to be clearly structured, we will rely on the distinction
between epistemicand ontic models.

First, treating a wider variety of models of purity and explanation allows for a
more nuanced comprehension of the interaction between purity and explanation.
Here, each model can be seen as a unique perspective of what it means for a proof
to be pure or explanatory, while we do not impose on any individual model to
be absolutely representative of explanation or purity as a whole (in the spirit of
(Inglis and Mejía-Ramos, 2021)). That is, we cannot claim to make a completely
general comparison between explanation and purity as single ideals of proof. In-
stead, we are essentially contrasting a given proof with the variousaspectsof purity
and explanation that are represented by different models. We can only make ten-
tative conclusions about a generic interaction between purity and explanation, for
instance in case that different models turn out to have similar judgements on the
same proof.

Second, in order to feasibly compare the variety of models, we restrict to a
case study of Pythagoras's Theorem and the In�nitude of Primes. We justify their
choice by their existence in the literature on purity and explanation, respectively.4

Moreover, these examples are relatively simple and thus naturally allow for a cross-
model comparison. For a more complete picture, of course, more contemporary
examples from different areas of mathematics (in the spirit of studies like (Colyvan
et al., 2018)) should be incorporated in the comparison. Our analysis is then
`systematic' by �xing a proof under scrutiny, and by methodically applying it to
different models of purity and explanation from the literature. In particular, a

4These proofs have received a good amount of consensus; however, note that neither in the lit-
erature on explanation, nor in that on purity, consensus about which proofs are explanatory or pure
is universal. Additionally, note that all of our models of purity consider the relevant proof of the In-
�nitude of Primes pure, and at least Steiner's model of explanation considers the relevant proof of
Pythagoras's Theorem explanatory. Skeptics of the proofs in our case study will at least concede that
we are comparing various aspects ofmodelsof explanation and purity.
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Figure 2.5: A visualization of the comparison between purity and explanation.

proof of the In�nitude of Primes that is generally considered pure will be analyzed
on its explanatory value according to a variety of models of explanation, and a
proof of Pythagoras's Theorem that is generally considered explanatory will be
analyzed on its purity according to a variety of models of purity.

Note that we do thus not aim to make a comparison about all pure and ex-
planatory mathematical proofs. By taking a case study of two particular proofs,
“we run a risk of developing an account of explanation [and purity] that is based
on too limited a stock of examples and does not do justice to mathematics as a
whole” (Antos and Colyvan, 2024). However, our current focus is to maintain a
diverse view of explanation and purity by the multitude of models, while studying
proofs that are likely to produce relatively stable results under these models.

Third, for the comparison to be clearly structured, we will rely on two well-
known distinctions which emerge in the literature on explanation as well as on
purity (see Figure 2.5 for an overview of the approach). The �rst distinction is
that between bottom-up and top-down approaches. The bottom-up perspective be-
gins by avoiding, as much as possible, any commitment to a particular theoretical
framework, and mainly works from the judgements of mathematicians in practice.
These judgements decide which proofs are called (im)pure or (un)explanatory
(based on a primitive understanding of the notions). Only afterwards a taxon-
omy of recurrent types of explanatory mathematical proofs and pure mathemati-
cal proofs is provided, which allows one to investigate whether these patterns are
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heterogeneous, or whether they can be subsumed under a general account. We
will omit a discussion of a bottom-up comparison between purity and explanation,
as discussions in the literature are relatively scarce and do not add much to the
current comparison — instead, we focus on the top-down approach of the chosen
models. A top-down characterization of the notions of explanation and purity fol-
lows theoretical intuitions about their nature. Their intuitive properties are made
precise in a theoretical framework, often resulting in a model which accounts for
the purity and explanatory power of as many mathematical proofs as possible.

The second distinction classi�es the top-down models in a more re�ned way.
This concerns the difference betweeninternalist or epistemicmodels, and exter-
nalist or ontic models (see Kim (1994)). Whereas epistemic models are models
which account for the purity or the explanatory power of mathematical proofs by
looking at proofs as activities internal to an epistemic corpus (a theory or a set of
beliefs), ontic models look for some systematic pattern of objective dependence
relations which explanatory or pure proofs can track or can be identi�ed with.
In particular, the most notable epistemic accounts of purity and explanation are
those of Arana and Detlefsen (2011) and Kitcher (1989), respectively; whilst the
most notable ontic account of explanation is given by Steiner (1978a), and a more
recent one is that of Pincock (2015). Two ontic approaches to purity have more re-
cently emerged, namely those of Kahle and Pulcini (2018); Martinot (2024b). We
thus combine more traditional as well as more contemporary perspectives, taking
a broad and tolerant view of what aspects can intuitively underlie purity and ex-
planation. As we will see, although for most of the models proposed in the recent
literature, purity and explanation are two separate features of proofs, there exists
a recent account of explanation where the two notions may be seen as reunited
again.

Finally, note that even restricted to our case studies, and to individual models,
there are instances where our results are open to interpretation. For instance, oc-
casionally, the precise wording of a theorem can affect its outcome in analyses of
explanation, but especially of purity. Speci�cally, this occurs in the notion of `topic'
in (Arana and Detlefsen, 2011) (see Section 2.4.1), and in the notion of `ontology'
of (Martinot, 2024b) (see Section 2.4.1). Where this comes into play, we aim to
objectively discuss the different formulations, and we will consider potential dif-
ferences in results.

In what follows, Section 2.4 will be dedicated to describing three models of purity
and their application to the explanatory proof of Pythagoras's Theorem. Section
2.5 will present three models of explanation, and consider their application to the
pure proof of the In�nitude of Primes. Section 2.6 will evaluate some aspects of
our models and comparison.
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2.4 Models of purity

We will zoom in on the theoretical ingredients of the following models of purity:

Arana and Detlefsen (2011)'s topical purity (an epistemic model)

Kahle and Pulcini (2018)'s operational purity (an ontic model)

Our model of ontological purity (an ontic model, see (Martinot, 2024b))

These models all provide an individual take on what elements a pure proof should
restrict itself to, appealing to notions such as our understanding of a theorem, the
operational strength of a theorem, and various ontologies that a theorem can be
said to refer to.

Arana and Detlefsen's model of purity

Arana and Detlefsen (2011)'s topical purity aims to identify pure proofs via the
epistemic values that they possess: pure proofs relieve an agent of a particular
type of ignorance she might have. Generally, topical purity explicates the relation
between proof and theorem as a problem in a yes-no form that an investigator
attempts to solve, the result of which needs to relieve her ignorance.

More precisely, adirected problemP is a triplet P = (? y=n ; P; � ), which consists
of a yes-no interrogative attitude, a propositional content P, and a formulation of
P, namely � , in terms of a language or theory that is available to the investigator.
Relieving ignorance of P can be done in two ways: either by solvingit and provid-
ing an answer in yes- or no-terms, or bydissolvingthe question. The latter means
that the problem ceases to be a problem for the investigator, because one of the
commitments made in representing it is retracted. That is, let E be the solution
of the investigation of the problem. Then the investigator may at some point stop
accepting some premise or inference inE, one which may happen to be important
in representing the problem itself as well — so that once this premise or infer-
ence is removed, the entire problem is dissolved. The idea is thus that solutionsE
can share commitmentswith the problem P. Retracting shared commitments can
change the problemP, and take away its need to be solved.

Then a co-�nal solution E to the problem is one where solving and dissolving
the problem are strongly linked: E either survives as asolution to the problem, or,
if at any point it stopsbeing a solution to the problem (because of some retraction
of a commitment), then the problem itself is dissolved, and also stops being a
problem. That is, there is no situation where a retraction of a commitment that
affects the solution, does not affect the problem itself: if E does not solve the
problem, it will delete the problem. Furthermore, an investigation stably solves
its problem P = (? y=n ; P; �) when it offers a solution E, which provides both
evidence justifying belief in a yes- or no-answer to the problem (i.e., it provides a
solution, and not (yet) a dissolution), and has the property of co-�nality : it is the
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type of solution where any retraction of premises or inferences inE would dissolve
the problem for the investigator.

The connection to purity of proofs is �nally made through co-�nality. Namely,
in general, a proof of a theorem is pure if its resources are restricted to those that
`determine the content of a problem'. There are different ways to spell out `de-
termine', and co-�nality provides one of them. That is, one can restrict a proof
exactly to the set of commitments such that, if they are retracted by the investi-
gator, the content of the problem changes for her (the commitments that ensure
co-�nality). Arana and Detlefsen (2011) call the topic of the problem exactly this
set of commitments. To give a better image of these commitments, they cite as
examples “de�nitions, axioms concerning primitive terms, inferences, etc”. Then
a solution E of P is topically pure when it draws only on such commitments as
topically determine P. Topical purity retains its epistemic signi�cance by provid-
ing stable (and so co-�nal) problem solutions. A topically impure solution, on the
contrary, would contain commitments that can be retracted without dissolving the
problem.5

2.4.1 Example. An understanding of the In�nitude of Primes ( IP) `at face value' is
given by Arana and Detlefsen (2011) as several commitments: axioms for succes-
sor and induction, de�nitions and axioms for an ordering of the natural numbers,
a conception of primality and de�nitions of divisibility and multiplication. A natu-
ral formulation of these commitments takes place in �rst-order Peano Arithmetic.
The pure proof in Section 2.1.1 can naturally be carried out in PA, so that the
commitments just mentioned are a suitable topic of IP. Retraction of any of the
commitments in the topic, according to Arana and Detlefsen (2011) requires a
corresponding change in our understanding of IP, and the proof acquires topical
purity.

Kahle and Pulcini's model of purity

Kahle and Pulcini (2018) aim to provide a notion of purity that focuses on the
ontology of mathematical operations and “avoid[s] any reference to a knowing
subject”, and so avoids epistemic factors. Additionally, they insist that when a
proof is impure, it should not be that “the resort to [...] extraneous notions is
nothing else but an avoidable roundabout”. That is, for a proof to be impure, the
notions that are extraneous in it must really be essential to the proof — otherwise
a proof was actually pure after all. These desiderata require a different measure-
ment of `extraneousness' than, for instance, the epistemic notion of Arana and
Detlefsen (2011), that is based on the understanding of a given investigator.

To start, the operational contentof a theorem T or a proof P, denoted by C(T)

5Note that in this context Arana treats topic determination in a naive way “as doing so is consistent
with the way mathematicians have treated purity in practice” (Arana, 2022). This means that it is in
principle dependent on an agent how to understand the theorem.
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and C(P), respectively, is given by a set that contains the mathematical opera-
tions mentioned in the theorem or in the proof. Given these sets, their ontology,
D (C(T)) and D(C(P)) , are the smallest numerical domains (N; Z; Q; :::) that are
closed under the operations in C(T) and C(P). For two operational contents
C1(X 1) and C2(X 2), one then writes C1(X 1) 4 C2(X 2) in case D(C1(X 1)) �
D (C2(X 2)) . Finally, a proof P of a theorem T is operationally pureif the ontology
of the proof is a subset (even an improper one) of the ontology of the theorem,
i.e. if C(P) 4 C(T).

2.4.2 Example. As an example of the operational content of IP, and of Fursten-
berg's proof of IP (PIP), Kahle and Pulcini (2018) suggest that C(IP) = fng, as
“[t]he de�nition of prime number relies on the division operator”. This means
that, as the smallest set closed under the arithmetical operation of division, we
have D(C(IP) = Q. Though not mentioned in their work, they undoubtedly eval-
uate Euclid's proof of IP as operationally pure, remaining within the numerical do-
main Q. Interestingly, they also consider Furstenberg's proof operationally pure,
as “the inclusion of union and intersection in any operational content do not affect
the underlying ontology”, which remains Q.

Generally speaking, however, there may be a certain arbitrariness in practice
in selecting the operations `mentioned' by a theorem or proof, as it is unclear
when exactly this mentioning occurs, and what is the distinguishing feature of
operations. Still, in what follows, we will attempt to apply the framework of
operational purity consistently to the explanatory proof of Pythagoras's Theorem.

Our model of purity

We have introduced `ontological purity' in (Martinot, 2024b), which will be elabo-
rated on more in Chapter 3 and 4. In order to apply it in this chapter, we provide a
brief summary of it here. Our model introduces two levels of purity: full ontolog-
ical purity and secondary ontological purity. 6 A central idea for this type of purity
is that a mathematical theorem is about “those things to which the terms appear-
ing in it refer” (Detlefsen, 2008). More speci�cally, to each theorem one should
associate an ontology of mathematical objects and operations that it is primarily
intended to talk about. Intuitively, if a proof only makes use of elements of this
ontology, it is ontologically pure; but additionally, if it makes use of a different
ontology, yet restricts itself to `simulations' of elements of the pure ontology, it can
still obtain a secondary level of ontological purity.

To make this more precise, given a paired-up theorem and ontology, the ap-
proach asks one to additionally select a �rst-order mathematical c̀ontext theory' T
that is (according to the interpreter of this theory) seen to best capture this ontol-

6While a large part of Chapters 3 and 4 consider the purity of natural deduction proofs, we here
only focus on its discussion of `informal' proofs.
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ogy. An ontology can be thought of as similar in nature to an intended standard
model of this theory. A standard example would be to consider the ontology of
natural numbers together with the usual arithmetical operations, and pick Peano
Arithmetic ( PA) as the context theory referring to this ontology. While the signa-
ture of the context theory (the primitive predicate symbols, function symbols and
constants) can be seen to pick out basic ontological objects and operations, the
axioms of the theory determine the full size and complexity of the ontology. What
kinds of intuitive objects exactly make up this ontology, however, is ultimately
decided by the individual interpreting the signature of a theory (for instance, PA
may also be considered to primarily capture binary strings, instead of numbers).

For full ontological purity, then, we need to �nd out if each notion occurring
in the proof belongs to the ontology of the theorem. Given that the context theory
captures this ontology, we can do this by judging whether there exists a ǹatural
formalization' of any notion in the proof into the context theory. That is, if each
notion in the proof has a de�nition in terms of the primitives of the context theory,
we can check whether this de�nition makes ontological sense, and whether it is
relatively elegant and ef�cient, supporting the naturalness of its formalization. For
instance, while the primitives of PA pick out principal ontological elements that
allow easy de�nitions of notions like primality, the axioms of ZFC focus on main
properties of sets and require building up arithmetical notions from scratch. The
judgement of full ontological purity, however, remains inherently subjective, so
that its results are always relative to preferences of the mathematical community,
and to changing views over time.

For secondary ontological purity, we need to �nd out if a proof in some sense
restricts itself to `simulations' of elements of the ontology of the theorem, and this
requires a slightly more intricate approach. Intuitively, we want to judge whether
each notion occurring in the proof is `just a disguise' of an element from the on-
tology of the theorem. For this, several requirements should be satis�ed. First,
the notions in the proof should have a natural formalization in a theory V that is
different from T — meaning that V captures a different ontology than that of the
context theory (although it could be that differences are small). It is not always
easy to judge whether these formalizations inV are just simulations of pure onto-
logical elements, however, as there can be a lot of different types of simulations.
For instance, a proof in set theory that only deals with the Von Neumann ordinals
intuitively restricts itself to just simulations of the ontology of Peano Arithmetic
(natural numbers); but there may also exist less natural codings of natural num-
bers that are harder to recognize as `just number simulations'. Hence, to check
whether the proof can be seen as restricted to simulations, even if our intuitions
abandon us, there are two more requirements to check.

For one, we should check whether any notion in the proof is (in any way)
formalizable in the context theory T. We leave it to mathematicians in practice
to decide what counts as a (possibly unnatural) formalization. For example, a
theory like PA cannot always deal with big in�nities, but may be able to represent

42



2.4. Models of purity

them with �nite elements: one may wonder whether this is still a formalization
of such in�nities. Second, however, once we know that any notion of the proof is
formalizable in T, we just need to know that V can simulate these formalizations.
For this, we implement the formal requirement of checking whether there exists an
interpretation between them. An interpretation of T into V (i : T ! V ) as de�ned
by Visser (1997) amounts to a translation i of T-predicates, function symbols and
constants toV -formulas, and to a formula � describing a restriction of the domain
that V talks about to the objects that are able to `simulate' objects fromT (we call
such objects `surrogates'). The interpretation result then says that restricted to this
domain, V can prove all translated T-theorems. We argue that an ontology can
be seen to have an underlyingante rem structure(as in (Shapiro, 1997)), and that
this structure is preserved under interpretations. This justi�es more the secondary
purity result, by claiming that the ontology of the context theory and surrogate
ontology have structural content in common.

Hence, if a proof satis�es all three conditions, it is secondarily ontologically
pure with respect to V . Intuitively, secondary ontological purity means that, al-
though a proof primarily refers to an ontology that can have a fundamentally ex-
traneous nature, this domain can be restricted to just representations of the fully
pure ontology of the theorem (the surrogate ontology). If, instead, a proof makes
use of a notion in V that simply cannot be represented by the `pureT-surrogates' in
V , then extraneousness is counted more heavily, and the impurity result is more
severe. For an example of full ontological purity, we refer to Example 3.4.4 of
Chapter 3.

2.4.1 Application to the explanatory proof of Pythagoras's
Theorem

Equipped with the tools of three models of purity, this subsection will see them in
action, leading to the following results.

The explanatory proof of Pythagoras's Theorem isimpure according to
Arana and Detlefsen (2011)'s topical purity.

The explanatory proof of Pythagoras's Theorem isimpure according to
Kahle and Pulcini (2018)'s operational purity.

The explanatory proof of Pythagoras's Theorem can be interpreted as
pure as well asimpure according to our model of ontological purity.

Arana and Detlefsen's model of purity

Although a �rst analysis is already given in Arana (2022), arguing that the ex-
planatory proof of Pythagoras's Theorem is topically impure, we here attempt to
expand on it more, and we attempt to take a tolerant attitude in following the
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method of topical purity as described in (Arana and Detlefsen, 2011) (taking in-
spiration from Arana and Detlefsen's discussion there of Sylvester's problem and
Furstenberg's proof ofIP).

Consider Pythagoras's Theorem together with its explanatory proof, as intro-
duced in Section 2.2.1. Following the details of Arana and Detlefsen's account
given above, Pythagoras's Theorem can be restated as the problem of whether it
holds that for any right-angled triangle with sides A; B; C and right angle \ AB ,
A2 + B 2 = C2. It seems reasonable to say that the topically determining com-
mitments of this problem (i.e. what the content of the problem is) include the
de�nitions or axioms for the concepts of points, lines, (right) angles, degrees,
length, triangles, squares, surface area; and arithmetical de�nitions or axioms
for numbers, addition, equality, multiplication and exponentiation (by a factor
two). These elements are all directly involved in the statement of the problem
(i.e. Pythagoras's Theorem) and to our knowledge they are all that is needed to
fully understand the problem itself in the intended basic and direct way.

Consider now the explanatory proof of Pythagoras's Theorem. This proof cru-
cially relies on the fact that a right-angled triangle can be split up by its height into
two triangles that are similar to it, and to each other. Then by the fact that the sides
of all these triangles are proportional, we know that the equality A2 + B 2 = C2

follows. In other words, our proof or investigation relies on a notion of similarity.
Similarity can be made precise in two different (but equivalent, in plane Euclidean
geometry) ways:

Formulation 1. Two triangles are similar if, and only if, all correspond-
ing angles have the same measure.

Formulation 2. Two triangles are similar if, and only if, the lengths of
their corresponding sides are proportional.

Now the proof would be co-�nal with the problem if any commitment in the proof
is shared by the problem (the topic), so that if you retract it, the content of the
problem changes. However, we aim to defend the idea that the notion of similar-
ity (in whatever formulation) violates this property. That is, we could `retract' our
commitment to both formulations of similarity, without changing our understand-
ing of Pythagoras's problem.

To see this, note that depending on the particular theorem, it can matter
whether one or all de�nitions of a concept occurring in the proof are retracted.
Arana and Detlefsen (2011) note that in principle, retracting one formulation of
a concept breaks the connection between said formulation and the concept it de-
�nes, but it does not prevent this concept from still representing something to us
via some other de�nition. For instance, consider Sylvester's problem, described in
(Arana and Detlefsen, 2011), which concerns a geometrical theorem and its proof
containing the notion of distance. In that case, a retracted metrical de�nition of
distance is still allowed to be replaced by an order-theoretic de�nition of distance
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instead, and unlike the metrical de�nition, this other de�nition does not disrupt
the purity result. Here, it matters which de�nition is retracted: only some formula-
tions prevent dissolution of the problem when they are retracted, and are impure.
In other cases, however, any formulation of the concept occurring in the proof is
impure, as retracting any of them does not lead to dissolution of the problem. For
instance, Arana and Detlefsen (2011) note that Furstenberg's proof ofIP “does not
require th[e] concept [of topological space] to be represented to [them]sel[ves]”
at all, and so it is clear that retracting any de�nition for topological space does not
dissolve the problem. For Pythagoras's Theorem, we argue in the spirit of Arana
(2022) that, like the de�nition of topological space, the concept of similarity does
not need to be represented to us at all. Namely, Pythagoras's Theorem does not
require us to understand or know about any representation of the notion of sim-
ilarity. Hence, we take retracting similarity to mean retracting both Formulation
1 and Formulation 2, as we intend to retract the property of comparingangles or
sides (whichever one), and in fact any knowledge of the relative size of angles or
sides. These properties are simply not relevant to the problem: we do not need
to know that the angles of several pairs of triangles are exactly the same, or that
their sides are proportional, to understand how the surface areas of the squared
edges of one of them correlate. Thus, the retraction of the concept of similarity
does not lead to the dissolution of the problem. It follows that the similarity proof
is not co-�nal, that it is therefore not a stable solution, and is indeed impure.

We emphasize that the speci�c ingredients of the de�nitions of similarity (an-
gles, sides, and so on) are still topically relevant to the problem, and retracting
those de�nitions would be harmful for purity. It is the higher-level property act-
ing on these basic ingredients that we call similarity, and that we retract. This
is analogous to Sylvester's problem and the retraction of the metrical de�nition
of distance, which says that there exists a shortest line between every line and
point not on that line. In order to understand Sylvester's problem (i.e. that if for
n points, any straight line joining two of them passes through a third, then all n
points lie on a straight line), it does not matter whether there exists a shortest
line between every two points. We just need to understand that a line can inter-
sect with points, without needing to think about how far apart the points are, or
whether this line measures that. Thus, the property of distance is in a sense more
`high-level' than needed for our basic understanding of Sylvester's problem, and
the same holds for similarity relative to Pythagoras's Theorem.

Kahle and Pulcini's model of purity

In order to apply Kahle and Pulcini (2018)'s model of purity to the explanatory
proof of Pythagoras's Theorem, we need to select the set of operations mentioned
by the theorem and by the proof. While some interesting observations come up
in doing this, they are mostly consequences of the practical ambiguities of the
model, and we consider our purity evaluation to be subject to potential changes
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to the model that resolve these matters.
A main observation is that it seems up for discussion exactly which operations

are mentioned by the explanatory proof of Pythagoras's Theorem. A reasonable
set of operations mentioned by the theorem could bef x + y; x � y; x2g (written as
how the operations act on number variablesx; y, for clarity). 7 For the operational
content of the explanatory proof of Pythagoras's Theorem, we are �rst confronted
with the issue of how to incorporate geometrical constructions. For instance, the
proof involves constructing a line through the right-angled triangle, establishing
the similarity result between the three resulting triangles. It is unclear whether the
height construction in the main right triangle, and thus the creation of the other
two triangles together with the establishment of the similarity between them, in-
volves any operation that should be included in the operational content of the
proof. Kahle and Pulcini (2018)'s approach has a strong emphasis on arithmetical
operations, which culminates in the measure of operational strength in terms of
numerical domains. As a result, even if the above operations were included in
the operational content of the proof, we would still lack a direct way of evaluat-
ing their strength in terms of a numerical domain. 8 As a consequence, it seems
that for now, the best choice is to focus on the arithmetical operations mentioned
in the proof — while the question of how operational purity should behave in
non-arithmetical mathematical �elds remains open, but is something that could
be spelled out by generalizations of the model.

Second, even restricting to arithmetical operations, the question arises what
exactly is an `individual operation'. For instance, Kahle and Pulcini consider the
operation of division to be essential to the content of the proof. But operations
can have duals, that allow rewriting in terms of one another: a division a

b = c can
always be written as a multiplication a = b� c, something the similarity proof often
uses. That is, although the proof starts from equalities a

b = c
d , it would arguably

be the same to represent these immediately as equalitiesa � d = c � b concerning
multiplications (instead of only as a second step). That is, the operation of division
itself may be something that is `an avoidable roundabout', and so perhaps not
really essential to the proof.

This leads to two possible sets of operations,C1(PPT) = f x + y; x � y; x2; xnyg
and C2(PPT) = f x + y; x � y; x2g. This difference in choice of operational content is
decisive for the purity result, as D(C2(PPT)) = D(C(PT)) = N, but D(C1(PPT)) =
Q � D(C(PT)) . As Kahle and Pulcini (2018) note, by adding the division operator
to the natural numbers we gain the positive fractions. Note that if we allowed
exponentiation generally, instead of just exponentiation by a factor two, we would
even obtain negative and irrational numbers, by de�ning, for instance, 2

1
2 , and

7Addition is explicitly mentioned by the theorem, and so is exponentiation by a factor two. Since
the usual de�nition of exponentiation relies on multiplication, we consider the latter to be part of the
operational content as well.

8This is also a reason to consider Pythagoras's Theorem in its arithmetical formulation, instead of a
geometrical one, as considered in the next section.
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even imaginary numbers (consider (� 1)
1
2 ). But even with restricted exponentia-

tion, C1(PPT) is a more powerful combination of operations, giving us the domain
of the positive rationals, Q+ .

We can either accept the fact that `inverse' operations have different opera-
tional ontologies, or we might want them to produce the same ontology. The �rst
option sounds reasonable, considering that our understanding of proportionality
in terms of division (an act of separation) is arguably different from proportional-
ity in terms of multiplication (an act of combination). However, to allow inverse
operations to induce a different purity result does not always seem reasonable.
Similar to multiplication and division, consider the case of addition and subtrac-
tion: a theorem that only mentions addition will have ontology N. But if its proof
mentions subtraction, suddenly we are given the ontology Z. Yet does anyone
really believe that subtraction should be an impure element in a proof of an addi-
tive statement? This seems a far-fetched claim. Still, the question of what exactly
is the difference between inverse or dual operations, remains philosophically in-
teresting. They act on elements in a different order, and this order can make a
difference for closure results under a given numerical domain. Whether these
matters merely relate to mathematical properties of operations, or also underlie
philosophical intuitions about operational strength, is to be determined.

Thus, although we concede with our application that the explanatory proof of
Pythagoras's Theorem under Kahle and Pulcini's model should be considered im-
pure here, as it aligns with the way they intend their model to work, we recognize
that this result is relative to certain ambiguities.

Our model of purity

Now consider the model of ontological purity. It seems quite clear that the ontol-
ogy of Pythagoras's Theorem should include two-dimensional geometrical shapes,
lines, points, and so on. This suggests we should take some geometrical theory as
a context theory, such as Euclidean plane geometry, or Hilbert's or Tarski's axioms
for plane geometry. At the same time, we might think that the ontology should
contain some arithmetic. We suggest that this depends on the speci�c version one
takes of Pythagoras's Theorem: consider two different formulations.

1. Arithmetical formulation. For the length of the sides of right-angled triangles,
where A is the length of the hypotenuse, it holds that A2 = B 2 + C2.

2. Geometrical formulation. In right-angled triangles, the square on the side
opposite the right angle equals the sum of the squares on the sides containing
the right angle.

According to the �rst formulation, the investigator of purity is expected to envision
an ontology including the geometrical plane as well as an arithmetical domain.
The second formulation only requires an ontology of the geometrical plane. This
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affects the choice of context theory. The �rst formulation could be compatible
with a �rst-order theory axiomatizing both plane geometry as well as arithmetic,
or one might be content with a geometrical theory that is able to interpret and de-
�ne numbers in terms of geometrical primitives (e.g. by the interpretation of RCF,
the theory of real closed �elds, into Tarski's geometry). The geometric formula-
tion may simply advocate a purely geometric context theory (say, Tarski's planar
axioms) and take the notions of area and size comparisons or sums of these to
be geometrical primitives. Depending on the particular theory chosen, one would
have to accept the fact that there are some de�nitional `gaps' in the theory (see
for instance (Beeson, 2023) for an analysis of the notion of `equal �gures', which
is unde�ned in Euclid's theory).

Now the notion in the proof of Pythagoras's Theorem that should be decisive
for the purity result is, of course, similarity. We de�ned similarity earlier as equal-
ity of the angle measures, or as equality of corresponding lengths of the sides of
the triangles (using proportionality). In the arithmetical case, suppose we pick
Tarski's geometry as our context theory, and de�ne numbers using the interpre-
tation of RCF. Then this interpretation will additionally be used to de�ne the
operations used in A2 = B 2 + C2, i.e. addition, and exponentiation (in terms
of multiplication). Similarity can then easily be de�ned by taking the numerical
lengths of the sides of the triangles, and by de�ning proportionality in terms of
a de�nition of division (obtained by adapting the de�nition of multiplication: if
A(x; y; z) de�nes x � y = z, then it also de�nes z

x = y). Thus, in this case, de�n-
ing similarity draws upon the same ontological operations as the ones that are
already needed to formalize A2 + B 2 = C2. In other words, the proof is restricted
to the same ontology as that of the theorem, and it obtainsfull ontological purity.9

Thus, this says that ontologically, similarity cannot be considered as distinct from
an arithmetical reading of the theorem, in contrast to epistemic approaches to pu-
rity. Additionally, here secondary purity results can be established for any proof
that `rephrases' the similarity proof in terms of a different ontology, provided the
theory capturing this other ontology can interpret the context theory.

Finally, suppose we pick the fully geometrical ontology. The proof then re-
quires a geometrical theory of a certain strength to de�ne the notion of similarity.
Hilbert, for instance, establishes similarity using axioms I, 1-2 and II-IV of his pla-
nar theory (excluding the axiom of Archimedes). Generally, for the geometrical
context theory that we pick, the question is then whether we think that the axioms
necessary to de�ne similarity are also necessary to properly describe the geomet-
ric plane that Pythagoras's Theorem talks about. This is not an obvious question,
and the answers may differ per investigator. In this case, the safest choice for
full ontological purity may be to pick a subset of a geometric theory that cannot

9This assumes that we think Tarski's geometry including its de�nition of numbers is considered to
really refer to an ontology of the plane as well as arithmetic. One could of course pick other context
theories: but full purity will still be achieved, as similarity becomes harmless once we already formalize
the theorem in terms of arithmetical operations.
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de�ne similarity. This re�ects the historical controversy surrounding similarity as
presented in the literature, where when one thinks of the ontology of Pythago-
ras's Theorem, this does not include a way to know whether two triangles have
the same angles or proportional sides. This says that even though a theory that
de�nes similarity describes the right type of ontology for Pythagoras's Theorem
(planar geometry), it does so with a complexity that is too high. The consequence
of this is that the proof is not fully ontologically pure — instead, as its counterpart,
it will become fully ontologically impure. Additionally, the proof will not obtain any
secondary ontological purity. This is because secondary ontological purity requires
that any notion in the proof is �rst of all formalizable in the context theory (so
that in a theory interpreting the context theory, the proof can be restricted to just
simulations of the pure ontology), while in this case, similarity is not.

Depending on the arithmetical or geometrical reading of the theorem, then, we
get a purity or an impurity result. This shows that similarity (and proportionality)
more naturally belongs to an ontology that includes arithmetic, while it is more
keenly avoided in a purely geometric ontology.

2.5 Models of explanation

We will here discuss the theoretical ingredients of three models of explanation:

Kitcher (1989)'s explanation by uni�cation (an epistemic model)

Steiner (1978a)'s explanation by a characteristic property(an ontic model)

Pincock (2015)'s explanation by abstraction(an ontic model)

These models provide an individual take on what the relation between a math-
ematical theorem and its explanatory proof amounts to. After describing their
approaches in more detail, we discuss how they fare on the pure proof of the
In�nitude of Primes.

Kitcher's model of explanation

Among the several existing contemporary models of explanatory proofs, one of the
most well-known is Kitcher (1989)'s account of explanation, which originates from
the area of scienti�c explanation, and has been tested for mathematical explana-
tion in (Hafner and Mancosu, 2008). Kitcher's model is a uni�cationist model of
explanation, as it is based on the idea that explanations provide understanding by
unifying different phenomena. His view is that “an explanation should make the
best tradeoff between minimizing the number of patterns of derivation employed
and maximizing the number of conclusions generated” (Kitcher, 1989). In what
follows we summarize the way in which Kitcher makes these insights precise.
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Figure 2.6: Visualization taken from (Kitcher, 1989)

We start by considering a �xed set of beliefs K , which can amount to a set
of statements supported by a scienti�c community, or more speci�cally to mathe-
matics: a set of theorems in a certain mathematical theory. K is assumed to be
consistent and deductively closed. The beliefs withinK can then be deductively
systematizedby a set of arguments, i.e. by derivations of sentences inK from other
sentences inK . The systematization ofK that is most unifying will be considered
most explanatory, and will be given by the explanatory storeover K , E(K ).

We describe how to �nd the explanatory store similarly to (Hafner and Man-
cosu, 2008). First, we de�ne three notions. A schematic argumentis a sequence
of schematic sentences, namely sentences that require some non-logical expres-
sions to be replaced by dummy letters. Second, a set of�lling instructions will
specify exactly how these dummy letters can be substituted again by expressions
with content. Third, a classi�cation for a schematic argument tells us which sen-
tences in the argument are premises, which ones are conclusions, and by which
rules conclusions are inferred from premises. Then ageneral argument patternis
a triple (s; f; c ) consisting of a sequence of schematic sentencess, a set of �lling
instructions f , and a classi�cation c for s.

We still need to introduce a few more notions to be able to rank argument pat-
terns according to their unifying power. A set of derivations is acceptablerelative
to K if every step is deductively valid, and each premise belongs toK . If � is
some set of derivations (asystematizationof K ), then a generating setfor � is a set
of argument patterns � such that each element of� instantiates some pattern in
� . Now a generating set � for � is completewith respect to K if every derivation
that is acceptable relative to K , and which instantiates a pattern in � , belongs to
� : so within our context K , all derivations exemplifying a pattern in � need to
be contained in � (see Figure 2.6 for a visualization of the relation between these
sets).

Now we can determine how unifying such a systematization is, and �nd the
most unifying one among different acceptable systematizations,E(K ). First, for
each acceptable systematization, take all the corresponding generating sets� that
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are complete with respect to K . Out of these generating sets, subsequently, se-
lect a basis: the generating set that contains the least number of patterns. Finally,
rank all of the bases according to their unifying power. For this, we should also
de�ne the conclusion setof � (C(�) , containing the sentences that occur as the
conclusion of some argument in � ). Then the degree of uni�cation of a system-
atization � is describable by the ratio jC (�) j

jbasisj (although Kitcher himself provides
a more qualitative judgement of the level of uni�cation), and E(K ) becomes the
systematization where this ratio is the highest.

2.5.1 Example. A simple example from mathematics is given by Hafner and Man-
cosu (2008). Consider the problem of determining the equation of the line tangent
to the parabola y = 2x2 + 3x + 1 at point (1; 6). We can solve the problem using
derivatives as follows.

1. 2x2 + 3x + 1] 0 = 4x + 3

2. [4x + 3] x =1 = 7

3. Thus the tangent line to 2x2 + 3x + 1 at (1; 6) is (x � 1)7 = ( y � 6).

A schematic argument for determining the tangent line to a differentiable curve
f (x) at point (x0; y0) can be obtained from the above as follows.

1S. [f (x)]0 = g(x)

2S. [g(x)]x = x 0 = c

3S. Thus the tangent line to f (x) at (x0; y0) is (x � x0)c = ( y � y0).

We can then de�ne appropriate �lling instructions by specifying how to replace
f (x); g(x) and c, and clarify that 1S and 2S are premises, while 3S follows from
the premises by calculus.

Steiner's model of explanation

An established ontic model of mathematical explanation is that of Steiner (1978a).
Steiner starts from the idea that we look for the `essence' or `nature' of an entity,
when we try to explain its behaviour. In the context of mathematics, he makes the
notion of `essence' precise by what he calls `characterizing properties'. Acharacter-
izing property is “a property unique to a given entity or structure within a family
or domain of such entities or structures”, where the notion of `family' is taken as
unde�ned.

An explanatory proof should then satisfy two properties. First, it should refer
to a characterizing property of an `entity' mentioned in the theorem. This char-
acterizing property should be essential to the proof of the theorem: “[i]t must be
evident, that is, that if we substitute in the proof a different object of the same
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Figure 2.7: Visualization taken from (Steiner, 1978a)

domain, the theorem collapses”. This ensures that the theorem really depends on
the characterizing property.

Second, any explanatory proof should begeneralizable. This means the fol-
lowing to Steiner: if we systematically alter the speci�cs of the characterizing
property in such a proof, this should give rise to an `array' of corresponding the-
orems. That is, creating such `deformations' of the original proof should give rise
to corresponding variants of the theorem. This means that explanation becomes a
relation between a multitude of proofs and theorems.

2.5.2 Example. Consider the proof of Pythagoras's Theorem in Section 2.2.1. The
proof uses a characterizing property of right triangles: they are triangles that are
decomposable into two triangles similar to each other and to the entire triangle.
Other triangles do not satisfy this property. The theorem can additionally be seen
to depend on this property (see Figure 2.7): “[i]f we let the vertex of the right
triangle vary (calling the largest side of the triangle, c, the hypotenuse), and try
to decompose the triangle as before, by drawing linesx and y from the vertex
to c, such that triangles I and II remain similar to each other and to the whole,
we �nd that triangles I and II fail to exhaust the whole when the vertex varies
between 90� and 180� ; overlap when the vertex diminishes from 90� to 60� ”.
The theorem then does not hold anymore: instead, (Steiner, 1978b, p.137) shows
that it then becomes c2 = a2 + b2 � 2abcosC (C being the angle opposite side
c). This immediately gives us a generalization of Pythagoras's Theorem, where
any `deformed' triangle gives a precise instantiation of the latter equation. Right-
angled triangles then turn out as the unique case where2abcosC equals zero, i.e.
where lines x and y coincide.

Pincock's model of explanation

The last model of (ontic) explanation that we discuss is relatively more recent,
and is described in (Pincock, 2015). Pincock's model aims to account for those
explanations that provide a theorem's grounds. The most important ingredient
of the approach is the existence of biconditionals, which “link facts of type X to
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facts of type Y” (Pincock, 2015). Types are intended to describe objects of a cer-
tain mathematical domain, whose properties can be described by different `facts'.
Facts of typeX with constituent x are denoted by X̀ i (x)', where the index i dis-
tinguishes different facts of the same typeX . Pincock's notion of explanation then
�rst requires there to be a biconditional between facts of different types that occur
in the proof. This biconditional only holds when objects of the different types are
paired up in a certain way by a relation R. More concretely, the �rst requirement
is that for any two objects x; y, whenever the relation R(x; y) holds, the bicondi-
tional between facts X i (x) $ Yj (y) also holds. The idea is that this biconditional
re�ects the “objective dependence relation” (i.e. the grounding relation backing
the explanation) between facts of type X and facts of type Y .

In order for the biconditional to fully represent the grounding relation, a sec-
ond condition needs to be satis�ed. For this, Pincock introduces a notion of ab-
stractness: the constituents of the facts of one type must bemore abstractthan
the constituents of the facts of the other type. The more abstract objects can then
be seen to form the grounds for the less abstract objects. By an ordering of ab-
straction, Pincock means the idea that “some objects can have other objects as
instances” (the instance being less abstract than what it instantiates), which is
closely related to the type-token distinction.

In particular, furthermore, “the explanatory grounds will be given by facts of
type X whose constituents x are more abstract than y but less abstract than ob-
jects z drawn from any other potential explanatory grounds”: they are the least
more abstract domain where the biconditional occurs. Pincock admits that demon-
strating the `leastness' of the abstraction difference is a challenging aspect of his
account of explanation, and there is no reliable way of knowing this for sure.

2.5.3 Example. Pincock illustrates his approach by a proof of the `unsolvability
of the quintic': polynomials of degree 5 are not solvable by radicals. That is, for
equations an tn + ::: + a1t + a0 = 0 , for n = 2 ; 3; 4, t corresponds to a formula
outputting the values ( roots) for which the equation is true. `Solvability by radi-
cals' means that this formula involves only the domain of the coef�cients and the
operations of addition, subtraction, multiplication, division and b

p
a.

The fact that for polynomials of degree 5 this cannot be done, has a proof
from Galois theory. In short (for more details, see (Pincock, 2015)), the proof
uses the notion of a �eld and �eld automorphisms, and the fact that for each �eld
extension, there is a collection of �eld automorphisms that forms a group. The step
to polynomial equations is made as follows: polynomials are solvable by radicals
just in case a radical extension of the �eld Q exists that includes the roots. This, in
turn, can be determined by using the group of �eld automorphisms. In particular,
the Galois group is the group given by the �eld extension by �ve roots. It can be
shown that the �eld extension whose Galois group is S5 is not a radical extension,
so that these �fth-degree equations cannot be solved by radicals.

This �ts into Pincock's model of explanation as follows. The dependence rela-
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tion concerns facts about groups and facts about polynomial equations. Although
polynomials are not instances of groups, each polynomial equation gives rise to
a �eld extension and so a collection of automorphisms. And each collection of
automorphisms is an instance of a group. Here, to be a group just means to be
an abstract structure satisfying the group axioms. Instead, the collection of �eld
automorphisms has additional properties concerning their being automorphisms
of that particular �eld extension. The biconditional `for any x; y, given R(x; y),
(X i (x) $ Yj (y)) is made as follows: wheneverx is the Galois group of polynomial
equation y, x is a solvable group if and only if y is solvable by radicals.

2.5.1 Application to the pure proof of the In�nitude of Primes

This subsection will discuss the following results.

The pure proof of the In�nitude of Primes is explanatory according to
Kitcher (1989)'s uni�cation explanation.

The pure proof of the In�nitude of Primes is unexplanatory according
to Steiner (1978a)'s dependence explanation.

The pure proof of the In�nitude of Primes is unexplanatory according
to Pincock (2015)'s abstraction explanation.

Kitcher's model of explanation

In order to test the pure proof of the In�nitude of Primes against Kitcher's model
of explanatory proofs, we will de�ne our set of beliefs K to be the set of all arith-
metical truths (as approximated by, e.g., the theorems of Peano Arithmetic (PA)).
Then K contains the theorem IP, and any other PA-statement about the natural
numbers. We should then look for an argument pattern used in Euclid's proof that
can systematizeK in the best possible way, that is, we should look forE(K ).

A straightforward search for an argument pattern focuses on the induction
schema, which is a main strategy used in the proof: induction intuitively uni�es
many results about the natural numbers. As mentioned before, we note that there
is a debate in the literature on whether proofs by induction are explanatory (see for
instance (Lange, 2009; Hafner and Mancosu, 2005; D'Alessandro, 2019)). Kitcher
himself belongs to those who believe induction can be explanatory (where below
induction is used to show all numbers have `propertyF '):

Suppose that I prove a theorem by induction [...] we feel that the
structure of the positive integers is exhibited by showing how 1 has the
property F and how F is inherited by successive positive integers; and,
in uncovering this structure, the proof explains the theorem (Kitcher,
1975)

54



2.5. Models of explanation

In our application of Kitcher's framework, induction will indeed come out as
explanatory. Hence, although this result is still open to discussion within the math-
ematical and philosophical community, it is in any case in line with Kitcher's im-
pression about the topic. We �rst propose the following argument pattern.

1. ' (x) holds for x = 1 .

2. If ' (x) holds for x = n, then ' (x) holds for x = n + 1 .

3. ' (x) holds for x = n for each n 2 N.

Here, let the �lling instructions say that ' should be replaced by anyPA-sentence.10

For IP speci�cally, for instance, we would replace ' (x) by the description “there
exists ab > x such that b is prime”. Moreover, the classi�cation of the argument
is as follows: 1 and 2 are premises, and 3 follows from 1 and 2 by applying the
induction principle of PA.

Let � be the singleton set containing the induction argument pattern. Then
it is a generating set for a set of derivations � , namely the set of all derivations
leading to PA-theorems of the form `for all n, ' (n)'.11 Then � is certainly complete
with respect to K : every derivation that is PA-acceptable, and that instantiates the
induction pattern in � , belongs to � . But how unifying is this systematization? Of
course, there are many other ways of selecting a systematization ofPA-derivations,
and �nding (complete) generating sets � of argument patterns for these. Of all
these hypothetical sets� , recall that we should compare their number of argument
patterns to the size of their conclusion set. Without going into detail about other
possible PA-generating sets, we note that the current one seems highly unifying.
For one, our � is a singleton containing just one argument pattern; as it is already
as minimal as possible, its basis will then remain this singleton. Furthermore, there
is an in�nitude of theorems in PA that can be proven by the induction argument
pattern, and so that can be uni�ed by this argument pattern. Hence, dividing
C(�) (in�nity) by the size of the basis (one) will result in an in�nitely high degree
of uni�cation of � . This alone should convince us that � is a very reasonable
candidate for E(K ). Hence, a proof that relies on the induction argument pattern
should come out as explanatory according to Kitcher's model.

Let us dwell a bit more on some parts of our analysis. First of all, note that
our �lling instructions are quite loose, as they allow ' to be substituted by anyPA-
sentence. At �rst sight, it may have been more intuitive to let the �lling instruction
be: “replace ' by a PA-sentence for which each instance' (n) for n 2 N is true
(and which are provable by using induction)”, as these are the sentences that
we aim to have as our conclusions. However, choosing this more speci�c option

10The lack of constraints on the �lling instructions is justi�ed soon.
11� contains all derivations that proceed by induction. Note that this equals all derivations that lead

to theorems of the form `for all n, ' (n)', since if such a theorem has a proof that does not proceed by
induction, we can use this proof to form a trivial induction proof after all, so that this theorem is also
generated by� .
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is problematic for at least two reasons. The �rst is that �lling instructions do
not stand alone but always come with a classi�cation — and the classi�cation,
as noted by Hafner and Mancosu (2008), sometimes does the job of the �lling
instructions too. This is so in our case. It is the classi�cation itself that does not
allow the argument pattern to be instantiated by just any PA-sentence. It excludes
the sentences for which the instantiation of 3 does not follow from 1 and 2 by
induction. Thus, our �lling instructions are allowed to be so general, because the
classi�cation overrides them. Then, opting for the more speci�c version of the
�lling instructions would in some sense be redundant.

Another reason to go for the more general �lling instructions is to avoid a
certain circularity in the argument pattern. If we use the more speci�c variant
of the �lling instructions mentioned above, we have to already know that ' is
a truth that holds for all natural numbers, beforeproving it. Kitcher is tolerant
in what types of requirements can be put on the instantiations of dummy letters
in argument patterns — but it seems that they should only allow restrictions on
instantiations from K that are epistemically prior to carrying out the proof. This
is clearly violated in our example, where we have the following circularity:

substitute ' by A A is true

This discussion about the level of generality of the �lling instructions is linked
to the two features of stringencyand spuriousnessthat Kitcher puts forward as de-
sirable and undesirable, respectively. Arguments instantiating a pattern are `strin-
gent' if they “contain some non-logical expressions and [...] are fairly similar in
terms of logical structure”. The classi�cation ensures these similarities in logical
structure, while the non-logical expressions in the argument pattern together with
the �lling instructions determine the way dummy letters are substituted. Presum-
ably, both factors should secure a desirable type of argument that is suitable for
uni�catory explanation. But stringency can be `mimicked' by imposing arti�cial
restrictions on the substitution of non-logical expressions, while these are not ac-
tually essential — e.g. by using a very general argument pattern such as `fromA
infer A', and by letting the �lling instructions substitute A with whatever conclu-
sion one desires. Thus, Kitcher tests the �lling instructions on `arti�cialness': if
you can replace them by a new set of �lling instructions, which then allows the
derivation of any sentence whatsoever, the constraints on the instructions were
actually arti�cial, and not really stringent. Such arti�cial argument patterns are
then exactly what Kitcher calls spuriouspatterns, which should be avoided. Spuri-
ous uni�cations such as the one mentioned above unify a large number of results
in a `trivial' way, and should not be characterized as explanatory. Now as we saw
before, spuriousness can be avoided by designing meaningful �lling instructions,
but also by making the classi�cation more speci�c. As in our induction argument
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pattern, the classi�cation can override the �lling instructions, and so prevent `any
sentence' from becoming derivable. Our argument pattern is thus not spurious,
and seems Kitcher-explanatory.

We should remark that Kitcher also says: “I do not wish to claim that my re-
quirement will debar all types of spurious uni�cation”. So, even though our argu-
ment pattern is not classi�ed as spurious because it satis�es Kitcher's requirement
on the �lling instructions, there might still be some other desirable requirement
(e.g., on the classi�cation) to prevent spuriousness, one that our argument pattern
does not satisfy. For instance, we might want to require that the classi�cation of
an argument pattern must focus solely on the logical structure of the argument,
and that it somehow cannot contain `too much' non-logical content. Whether this
can be coherently speci�ed is not obvious. Still, our result that Euclid's proof is
explanatory with respect to the induction argument pattern, is compatible with
Kitcher's own views on induction, and so seems a legitimate application of his
framework. On a broader level, we may interpret the result of induction being
Kitcher-explanatory as saying that explanation has many intuitive aspects, and
that different models of explanation can focus on and single out particular ones.
Kitcher's approach singles out the globally unifying value of explanatory proofs.

Steiner's model of explanation

We will consider the pure proof of the In�nitude of Primes and see whether we
can isolate a characterizing property in that proof (and, if so, whether the proof is
generalizable). Since the In�nitude of Primes mainly concerns natural numbers,
two promising candidate characterizing properties in the proof arise: one based on
induction, and one based on the Fundamental Theorem of Arithmetic. However,
we will argue that they both fail to be characterizing properties in Steiner's sense.
As we do not expect other suitable characterizing properties to exist, we take this
as support for the idea that the proof is Steiner-unexplanatory.

Induction. Again, as the pure proof of the In�nitude of Primes proceeds by in-
duction, we can consider this principle as giving rise to a characterizing property.
However, Steiner himself (as opposed to Kitcher, interestingly) claims that induc-
tion cannot support explanatory proofs:

“The proof by induction does not characterize anything mentioned in
the theorem. Induction, it is true, characterizes the set of all natu-
ral numbers; but this set is not mentioned in the theorem.” (Steiner,
1978a)

From this we can gather at least that Steiner does notintend his model of ex-
planation to capture proofs by induction as explanatory. Possibly, this is motivated
by the intuition that induction is a basic method of proof: it is a general approach
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to statements about the natural numbers, that convinces us that each individual
number satis�es some property, but does not seem to say much about the `nature'
or `essence' of natural numbers themselves, which is what Steiner demands.

Despite Steiner's position, our analysis is not over as we, similarly to Hafner
and Mancosu (2005), will take a more tolerant approach towards induction as
a potential characterizing property. Hafner and Mancosu argue that, although
Steiner wants to exclude induction from being a characterizing property, his model
does not directly do so. Namely, suppose we maintain that induction cannot be a
characterizing property because theorems never mention quanti�er ranges (such
as the set of natural numbers) and this mentioning is actually necessary. Then
there are several properties that should inuitively be counted as characterizing
properties (e.g., as described by Hafner and Mancosu, certain results of Kummer's
test on the convergence of series), but are rejected by the model because they are
not mentioned by the theorem. Hence, the need for explicit mentionings of sets of
objects in theorems makes Steiner's approachundergenerative. Additionally, even
if we do accept that the theorem (in this case, IP) does `not mention' the set of
natural numbers, one can easily rephrase it such that it does, and “it seems quite
odd that Steiner's theory qua theory of the explanation of proofsshould turn out
to be so overly sensitive to what appears to be a rather minor detail in the exact
wording of a theorem which doesn't affect its proof” (Hafner and Mancosu, 2005).

Hafner and Mancosu therefore set Steiner's position on quanti�er ranges aside,
and describe a positive application of Steiner's model to a proof by induction of the
summation theorem. They show that induction here suf�ces as a characterizing
property, and also that it is generalizable to create an array of new theorems. They
conclude that the proof is explanatory according to Steiner's approach, and that
this makes Steiner's approachovergenerative, as they still hold a strong intuition
that inductive proofs should not be considered as explanatory.

This is not the place to decide whether Steiner's model should or should not
include mentioning of quanti�er ranges. Rather, we want to show that, even if
we adopt Hafner and Mancosu (2005)'s approach to induction — i.e. even if we
accept that the mentioning of quanti�er ranges in theorems is not necessary to
isolate characterizing properties — induction still does not come out as a charac-
terizing property for the pure proof of IP. In other terms, unlike the proof of the
summation theorem, the proof of IP turns out not to rely in Steiner's sense on the
property of induction. 12

Now consider why induction is not a characterizing property for the pure proof
of the In�nitude of Primes. As in the proof, let Qn = p1 � ::: � pm + 1 for all primes
pi < n (i 2 f 1; :::; mg). Then let the theorem of the In�nitude of Primes be phrased

12Incidentally, if induction had been a characterizing property for our proof of IP, it is interesting
to note that it would also have been able to satisfy generalizability, in a similar way as the proof of
the summation theorem in (Hafner and Mancosu, 2005). Indeed, we can change the notion of being
`prime' to variants `prime� ' that hold for different subsequences of the natural numbers, leading to
new theorems. However, since induction is not even a characterizing property for us, this becomes
irrelevant.
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as in Section 2.2.1:

( IP) For each natural number n, there exists a primep such that p > n .

In order for induction to be a characterizing property, the proof must `depend' on
it. This means that “[i]t must be evident, that is, that if we substitute in the proof
a different object of the same domain, the theorem collapses” (Steiner, 1978a).
Like Hafner and Mancosu, we consider induction as potentially characterizing the
set N, and we take as a domain the family of sets in the powerset ofN (P(N)).
Hence, we are investigating whether induction characterizes the natural numbers
relative to this domain. As a candidate characterizing property, induction can then
be phrased in terms of a free set variableX , so that the instantiation of X by
N 2 P (N) will certainly satisfy induction. 13

But we see that dependence of the proof on the characterizing property is
not satis�ed: there exist several (in�nite) subsets of P(N) and corresponding (re-
stricted) induction principles that, when substituted in the proof, would lead to
the same result. For instance, if we show that for all evennumbers n, there exists
a prime p > n (by an induction principle with an induction step of n + 2 , instead
of n +1 ), then we may also conclude that for all n, there exists a primep > n . The
result does not depend on the individual numbers characterized by the induction
principle: the principle just needs to characterize in�nitely many of them. Hence,
as the proof does not display the sort of dependence on induction that Steiner
speci�es, induction cannot be a characterizing property for the proof. Note that
also considering a different type of family does not help, as any family of sets con-
taining N arguably either contains an in�nite subset of N, or an in�nite superset
of N (such as the integersZ). In any of these cases, we are still free to conclude
the theorem IP.

To sum up, even when leaving open the possibility that induction might be
a characterizing property for Steiner's account, we see that not all instances of
induction can be seen as a characterizing property: it depends on the particular
use of induction which occurs in the proof under scrutiny. In the case of the pure
proof of the In�nitude of Primes, it turns out that induction is not a characterizing
property.

Fundamental Theorem of Arithmetic. We brie�y consider another candidate
characterizing property for the pure proof of the In�nitude of Primes, which is
based on the application of the Fundamental Theorem of Arithmetic (FTA). We
can view FTA as characterizing the setN, as we did for induction — but also as
characterizing individual numbers n, as a unique product of primes (within, say,
the set N). Let us analyze this latter option �rst. If we go for it, we are bound
to accept that the proof is dependent on the prime product of a particular natural

13The (slightly bulky) notation of induction in (Hafner and Mancosu, 2005) is given by the formula
1 2 X & 8x(x 2 X ! (x + 1) 2 X )& 8P [(P (1)& 8x(P (x) ! P (x + 1))) ! (8x 2 X; P (x))] .
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number: i.e., if we replace it by another natural number with a different prime
product, the proof should fail. But this is clearly not the case: the proof deals
with an arbitrary natural number and its prime product. Thus, looking at FTA as
characterizing individual numbers in the pure proof of the In�nitude of Prime is
not a successful strategy.

Let us then consider FTA as characterizing the setN, which we phrase in the
following way (again with a free set variable X ):

[FTA] Eachx 2 X is either a unique product of prime numbers, or equal to 1.

Now we can see quickly that we are not faced with a characterizing property
within the family P(N). Indeed, if we replace N by a(n) (in�nite) subset of N, this
subset still satis�es FTA, so FTA does not uniquely characterize justN. The proof of
IP could still use the FTA-property to obtain a higher prime as before, leading (for
in�nite subsets of N) again to the result that there exist in�nitely many primes.
Thus, FTA also does not lead to a characterizing property in Steiner's sense. As
there do not seem to be other suitable candidates for characterizing properties in
the pure proof of the In�nitude of Primes, we take this as support for the idea that
the proof is Steiner-unexplanatory.

Pincock's model of explanation

Recall once more from Section 2.2.1 that Euclid's proof ofIP proceeds by induc-
tion, and that, for the inductive case n, it constructs a number Q that is the mul-
tiplication of all primes lower than n plus 1. The Fundamental Theorem of Arith-
metic then gives us a prime that divides Q, and that is bigger than n. Given the
form of the proof, at least at �rst sight no ground naturally emerges, and no in-
tuitive abstraction difference seems to be at play. However, let us consider any
biconditional that might arise in this setting. The domains (and facts about them)
that the proof of IP arguably connects are the natural numbers and prime num-
bers. We are thus looking for a relation R between natural numbers x and primes
y, such that if it obtains, then a biconditional connecting facts X i (x) about natural
numbers to facts about primesYj (y) holds.

In an attempt, let R(x; y) say that y divides x. We then claim that this forces
the biconditional X i (x) $ Yj (y) where X i (x) says thatx is a natural number, and
Yj (y) says thaty is a factor of a prime product of x. To see that the biconditional
works, consider both directions. From left to right, assume y divides x and that x
is a natural number.14 Then we know that there is a number n such that y � n = x,
and by FTA, either n = 1 so that y1 is a prime product, or n has a prime product
p(n), so that y � p(n) is still a prime product. (Note that the prime product of x
does not have to be unique here.) For the right-to-left direction, assumey divides

14Recall that by de�nition of the domains X and Y , x must already be a natural number, so that
the fact X i (x) is quite trivial — and that we also already know that y comes from a domain of prime
numbers.
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x and that y is an element of a prime product of x. Here, R(x; y) is not necessary
to see thatx is a natural number: already by assuming thatx has a prime product,
it must be the case that x is a natural number (by de�nition of prime numbers).
The role of R(x; y) is thus vacuous for this direction of the biconditional.

Pincock intends the biconditional to form an objective dependence relation be-
tween X i (x) and Yj (y). But our attempt at a biconditional only conveys a trivial
property: it says that if a prime divides a natural number, then it is contained in
some prime product of the natural number. It would be reasonable to terminate
the analysis here, as no signi�cant biconditional can be extracted out of the proof.
For the sake of exploring all aspects of Pincock's approach, we shortly explore any
abstraction difference between the two domains linked by the biconditional. Here,
we can make use of a more elaborate understanding of the notion of abstractness,
as put forward by Marquis (2016) and which seems to further specify Pincock's
perspective. In particular, according to Marquis's proposal, one of the main indi-
cators of abstraction differences amounts to the fact that some properties that are
used to distinguish the more concrete objectsdisappearat the more abstract level.
This means that, when relating the two domains, multiple concrete objects should
be identi�able with the same abstract object, so that the latter fails to distinguish
with the same level of detail between concrete objects. Hence, when we move
from the concrete objects to the abstract objects, some `irrelevant details' of the
concrete objects are forgotten at the abstract level; they are simply not expressible
anymore.

Now, intuitively, there is no difference in abstraction between the domains of
prime numbers and natural numbers because, when moving from one domain to
the other, we are merely `cutting out' objects from the natural numbers, in order
to be left only with the particular natural numbers that are prime. That would
be like taking the domain of spheres, and cutting out ones of a certain size — or
taking the domain of groups, and selecting from this the abelian groups. Marquis
(2016) agrees that “the notion of group and the notion of abelian group [...] are
just as abstract”, because “[b]eing less abstract cannot merely be captured [...]
by the fact that the extension of the [supposedly less abstract concept] is strictly
included in the [supposedly more abstract concept]”. But notice also that the
requirement of properties `disappearing' during abstraction is not satis�ed: we
are not forgetting any properties about prime numbers when we move to natural
numbers. Admittedly, more numbers appear in the set of natural numbers that
do not have the particular property of primality, but among the natural numbers
it is still completely clear that the prime numbers do have this property. Finally,
the type-token comparison, put forward by Pincock, also falls short: it is certainly
not the case that multiple prime numbers are instances of one natural number. In
short, on this analysis of abstraction, no biconditional linking prime numbers and
natural numbers can truly satisfy Pincock's requirements.

Although the notion of abstraction is a complex concept, which surely admits
different interpretations, by our �ndings that both the biconditional, as well as a
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supposed abstraction difference between natural numbers and primes are contro-
versial at best, we conclude that the pure proof of IP is Pincock-unexplanatory.

2.6 Re�ections on purity and explanation

We have seen that purity and explanation, as characterized by a multitude of
models, are ideals of proof with a pluralistic nature. Based on our �ndings, we
will re�ect some more on the models we applied, as well as on the supposed
interaction between purity and explanation.

2.6.1 Models of ideals of proof

Models of ideals of informal proof are relatively abundant (for well-known ideals),
but “[d]elicate judgments based on expertise may be involved in determining that
something actually �ts the metaphysical theory of [these ideals]” (Pincock, 2015).
That is, there appears to be a gap between the theory of pointing out what meta-
physical description can be given to an ideal of proof, and the practice of using the
model to determine whether a given informal proof satis�es this ideal. Within this
`delicate' area of ambiguity, that in the end only practitioners of mathematics can
bring true clarity to, we may comment on some �ndings regarding the relation of
our selection of models to mathematical practice — in particular, these �ndings
can be seen as interfering with a reliable relation. Such aspects are not only a
nuisance: they also help exhibiting the nature of models of proof ideals, and of
informal proof itself (and ways in which they lack the straitjacket of formal proofs,
which we will concern ourselves with more in the rest of this dissertation).

First, as may be expected in the informal setting, the precisewording of a the-
orem, as well as of some ingredients of the models of proof ideals themselves, can
affect the result of applying the model. This is a problem if this is unintended. In
the case of our model of purity, the precise wording of the theorem affects the cho-
sen ontology. However, as expanded on more in the next chapter, it is an intended
feature of the model that the purity result is relative to the judgements of math-
ematicians relative to this choice. That is, the �exibility is built into the model.
A similar situation is going on in topical purity, where the investigator has a lot
of freedom in determining the commitments making up the topic of the theorem.
This can have as a consequence that no decisive, independent purity result can be
obtained by a neutral investigator. However, we still get a purity result relative to
possible choices, that can subsequently still be made by the relevant investigator.

A different situation seems to concern `unintended' reliance on precise word-
ing, where the ambiguity obscures what is the `correct' outcome of the model. The
choice in interpretation here creates doubt around how the model is supposed to
work: it is something that the model is supposed to determine, but unintention-
ally does not. Examples of this are arguably the notion of `operation' in (Kahle and
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Pulcini, 2018), that we have already seen in our discussion in Section 2.4.1 — but
also the notion of an `argument pattern' in (Kitcher, 1981), the notion of `abstrac-
tion' in (Pincock, 2015). These models are not presented as taking the application
result as relative to the expertise or intuition of the investigator. The theorem is
supposed to `mention' the relevant operations, argument patterns have a certain
`objective' existence, and abstraction is described by its properties independent of
an investigator. Here, models of proof ideals reach their limits in practice. Addi-
tionally, consider (Steiner, 1978a), whose model also requires the characterizing
property to concern entities that are mentionedby the theorem. The word `men-
tioning' is highly susceptible to phrasing of the theorem, as shown by the case of
induction. In general, then, there is simply a lot of freedom in applying any of
these models to concrete mathematical proofs. This freedom can be incorporated
into the model, but if this is not the case, then border cases become problematic.

Second, even if the workings of the model seem reliable and relatively well-
understood, outcomes of the model can still be undesirable. That is, models of
ideals of proof tend to be overgenerative, undergenerative, or both, based on ex-
amples that have intuitive clarity. While this is often seen as a weakness of models
of proof ideals, we would here like to emphasize (as mentioned at several points
earlier in this chapter) that models of proof ideals inevitably cannot be `calibrated'
completely right. For one thing, a model of an ideal often starts from an exam-
ple proof in mathematical practice that provides an exemplary case of the ideal
of proof — hence, the speci�cs of the model are likely to be biased towards an
example of this kind. For another, a model simply has to make a speci�c choices
representation of the ideal. Through the lens of a model, the proof ideal thus
loses generality, and instead becomes adistorted representation of the original,
intuitive ideal. We believe that this is inevitable for any of these models, but that
this should not be interpreted as a bad thing. As claimed earlier, and in line with
studies such as (Inglis and Mejía-Ramos, 2021), each model becomes an analysis
of certain speci�c aspectsof ideals of proof, and in doing so give body to differ-
ent variants of such ideals. For instance, Kitcher provides a clear focus on the
uni�catory aspect of explanation. Although e.g. Pincock (2015) has noted that
Kitcher cannot account for his example of the unsolvability of the quintic, we can
interpret this to merely show that uni�cation is not the kind of explanatory aspect
that the unsolvability of the quintic example possesses. Rather, this example can
be seen as possessing various other aspects of explanation, and it is insightful to
see which ones, by developing models that can account for it (such as Pincock
(2015)'s model).

In short, we recognize the shortcomings of models of proof ideals that follow
from the informal level of analysis we �nd ourselves on. Simultaneously, we ad-
vocate pluralism in the sense that developing these models only provides more
insight into the available precisi�cations of `�uffy' ideals of proof, and how we can
make sense of an array of variants of each ideal.
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2.6.2 Theoretical interaction between purity and explanation

Now, taking our models at face value, we can consider their interaction, which we
will �rst do based on the similarity between their theoretical ingredients. Out of
the six models we selected, we might expect to see a pattern related to the divi-
sion between epistemic and ontic models. That is, we might believe that epistemic
models of purity and explanation provide similar judgments of proofs they are ap-
plied to, and similarly for ontic models. However, a closer theoretical observation
suggests a more nuanced view.

First, the epistemic model of topical purity can be considered unrelated to
Kitcher's epistemic model of explanation. Kitcher's model takes as its basis the
similarity of the structure of a proof argument to as many other proofs as possible.
This does not require any particular relation between the proof and the theorem
itself, which is essential in the case of topical purity. In fact, such a relation be-
tween the proof and theorem seems required for any of our other models of purity
or explanation, suggesting a theoretical separation of these models from the way
that Kitcher's model characterizes explanation.

As for the comparison of topical purity to ontic models of explanation, no clear
pattern arises. For one, Pincock (2015) proclaims that “abstract mathematical
explanations are decidedly [topically] impure”. This seems reasonable, as sup-
ported by Arana and Detlefsen (2011)'s classi�cation of Furstenberg's proof of
IP as impure, where sets and topological elements are taken as `going beyond' the
arithmetical context of IP. I.e., any mathematical object that does not contribute to
an immediate understanding of the theorem, is considered as extraneous — while
Pincock's explanation comes exactly from linking two entirely different mathemat-
ical domains. Finally, Arana (2022) analyzes the theoretical (and practical) rela-
tion between Arana and Detlefsen (2011)'s topical purity and Steiner (1978a)'s
model of explanation. At �rst sight, it may seem that the notions of `topic' and
`characterizing property' are quite similar. But Arana notes that the type of knowl-
edge that these notions lead to is rather different. In particular, characterizing
properties are properties of entities that are unique within a family of those enti-
ties. The property speci�es how certain objects relate to other objects within this
family. This is presented as a metaphysical truth, independent of an agent's epis-
temic status. A topic, on the other hand, consists of agent-selected commitments,
that re�ect an their semantic understanding of a theorem. In short, while these
notions may happen to coincide, they certainly do not have to.

Consider now the theoretical ingredients of the ontic models, each of which
connects a collection of certain mathematical objects or operations relating to the
theorem, to those relating to the proof. In particular, note that Pincock and Steiner
advocate different sources of explanation. For Pincock, explanation comes from
linking each object relating to the theorem to a more abstract object, that has less
properties. Steiner, on the other hand, starts with a family of entities, where the
characterizing property (by selecting a more speci�c subset of this domain) does
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explanatory work. The ontic models of purity relate in various ways to differences
in speci�city of objects. Operational purity allows the proof to contain other op-
erations than the theorem, and distinct operations may be closed under different
numerical domains. The differences in domains concern possible extensions of the
same domain by new numbers. This suggests a potential (but super�cial) similar-
ity to Steiner's model: a domain restriction can do explanatory work for Steiner,
while operations `characterizing' restricted numerical domains can secure purity.
There cannot be said to be any reliable relation, however, between characterizing
properties and operational ontologies.

Furthermore, although our ontological modal of purity allows for arbitrary do-
main changes (for secondary purity), the level of abstraction or speci�city with
which objects are described remains the same, as any property of the original do-
main is translatable (able to be simulated) by the secondary domain. The idea is
that the same proof can in theory be carried out by both domains. Possible simi-
larities may be found with Pincock's model of explanation, that links each object
in the domain of the theorem, to a more abstract object in the proof. However,
this is intended to be a true abstraction relation, where objects in the theorem are
instances of the more abstract ones occurring in the proof. In ontological purity,
the interpretation translation induces just a one-to-one correspondence between
objects, and it ensures that no properties disappear. That is, our notion of `sur-
rogate' is different from the notion of `abstract entity' of Pincock. Surrogates still
need a rather restricted, particular domain change — while Pincock's abstract ob-
jects can in principle possess any property. Thus, it is in the end unlikely that an
explanation in terms of Pincock's model will possess any ontological purity.

All in all, we see several high-level, theoretical similarities between the models
of explanation and purity, but when spelled out in detail, these do not seem to
guarantee any similar outcomes in practice.

2.6.3 Practical interaction between purity and explanation

We end our re�ections by diving some more into the interaction between purity
and explanation, based on the �ndings from our case study. Consider again the
results of our analysis as summed up by the following tables.

Models of explanation Kitcher Steiner Pincock
Pure proofIP Explanatory Unexplanatory Unexplanatory

Models of purity Arana & Detlefsen Kahle & Pulcini Martinot
Explanatory proofPT Impure Impure Pure/impure

As the tables show, more often than not, explanation and purity come apart.
This con�rms general impressions witnessed in works such as (Lange, 2015; Lehet,
2021), but also departs from the Aristotelian tradition mentioned in the introduc-
tion, that tends to see the explanatory power of a proof and its purity as two faces

65



Chapter 2. Two ideals of proof:Purity and explanation: models and interactions

of the same medal. As mentioned above, we can also partly attribute this general
pattern to the development of new models in general, that zoom in on and `distort'
certain aspects of explanation and purity.

With a little more nuance, we speci�cally recognize several trends from the
comparison of contemporary models. First, the purity of Euclid's proof of IP goes
quite well together with Kitcher's epistemicmodel of explanation, but diverges
from the ontic models of explanation. As suggested above, however, the ingredi-
ents of Kitcher's model i.e., the level of uni�cation of a proof, independently of its
theorem — are not necessarily relevant for purity decisions. We thus suggest to see
the convergence of purity with Kitcher's approach mainly as a coincidence. Purity
of Euclid's proof of IP is guaranteed by the theorem restricting itself appropriately
to the arithmetical context of the proof. Kitcher's type of explanation is achieved
because of the proof strategy of induction — these factors are independent of (but
at least, still compatible with) each other.

Second, the divergence of purity with respect to ontic accounts of explanation
can be read along the following lines. As mentioned already, Pincock's approach
requires a more abstract domain to explain a less abstract domain, which con�icts
with purity when seen as attempting to avoid abstraction differences (as these dif-
ferences heighten the risk of extraneous elements to occur in a proof). Indeed, the
pure proof of the In�nitude of Primes decidedly does not contain abstraction differ-
ences. For Steiner's model, we could not �nd a property characterizing the natural
numbers such that the proof depended on it in Steiner's sense. This was a conse-
quence of the generality of IP: other subsets of the family P(N) would also have
contained in�nitely many primes. Thus, domain changes involving Pincock's in-
crease of abstraction, or Steiner's increase in speci�city (by a characterizing prop-
erty), are also relatively independent from purity considerations. Generally, then,
similarity of objects and operations between a theorem and proof induces purity,
while a domain difference is required for explanation.

Second, the explanatory power of the similarity proof of Pythagoras's Theo-
rem diverges from an epistemicperspective, but also, at least partly, from anontic
perspective on purity. Recall that Steiner's explanation characterizes right trian-
gles by the property of similarity, within a family of other triangles. Topical purity
considers the notion of similarity already too complex, and irrelevant, for purity
to hold. For operational purity, proportionality by division is the operation that
outstrips the natural numbers, creating impurity. This shows that Steiner's notion
of characterizing property thus disregards issues of (conceptual) complexity of its
domain: a subset of the `family of entities' may be selected by any property (as
long as uniqueness and dependence are satis�ed). As for ontological purity, the
convergence between purity and explanation depends on the choice of ontology
as geometrical as well as arithmetical (leading to purity), or as fully geometrical
(leading to impurity). In the former case, the reason for purity is the easy for-
malization of the notion of similarity in such a theory. However, Steiner considers
similarity to explain due to its uniqueness and the proof's dependence on this
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property — again, matters of easy understanding or formalization are irrelevant
here. So, in general, the reasons why a theorem is true in an explanatory proof
are simply not guaranteed to restrict themselves either to a pure ontology, or to a
pure epistemic context.

Finally, we come back brie�y to the historical development mentioned in the in-
troduction of this chapter, where we observed that purity and explanation know a
close origin, but diverge more and more in modern approaches. Our study seems
to be in line with this development. Generally, this can be explained by the simple
fact of more detailed models being developed studying these ideals of proof, but
may also come with the trend of mathematics where boundaries between disci-
plines of mathematics disappear. This raises the question whether there can still
exist satisfying models of purity and explanation that do coincide in their core, em-
phasizing their similar traits. The recent account of mathematical explanation of
Poggiolesi (2024) may suggest a notion that is more compatible with purity as in
the Aristotelian tradition. The main idea in this account is that what characterizes
mathematical explanatory proofs consists in an increase of conceptual complexity
from their premises — which can thus be seen as the grounds — to their conclu-
sions. The two main tasks of the model are (i) to identify those premises of the
proof under scrutiny which could be seen as the grounds of the theorem, and (ii)
to show that these premises are indeed less complex than the theorem itself. A
complexity difference can manifest itself on different levels; for instance by re-
lating elements in the proof by de�nitions, or by considering the set of objects
that the elements denote, where elements are related if there is atheorem that
establishes a connection between their sets of objects. For full details, we refer to
(Poggiolesi, 2024).

2.7 Conclusion

In this chapter, we explored the connections between the explanatory power and
purity of proofs. We applied the main models of both notions to an explanatory
proof of Pythagoras's Theorem and a pure proof ofIP, while distinguishing bottom-
up from top-down approaches, and ontic from epistemic approaches. Practically
all analyses emphasize the divergence of purity from explanation, as supported
by a conceptual analysis of the compatibility of the theoretical model ingredients.
Generally, we advocate a pluralistic understanding of ideals of proof, where each
model selects speci�c aspects to focus on. We encourage future studies in philos-
ophy of mathematics to analyze in different ways where connections between the
various qualities of mathematical proofs lie.
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3
Formalizing an ideal of

proof
Full ontological purity

The work in this and in the following chapter may be considered a case study of
the following, general question: how do ideals of informal proofs transfer to the
setting of formal proofs?In order to investigate this, we zoom in on the ideal of
purity. Our �rst aim in this chapter is to introduce a new conception of purity
that was already touched upon in Chapter 2, called ontological purity. Our second
aim is to characterize which (classical) �rst-order natural deduction proofs of a
mathematical theorem satisfy the `full' version of this type of purity. Subsequently,
Chapter 4 will concern a similar two-faced approach towards an extension of full
ontological purity, called secondary ontological purity. Hence, both full and sec-
ondary ontological purity will come with a criterion of purity for natural deduction
proofs, which can be seen as contributing to addressing the gap between informal
and formal proofs.

In particular, given an informal mathematical theorem, we will provide a way
of determining its ontological content. Formal proofs that refer to the content of
theorem will be called `fully ontologically pure'. After a few short formal remarks
in Section 3.1, Section 3.2 investigates a previously made connection between pu-
rity for formal proofs and cut elimination. Section 3.3 then describes the ontolog-
ical content of a theorem. The way in which this type of content can subsequently
be captured by a formal theory (the `context' theory) is given in Section 3.4. We
then argue that de�nitional extensions of the context theory capture the same on-
tological content as the context theory in Section 3.5. This results in criteria for
full ontological purity for formal and informal proofs, which are presented in Sec-
tion 3.4.2 and 3.6. The work in this chapter corresponds to the �rst part of the
publication (Martinot, 2024b).
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3.1 Formal preliminaries

It suf�ces to make a few small remarks about formalities. We will use the standard
classical �rst-order language, containing ^ , _, ! , 8, 9, and ? , where : ' is de�ned
as ' ! ? . A signature is a set of predicate symbols and function symbols (where
constants are nullary function symbols), and we useL to refer to the �rst-order
language of a certain signature. First-order theoriesT are sets of axioms in a
language L T . Furthermore, ';  ; �; ::: range over formulas in a languageL , and
s; t; u; ::: over terms. We write � ` T ' to mean that ' is derivable from assumptions
� and axioms of T in the standard �rst-order natural deduction calculus (see e.g.
(Buss, 1998)). To clarify the language of a formula, we write ' T to mean that ' is
a formula in language L T .

3.2 Remarks on cut elimination

Purity is by origin characterized by the intuitions of mathematicians concerning
informal proofs, by which we mean proofs as mathematicians conduct them in
practice and present them in natural language interspersed with formal symbols
(see Chapter 1). We saw the most well-known models of purity in Chapter 2, in-
cluding the notion of topical purity of Arana and Detlefsen (2011) and operational
purity of Kahle and Pulcini (2018). We here also mention Baldwin (2013), who
describes a context-relative variant of topical purity, that checks whether, given
a certain formalization and context of acceptable concepts, the proof introduces
any notion outside this context by explicit de�nition. The latter is an example of
a characterization of purity that concerns informal proofs, but that uses several
formal concepts in determining whether the proofs are pure. A speci�c investiga-
tion into purity for formal proofs has to our knowledge only been conducted by
Arana (2009), who concludes that a syntactic approach to purity is not desirable
(although such an approach is also discouraged by others, e.g. Baldwin (2013)
and Kahle and Pulcini (2018)).

We here discuss the investigation of Arana (2009) in a bit more detail. When
considering purity criteria for formal proofs, one might be tempted at �rst to pro-
vide fully mechanical and syntactic criteria. These may tell us independently, given
any formal proof, whether it is pure or not. However, we reinforce the view that
mechanical conceptions of purity are unsuccessful, by taking as an example the
case study of the subformula property by Arana (2009). Arana investigated the
idea that cut elimination is a procedure for `purifying' a formal proof. Here, given
a formalized theorem ' , the idea is that a pure formal proof is one that restricts
itself to the set of subformulas of ' , Sub(' ). Namely, the proof then quite literally
only draws on that what is stated by the theorem itself.

There are some practical limitations to this characterization of pure formal
proofs. For sequent calculi to which no `proper' �rst-order mathematical axioms
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are added, the procedure of cut elimination for a formal proof of ' will guarantee
that any formula in the proof is in fact a subformula of ' (and hence, suppos-
edly, that the proof is pure). Arana notes, however, that for any decent theory
of mathematics, only `free-cut elimination' is attainable. When a proof is `free-
cut free', some formulas may, instead of being a subformula of the theorem, be
a subformula of one of the axioms used in the proof (see (Buss, 1998)). Hence,
Arana rejects free-cut elimination for purity (and cut elimination for some vari-
ant incorporations of axioms in sequent calculi described by Negri and Von Plato
(1998)), since the choice of axioms now comes into play — and the axioms are
not guaranteed to capture the right content. We agree with the latter objection
to this method of mechanical purity analysis, and we add another perspective to
it. Namely, we do not only reject free-cut elimination because we do not know
whether the axioms themselves are relevant to the theorem, but because we can-
not be sure whether the axioms will be usedin a pure way. This will become clear
in Chapter 4, when we extend the formal notion of content.

Additionally, we point out that even if a proof is not just free–cut-free, but
fully cut-free, cut elimination has several �aws as a measure for purity. First of
all, the subformula property focuses on restricting the use of relation symbols and
connectives of a formal languageL in a proof. Its in�uence on constants and
function symbols is weak: for Q 2 f8 ; 9g, Sub(Qx' (x)) = Sub(' ) [ f ' [t=x] j
t a term of Lg. This means that throughout the proof, in principle any constant
or function symbol of L is allowed to instantiate a quanti�er as part of a term.
However, constants and function symbols typically formalize speci�c elements of
the domain and operations (consider 0; + and � in Peano Arithmetic (PA)). The
unrestricted use of constants and function symbols can therefore potentially lead
to impurity in a proof, even if the latter satis�es the subformula property.

Secondly, as a consequence of the former point, the subformula property has
a variable `purifying' effect depending on the expressivity of a formal language.
For a language that only has relation symbols, such as the signaturef2g of ZFC,
the subformula property is strong. No formula that has a different structure than
the theorem with respect to the membership relation can occur in the proof — and
ZFChas no choice but to describe every mathematical entity with this relation. On
the other hand, the more expressive languagef 0; S;+ ; �; < g of PA has a weaker
subformula property. As mentioned, it will not distinguish between instantiating
S0, 0+S0, S0�S0, etcetera, in a proof, even though it the particular operations used
may make a difference for purity considerations. Thus, the subformula property
cannot be used as a universal purity measure for all formal theories.

Finally, we elaborate on a short point made by Kahle and Pulcini (2018) that
the subformula property is quite strict and might exclude pure proofs. Even dis-
regarding its weakness on constants and function symbols, the subformula prop-
erty does not perfectly capture our conception of content. What the subformula
property measures is strict syntactic similarity to a speci�c formal sentence. That
does not guarantee a correspondence to (a possibly much more tolerant) intuition.
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There are many different ways of formally describing a particular entity, and (with
respect to relation symbols and connectives) the subformula property only allows
very speci�c ones. For example, if the theorem is of the form ' , then the subfor-
mula property already prevents its derivation by ^ -elimination from ' ^ ' , even
though conceptually ' and ' ^ ' refer to the same mathematical objects and op-
erations. So, although the strictness of the subformula property might guarantee
purity for relational languages, it only captures a part of what formal proofs we
think should be considered pure. Here, then, we aim for a more conceptually
unifying approach to restricting the formulas in formal proofs.

Additionally, note that impure objects and operations can be described `ex-
plicitly' (directly by a primitive from the language) or `implicitly' (by a de�nable
formula using lower-level primitives). If we prevent speci�c terms from occurring
in a proof, we have not necessarily avoided the same notion occurring implicitly
in the proof. Implicit de�nitions are hard to restrict: the subformula property does
this by measuring strict similarity to the `complexity' of relation symbols in the the-
orem, but as we saw this seems not �ne-tuned to correspond to intuitive notions.

Instead, our approach will actively incorporate the intuitions of mathematicians
into the context theory selection, and use formal tools only to more fully capture
and re�ne these intuitions. We will now proceed with the introduction of ontolog-
ical purity, where purity is generally achieved if any notion in a proof can be made
sense of in terms of the mathematical ontology that a theorem concerns.

3.3 An ontological understanding of content

Generally stated, we interpret the content of a theorem as what the theorem is
about. More speci�cally, we stick to the conception that a theorem is “about those
things to which the terms appearing in it refer” (Detlefsen, 2008). This is one
of several possible conceptions of purity, and puts the emphasis on mathemati-
cal material itself. We can think of content as the `ontological realization' of the
topic or subject matter of the theorem, i.e. the range of mathematical objects and
operations that the theorem speaks about. By not yet introducing any axiomatic
systems, syntax or semi-formal de�nitions, we aim to capture an intuitive view of
mathematical material. For example, we may think informally about an ontology
of `the natural numbers', but not yet associate it with speci�c primitives or under-
lying principles. We think an intuitive way of considering mathematical material
captures the essence of mathematical content, and this is what purity is naturally
based on.

This view also ensures that (for now) we leave open the formal characteriza-
tion of the content, emphasizing that a theorem is not ultimately about de�ning
principles, but rather the things they de�ne. On the other hand, the epistemolog-
ical notion of purity of Arana and Detlefsen (2011) takes as a basis for content
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(topic) “the elements that determine our grasp or understanding of mathematical
problems”, such as de�nitions, axioms and inferences. Such content is given to
a certain problem P, consisting of an interrogative attitude, a propositional con-
tent, and a formulation of the content. So, while their approach is also sensitive
to different possibilities of formalization, Arana and Detlefsen accommodate this
in an early stage — and additionally include particular formalization choices in
the topic of the problem. For now (as far as possible) we will stay away from any
speci�c formalization choices, and focus on the ontology itself.

The focus on ontology is also motivated by our intent to look at purity for
formal proofs. How formal proofs correspond exactly to informal proofs, and how
they can preserve epistemic values of informal proofs, is dif�cult to determine. It is
far from evident that a proof system can be genuinely close to how mathematicians
think in practice. This means that any truly epistemic notion of purity seems (for
now) unsuitable for formal proofs. We think a more accepted premise is to let the
syntax of formal proofs correspond to a mathematical ontology.

We see an ontology as a “domain of discourse”, or a “realm of mathematical
objects”, as in (Shapiro, 1997). Given an informal theorem, its content is obtained
by deciding what basic mathematical objects it is making a claim about. These
should be objects in their intuitive form such as numbers, lines, classes, sets, and
so on. They can also be particular variants of these sorts (even numbers, �nite
sets, etc).1 For purity purposes, it is important to have a subjective feeling of the
nature of these objects; and one should be able to describe the size of this domain
(e.g., if a theorem talks about all numbers, the ontology should be in�nite). For
instance, the In�nitude of Primes informally stated as “for all natural numbers a,
there exists a natural number b > a such that b is prime” concerns an ontology of
all natural numbers. Additionally, the relevant complexity of these objects should
be considered. What version of the chosen mathematical objects does the theorem
concern, i.e., what main operational machinery are the objects equipped with?
Arana and Detlefsen (2011) tell us that the content of the In�nitude of Primes is
made up of axioms or de�nitions of successor, induction, an ordering, primality,
and divisibility and multiplication, and that “the �rst-order Peano axioms for the
natural numbers provide a reasonable formulation of these commitments, aug-
mented by the de�nition of primality and divisibility”. Namely, these ingredients
can all be seen as necessary in order to properly understand IP. We agree that the
intuitive operations behind these axioms or de�nitions are part of the ontology of
IP, as they show the way the objects are related to each other and how they may
be manipulated. Our notion subtly differs by leaving open de�nitional dependen-
cies between operations, which �ts the idea that an ontology can be described in
multiple ways.

1An ontology can also be made up of abstract objects, such as groups or lattices, if they are con-
sidered as proper objects of a mathematical domain themselves, or as concrete instances of another
mathematical sort: for instance, `all �nite sets that are groups'.
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3.3.1 Remark. As remarked by a reviewer, we are essentially taking the notion of
an (intended) standard model for ontological content. This is a helpful alterna-
tive description we have in mind, and it also aligns with the way Shapiro (1997)
uses the term `domain of discourse'. However, we will stick to the terminology
`ontology' throughout this dissertation, to emphasize that the intuition for an on-
tology precedes any formal theory, and that for any reasonably complicated theory
it becomes problematic to choose a standard model. We will sometimes, however,
use the `standard model understanding' in places where a formal theory has al-
ready been chosen, and where it reinforces our argument, for instance in the next
section.

3.4 A formal counterpart for ontological content

In order to let a formal proof correspond to ontological content, we take the notion
of a formal (�rst-order) mathematical theory (as in Section 4.1) as the formal
counterpart for content. Given an ontology, we will call this theory the context
theory (see Figure 3.1). We recognize that, in principle, there is no necessary
relation between a theory and a mathematical ontology in two ways: �rst, the
subjective nature of the ontology of a theory is open (in an informal sense,PA can
be taken to refer to numbers, but also to binary strings, sets, and so on). Secondly,
a theory can have multiple potential ontologies (just like it can have different
models), and an ontology can also be formalized by different theories, that prove
different subsets of all the true sentences in the ontology. However, the decision to
accept a relation between an ontology and a theory is what transfers the meaning
of purity to the formal setting. Thus, we require such a relation to be �xed, in
order to talk about purity for formal proofs. We think the incorporation of a theory
choice is natural, as formal theories are commonly designed with the purpose
of describing intuitive mathematical material. Consider for instance: “Geometry
began with the informal ideas of lines, planes and points [...] Gradually, these
were massaged into Euclidean geometry: amathematical theoryof these notions
[...] [Peano Arithmetic] was intended to be a theory of our intuitive notion of
number, including the basis of counting” (Turner, 2010). And purity judgements
in practice already include drawing on sets of axioms, e.g. “[...] there are proofs,
like Furstenberg's topological proof of the in�nitude of primes, whose axioms are
widely agreed to be irrelevant to the conclusion [...]” (Arana, 2009).

In Arana and Detlefsen (2011), notions like axiomatic theories, de�nitions,
inference rules, and so on, mark certain epistemic commitments and make up
content (a `topic') itself, instead of providing a formal counterpart for content.
Baldwin (2013) picks a formal vocabulary and theory to describe the topic, but
only explicit de�nitions are compared to the intuitive content. For us, the context
theory is itself a complete formal counterpart to an ontology, and we do not impose
any restrictions on what the theory may de�ne (note in particular that the theory
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Context theory

TheoremOntology

formal proof

Figure 3.1: Visualization of the connection between the theorem and its (in)formal
content.

also does not need to be able to prove the theorem, which allows for the prevention
of purity results with respect to that theory).

Purity of a formal proof will then depend on whether the syntax in the proof
indeed refers only to the right ontology. We think of a �rst-order theory as re-
ferring to an ontology through two aspects: the signature and the axioms. The
signature of the context theory (constants, function symbols and relation symbols,
and we here think of variables as well) denotes the basic objects and operations:
terms will pick out objects, and function symbols and predicates operations and
properties.2 The referents of the primitives should correspond to basic elements
and properties of the ontology, that intuitively determine its nature. However,
objects and operations may also be referred to by descriptions in terms of these
symbols, where their de�nition will determine their ontology. For example, in PA,
the constant 0 denotes the particular object we think of as `zero', andS an intuitive
successor relation. ThenS0 will not denote an isolated, separate object that we
think of as `one', but it will really correspond to `one' as equivalent to `the succes-
sor of zero'. Hence, the ontology of the primitives will determine the ontology of
more complex syntax. Furthermore, after Quine, quanti�ers will signal ontology
by indicating reference to an object in the domain: “[a]n object exists, or is in our
ontology, just in case it is in the range of a bound variable” (Shapiro, 1997). What
kind of intuitive objects exactly make up this ontology, however, is left up to the
interpreter of the signature of a theory.

Secondly, the axioms of a theory play a role in referring to the ontology. The-
ories with the same signature can have different ontologies, simply because their
axioms differ. For example, depending on the axioms, set theories with just the
signature f2g can have the cumulative hierarchyT as their ontology, or T includ-
ing urelements, T plus an inaccessible cardinal, and so on. If a theorem speaks
about all sets, the ontology in this case depends on what the interpreter considers
to be the `right' universe of sets. If a theory is considered to refer to a proper part
of the ontology of a theorem, however, it can refer to nothing extraneous, and it

2The reference to ontology can thus be seen as similar to model-theoretic interpretation of a sig-
nature — while emphasizing that predicates, function symbols and terms should be seen as referring
to the `actual', intuitive objects, operations and properties we have in mind, instead of just tuples of
domain elements that satisfy them.
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will also preserve purity of proof. That is, although one can maintain one collec-
tion of mathematical entities as the `real' ontology a theorem speaks about, purity
of proof should be preserved for restrictions of that ontology.

The exact way that theories refer to mathematical objects and operations is
a �eld of research of its own, with various problems described, for instance,
by Shapiro (1997); Lavine (2000), such as whether a formal theory always has
enough syntactic labels for ontologies with very large domains. Again, we will not
assume any necessary ontological commitments of theories, however, but we ask
some relation between an ontology and a theory to be �xed. Whether this relation
is reasonable can be veri�ed by the mathematical community.

3.4.1 More on the selection of a context theory

The previous section has generally clari�ed how to select an ontology for a theo-
rem, and how a theory can subsequently refer to this ontology. We here highlight
two aspects of choosing a context theory, that give some more insight into how the
method works in practice.

First, the selection of a context theory can be dependent on who you ask: while
most of us may �nd a theorem that concerns the natural numbers to correspond
to an arithmetical theory like PA, a set theorist may really think of the numbers
as sets, and connect the ontology of natural numbers immediately to a set theory
restricted to the domain of set-theoretic natural numbers. Similarly, mathemati-
cians may pick theories with different strengths. To illustrate, take the simple
theorem “there are no two consecutive even numbers”, where the notion of being
even can involve division by two or being the sum of two equal numbers. One
person may prefer the �rst conception, and pick PA as context theory, while some-
one who prefers the second conception may as well pick the weaker theoryPrA
(Presburger Arithmetic), which does not de�ne multiplication. Finally, we may
only have weak intuitions about the ontology of some theorems. For example, a
simple set-theoretic theorem as Cantor's Theorem (for all setsA, jP (A)j > jAj)
concerns all sets, but does not clearly tell us which universe of sets (described by
which axioms) it is about. Rather, this seems dependent on what one considers
the main set-theoretical universe (this is mirrored by the unclearness on what the
standard model of set theory should be). These situations all show that individual
preferences play a role, and that the resulting notion of purity should be seen as
relative to the individual choosing the context theory.

Second, a theory capturing a certain ontology may be able to encode other con-
tent. This relates to what Isaacson (1987) calls `hidden' content of a theory, which
may represent potentially extraneous elements, such as in the example below.

3.4.1 Example (Convergence of two Taylor series ). Described in (Lange, 2019)
is the theorem that the Taylor series of 1=(1 � x2) and 1=(1 + x2) have the same
convergence behaviour. Lange notes that the mathematical objects that the theo-
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rem refers to are Taylor series that involve real numbers. In particular, complex
numbers can be considered impure elements, while their introduction provides a
natural and explanatory proof. Any theory of the real numbers (such as Tarski's
�rst-order axiomatization of real closed �elds, RCF3), will be able to represent
complex numbers as ordered pairs of real numbers.

We maintain that such a coding of extraneous elements does in fact not reduce
the suitability of a context theory for capturing an ontology. Namely, we �x a
relation between an ontology and the context theory (say, RCF). When RCFrepre-
sents complex numbers, we have a choice in how to interpret these representations
ontologically: as pairs of real numbers, or as a separate ontology of complex num-
bers. The �xed relation of RCF to an ontology of real numbers justi�es that we
interpret them as real numbers, as we have not assumed any connection between
complex numbers and RCF. Thus, it is characteristic of the ontological approach
that if we consider the ontology of real numbers acceptable, we �nd pairs of real
numbers acceptable, too (possibly in contrast to an epistemic approach to purity).
In Section 3.5, we repeat this point by making an extension of context theories.
Complex numbers can then only be considered impure if they are thought to not
`really' be pairs of real numbers, but to be separate objects of their own. In this
case, we may still recognize that the pairs of real numbers can `accurately approx-
imate' complex numbers. In Section 4.2.1, we will say more about such approxi-
mations, and we will attribute a secondary level of purity to them.

3.4.2 First criteria for full ontological purity of proof

We now present a �rst criterion for full ontological purity of formal as well as
informal proofs. The criterion for formal proofs will be extended in Section 3.6.
We do not claim any relation between an informal proof and a particular formal
one, and so the purity results for formal and informal proofs should be seen as
separate, though of course, compatible.

Given an informal theorem, the previous sections can be seen to provide the
components of what we refer to as theontological contextof that theorem, denoted
as a tuple (O; ' T ; R). In this context, O indicates the choice of ontology for the
theorem and T the choice of context theory, where ' T stands for the theorem
formalized in L T . We introduce R as a speci�cation (with a reasonable level of
detail) of how the signature of T naturally captures the basic elements of the
ontology, as elaborated on in Section 2.2.

For formal proofs, we restrict to the standard �rst-order natural deduction cal-
culus. We need to be convinced that any inference rule that we use cannot in-
troduce concepts outside of our ontology. As we consider the inference rules of

3A reviewer notes that it is more accurate to say that RCF refers to the real algebraic numbers,
or even another ontology — and that RCF cannot prove all intuitive properties of the real numbers.
RCF should thus be seen as an imperfect context theory choice, but still as one of the most suitable
�rst-order theories we have to refer to the `real numbers'.
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the �rst-order natural deduction system to be truly logical, we consider them as
satisfying this requirement. This then justi�es the following criterion for full onto-
logical purity.

3.4.2 De�nition (First criterion for full ontological purity of formal proofs ).
Given an informal mathematical theorem corresponding to the ontological context
(O; ' T ; R), any formal proof � ` T ' T is fully ontologically pure for that theorem.

For proofs as actually carried out by mathematicians, we need a slightly differ-
ent approach. Like formal proofs, an informal proof should be fully ontologically
pure if it only draws on the ontology of the theorem. This requires a relation be-
tween the notions described in an informal proof, and their interpretation in an
ontology. Given an ontological context (O; ' T ; R) for a theorem, we may judge
this by checking how the notions in an informal proof are formalizable into T.
What exactly is formalization is a question outside the scope of this paper, but we
suf�ce here in saying that it cannot just be any mapping from informal notions
to syntactic elements — it will have to satisfy certain criteria that convince us it
is really a particular notion that is being formalized. Next, we assume that there
is a difference between a formalization in general, and a `natural formalization'.
We will say that a `natural' formalization of an informal notion into T requires the
notion to intuitively be made up of basic elements of the ontology of the signature
of T (just like the connection of an ontology to a formal theory in Section 3.4) 4,
and to syntactic descriptions in L T that are relatively ef�cient and/or elegant.
Thus, we propose the following de�nition for full ontological purity, and discuss
an example below.

3.4.3 De�nition (Criterion for full ontological purity of informal proofs ). Giv-
en an informal mathematical theorem corresponding to the ontological context
of (O; ' T ; R), an informal proof of the theorem is fully ontologically pure if there
exists a natural formalization of any notion in the proof into T.

3.4.4 Example (In�nitude of Primes ). Consider Euclid's proof (as described e.g.
in (Arana and Detlefsen, 2011)) and the topological proof of IP (Furstenberg,
1955). Let the ontology of IP be the natural numbers with arithmetical operations
including addition and multiplication, and let PA be the context theory. Any notion
in Euclid's proof is formalizable in PA, and it should be relatively uncontroversial
to say that any notion is even naturally formalizable into PA. We therefore consider
this proof to be pure. The topological proof contains some elements that are by
de�nition not formalizable in PA: for instance, the proof includes a topology of
arithmetical sequences that has uncountably many elements. This is something
that PA cannot de�ne. However, it is still something that PA can represent, by

4We thus assume that besides associating a theorem to an ontology, one can intuitively associate
notions in a proof to elements of an ontology.
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Figure 3.2: Equivalence of context theories.

letting an individual element stand for the uncountable set. We consider it likely
for mathematicians to agree that this representation is still a formalization of the
topological proof in PA. Although the representation of an in�nity is simpli�ed,
the result is still recognizable as the notion occurring in Furstenberg's proof.

Whether the proof is fully ontologically pure, however, depends on whether
the formalization in PA is natural enough. For a natural formalization, notions
like `arithmetic sequence' and `integer' should intuitively be made sense of in terms
of natural numbers, and correspond naturally to primitives or formulas of PA. In
PA, an arithmetic sequence is represented by the coding of one of its elements
a + bn. An integer a or b is represented for instance by an even natural number if
it is negative, and an odd natural number if it is positive. But it should be clear
that integers, or arithmetic sequences are not intuitively made sense of this way,
in terms of the ontology of natural numbers. This is enough to conclude that
Furstenberg's proof is not fully ontologically pure.

This shows that full ontological purity behaves relatively similar to traditional
notions of purity. If the proof contains notions that are only naturally made sense
of in an ontology that the context theory does not capture, this prevents full onto-
logical purity.

3.5 Equivalence of context theories

The rest of this chapter is devoted to extending the �rst criterion of full ontolog-
ical purity for formal proofs. We would like to consider formal proofs modulo
differences that do not affect their capturing of content. Thus, we are looking
for a notion of equivalence for context theories (see Figure 3.2). We will argue
that de�nitional extensions provide such a notion. First, we introduce de�nitional
extensions as in (Hodges, 1993).

3.5.1 De�nition (Explicit de�nition ). Let L and L + be languages with L � L + ,
and let R be a relation symbol, c a constant and f a function symbol of L + . Then
explicit de�nitions of R, c, and f in terms of L , respectively, are sentences of the
form
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8x(R(x) $ ' (x))
8y(c = y $  (y))

8x; y(f (x) = y $ � (x; y))

where ';  and � are formulas of L .

3.5.2 De�nition (De�nitional extension ). Let T be a theory of language L . A
de�nitional extension of T to L + is a theory T [ f � S j S a symbol in L + nLg where
for each symbolS in L + nL:

• � S is an explicit de�nition of S in terms of L .

• If S is a constant de�ned by  then ` T 9=1 y (y). If S is a function symbol
de�ned by � , then ` T 8x9=1 y� (x; y).

De�nitional extensions thus allow us to de�ne abbreviations in a theory, by
“replacing complicated formulas by simple ones” (Hodges, 1993). For example, in
set theory we may denote the setz such that 8w(w 2 z $ w 2 x _ w 2 y) by x [ y.
We will say that two theories are equivalent, if they are both de�nitional extensions
of the context theory.

3.5.1 Referring to the same content

We claim that formal proofs from a de�nitional extension V of the context theory
T are fully ontologically pure, because V refers to the same ontology asT. Given
the ontological context (O; ' T ; R), this is easiest to see if we interpretO as the
(intended) standard model of T. The explicit de�nitions of an added symbol S in
V tell us exactly how to interpret S model-theoretically in O: if S is a constant,
the explicit de�nition of S will point to an object already in O. If S is a predicate
or function symbol, its explicit de�nition will point to relations between objects
in O that T was already aware of. Indeed, nothing new is added toO, only some
elements of O that were already there are given a new name.

One might raise the objection that adding an abbreviation can change the con-
tent: for example, suppose we extendPA by the de�nition for a membership-like
symbol 2 from ZF+

�n (see (Kaye and Wong, 2007)), or suppose we extendRCF
by a relation symbol and de�nition for `being a complex number'. In these cases,
it seems we only introduced the abbreviation in order to talk about actual set-
theoretic membership or actual complex numbers — and this appears to intro-
duce new objects and properties we did not have before. For both (Arana and
Detlefsen, 2011) and (Baldwin, 2013), it is the case that, for instance, adding
an explicit de�nition of `membership' to PA can introduce impurity in a proof of,
say, IP. Something new is introduced that goes beyond the topic of a theorem, a
concept that we ourselves can only really understand as set-theoretic membership.

However, for ontological purity of formal proofs, we emphasize that an onto-
logical context (O; ' T ; R) gives an ontological interpretation of anything that T
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can prove. This contrasts with an epistemic conception of purity, where we may
think the axioms of T belong to the content of a theorem, but it does not follow
that we can easily understand (and thus accept) anything that T can prove. Onto-
logical purity of a formal proof tells us that any notion in the formal proof has an
interpretation made up of the basic ontological elements of the T-primitives. Any
de�nitional extension certainly satis�es this, as its added symbols can be made
sense of ontologically exactly the wayT could make sense of their de�nitions. It
is this interpretation of the added symbols that we claim is ontologically pure, and
so this relies strongly on the connection of introduced symbols to their explicit
de�nitions. Thus, when we add 2 to PA as in (Kaye and Wong, 2007), we are
not `really' adding set-theoretic membership toPA: we are abbreviating a complex
number-theoretic property of PA, and we are simply af�rming that this property
is pure. The fact that this property simultaneously is a way of representing the
membership symbol ofZF+

�n , does not take away the purity of the property in PA.
The symbol 2 will only stand for actual set-theoretic membership, then, when it
has a de�nition in, or is incorporated in the axioms of, a set theory that we asso-
ciate with an ontology of sets. On the contrary, a de�nitional extension of PA by 2
gives an arithmetic de�nition of membership; and the syntax of this de�nition is
made sense of by thePA-axioms, which were associated to an ontology of natural
numbers.

This point is reinforced by the form of natural deduction proofs in a de�nitional
extension. The formal proofs of the context theory are all preserved by the de�-
nitional extension, but we gain ones that use a de�nitional axiom as in De�nition
3.5.1. A proper use of a de�nitional axiom can only serve to introduce the new
symbol S in the proof, which is initially embedded in a universal operator and a
bi-implication. In order to actually use S in a proof, �rst a proof of its de�nitional
formula is required, and this will be given from the context theory axioms. This
emphasizes that the de�nitional axiom is not a fully independently functioning
axiom, and the extension cannot fashion the (ontological) meaning of S out of
thin air. This ensures purity of formal proofs from de�nitional extensions of the
context theory.

3.5.2 Natural formalizations into de�nitional extensions

The situation for informal proofs again deserves a separate elaboration. We claim-
ed that informal proofs that are naturally formalizable in the context theory, are
fully ontologically pure. We here claim further that a proof is naturally formaliz-
able in the context theory just in case it is naturally formalizable in a de�nitional
extension of the context theory. Thus, while the inclusion of de�nitional exten-
sions renders a larger number of formal proofs fully ontologically pure, it does not
change which informal proofs are fully ontologically pure.

We illustrate our argument by taking again the example of the In�nitude of
Primes. Let PA be the context theory, and consider the de�nitional extension
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PA + 8x8a8b(E(x; a; b) $ ' (x; a; b)) . Here, let E (x; a; b) be the relation symbol
added to the signature of PA, that codesx 2 Ba;b for an arithmetic sequenceBa;b

as occurring in the topological proof of IP.5 Intuitively, it feels like the notion of
arithmetic sequences is more naturally formalizable in the de�nitional extension
than in PA: it can now be ef�ciently formalized as a single predicate. At �rst sight,
the topological proof of IP thus appears to become more pure with respect to the
de�nitional extension.

However, note again that the predicate E is tied to its explicit de�nition in
the language of PA. That is, when we consider how to formalize x 2 Ba;b in the
de�nitional extension, we cannot `just pick' E (x; a; b). We only know to pick this
symbol as the formalization because it stands for the right arithmetical coding.
The syntax of this coding, subsequently, is made sense of through their use in
the axioms of PA, which were associated with an ontology of natural numbers.
Thus, in the end it is always the fundamentally primitive syntax which determines
a formalization and an ontology. The primitives in ' (x; a; b) still refer naturally
to arithmetic notions, and not to topological concepts. In other words, we still
cannot say that Furstenberg's proof is fully ontologically pure in the de�nitional
extension. So, we make the extension just to capture more broadly which formal
proofs are fully ontologically pure. 6

3.5.3 Other notions of equivalence

There exist many different notions of equivalence for theories, which can all be
seen to potentially affect the nature of purity in a different way. Notions like syn-
onymy, mutual or bi-interpretability (Friedman and Visser, 2014), which typically
arose to transfer formal results between �elds, are some other options. However,
these notions would equate PA and ZF+

�n , and many more theories that we intu-
itively think of as capturing different ontologies. Another possibility is requiring
that a theory is a conservative extension of the context theory. This choice, too,
is more controversial: for instance, NBG, a set theory that includes classes in its
ontology, is a conservative extension ofZF. Hence, for our notion of purity, we
stick to the weaker notion of de�nitional extensions. 7

5Here, a and b should also be seen as codes, for integers.
6This deserves emphasis to avoid misunderstanding: while formal proofs in de�nitional extensions

of the context theory are pure because of their referral to a pure ontology, this doesnot mean that in-
formal proofs using the notion that is intuitively abbreviated in the de�nitional extension, also become
pure, as the intuitive notion may naturally concern a different ontology.

7Of course, one may still think that de�nitional extensions of a theory intuitively capture a different
ontology as well — but we argued in this section that it is reasonable to abandon that intuition, given
an ontological conception of content. For stronger notions of equivalence, we think this is no longer
reasonable.
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3.6 Extended criterion for full ontological purity of
formal proofs

We end the chapter by presenting the extended criterion for full ontological purity
of proof. The requirement for informal proofs here will remain the same as in
Section 3.4.2, so the extension only has an effect on purity for formal proofs.
We restrict again to the �rst-order natural deduction calculus, and �rst present a
de�nition.

3.6.1 De�nition (De�nitionally equivalent formulas ). Let V be a de�nitional
extension of T, extended by the symbolS de�ned by the T-formula  .8 Then ' V

is de�nitionally equivalent to ' T if:

• ' T does not contain any instances of , and ' V = ' T .

• ' T does contain instances of , which are possibly replaced by the abbrevi-
ation S. That is, we have the following cases:9

– S is a relation symbol with explicit de�nition 8x(S(x) $  (x)) , and
' V = ' T [ (x)nS(x)].

– S is a function symbol with explicit de�nition 8x; y(S(x) = y $  (x; y)) ,
and ' V = ' T [ (x; y)n(S(x) = y)].

– S is a constant with explicit de�nition 8y(S = y $  (y)) , and
' V = ' T [ (y)n(S = y)].

Now for the criterion for full ontological purity of formal proofs.

3.6.2 De�nition (Criterion for full ontological purity for formal proofs ). Sup-
pose we are given an informal mathematical theorem corresponding to the onto-
logical context (O; ' T ; R). Let

[T] := f V j V de�nitionally extends Tg

Then for ' V de�nitionally equivalent to ' T , any formal proof � ` V ' V for V 2 [T]
is fully ontologically pure for that theorem.

3.7 Conclusion

In this chapter, we have supplied formal and informal proofs with a notion of full
ontological purity based on ontological content. For formal proofs, we suggest

8This de�nition can easily be extended to work for extensions by multiple symbols.
9We describe here the case where all instances of are replaced by S, but alternatively, ' V may

also replace only some or no instances of .
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that the context theory guarantees full ontological purity. De�nitional extensions
preserve this type of purity, because the symbols they introduce have de�nitions
in terms of the primitives of the context theory, and so in terms of ontological ele-
ments that the context theory refers to. For informal proofs, full ontological purity
requires `natural' formalizability in the context theory. We argued that informal
proofs that are naturally formalizable in the context theory, are automatically also
naturally formalizable in its de�nitional extensions, and the other way around
— hence, only one criterion for full ontological purity was required for informal
proofs. These are consequences of the ontological approach we take towards pu-
rity (instead of, for instance, an epistemological one).

The framework for full ontological purity is �exible with respect to several as-
pects, the details of which a given investigator of purity can decide for herself:
given a theorem, she can make the preferred choice of ontology; given an ontol-
ogy, she can pick the preferred context theory; given the context theory, she can
pick a preferred notion of equivalence for this theory; and �nally, she can also
interpret what it means for an informal proof to be `naturally formalizable' into
a formal theory. Hence, although we proposed speci�c interpretations of these
concepts in this chapter, they remain open to different preferences. By leaving
room for individual intuitions in the analysis of purity for formal proofs, we retain
the connection to the informal nature of purity as an existing ideal. This way, we
provide a way to bridge the gap from informal to formal proofs, without falling
prey to inaccuracies of fully syntactic measures. The next chapter will extend the
work done so far to a secondary level of ontological purity.

84



4
Formalizing an ideal of

proof
Secondary ontological purity

As a continuation of the previous chapter, we will here introduce secondary onto-
logical purity as an extension of full ontological purity, and elaborately describe
which natural deduction proofs satisfy this type of purity. This effort again ad-
dresses the way that the ideal of purity is brought to the setting of formal proofs,
but with the emphasis on extending the criteria for full ontological purity, so that
we obtain a broader and more tolerant characterization of ontological purity. Si-
multaneously, we may view this effort as a case study for how proof-theoretic
criteria can help identify philosophically meaningful derivations.

In particular, we will introduce the notions of surrogate ontological content
and structural content of a given mathematical theorem. Formal proofs that re-
fer to a surrogate version of the ontological content of a theorem will be called
`secondarily ontologically pure', because they preserve the structural content of
a theorem. We present some formalities in Section 4.1. First, then, ontological
content is extended to surrogate ontological content (see Section 4.2.1) and struc-
tural content (see Section 4.2.2). Surrogate and structural ontological content
broaden the notion of traditional purity and blur some distinctions that are made
in purity evaluations in practice, most clearly distinctions between disciplines of
mathematics. Such a conception of purity has been mentioned before in the lit-
erature (see, e.g., (Arana and Detlefsen, 2011)), but has not before been made
precise. We propose that this is a worthwhile extension in Section 4.2.3. Section
4.3.1 introduces interpretations between theories as in (Visser, 1997), and we de-
scribe how an interpretation can give rise to a restriction on syntax that allows for
reference to surrogate and structural content in Section 4.3.2. We characterize the
initial formulas and inference rule applications of natural deduction proofs that
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satisfy this syntax restriction in Section 4.3.3, leading �nally to the criterion for
secondary ontological purity of formal proofs in Section 4.4.1. Secondary ontolog-
ical purity for informal proofs is considered in Section 4.4.2. Finally, we comment
on the interaction between full and secondary ontological purity in Section 4.4.3,
and give (partial) criteria for impurity of proof in Section 4.4.4. The work in this
chapter corresponds to the second part of the publication (Martinot, 2024b).

4.1 Formal preliminaries

As several sections of this paper will draw on rigorous de�nitions, we describe a
few technical conventions here. As in Chapter 3, we will use the standard clas-
sical �rst-order language, and the derivability relation of the standard �rst-order
natural deduction calculus.

Additionally, a derivation in the natural deduction proof system of theorem '
is a tree (V; E) labelled with formulas. Given a natural deduction proof and its
tree representation (V; E), we say that any nodev in the tree is instantiated by the
corresponding formula in the natural deduction proof. The root is instantiated by
theorem, and the formulas instantiating the leaves are axioms, or assumptions that
are later discarded. Two nodesvn +1 and vn are connected by an edge (vn +1 Evn )
just in case the instantiation of vn is obtained in the proof from the application of a
single inference rule to a set of premises including the instantiation of vn +1 . Then
a branchof the proof is any sequencevn Evn � 1E:::Ev 1Ev0, where vn is a leaf, and
v0 the root. A branch is openwhen its leaf is instantiated by an assumption (that is
either later discarded or not), while a branch is closedwhen its leaf is instantiated
by an axiom.

Finally, we will also refer to a natural deduction proof by D. Similarly to Visser
(1997), given a formula � with one free variable, � ' will stand for

V
f � (x) j x

free in ' g. We then use � D to stand for
V

f ' j ' instantiates a node in the tree
representation of a proof Dg. Thus, � � D will be the conjunction of � 's applied
to all free variables in a proof D. This is not to be confused with our additional
notation of � x . We will write x for the �nite sequence of elements x1; :::; xn . Then
� x will stand for the conjunction � (x1) ^ :::^ � (xn ).1 Thus, we maintain a difference
between using a formula or a sequence of terms as a subscript. We will add smaller
formal speci�cations in the relevant sections where necessary.

4.2 Extending ontological content

In Chapter 3, we have claimed that the mathematical ontology of a theorem can
be captured by a theory and its de�nitional extensions, and that natural deduction
proofs starting from the axioms of these theories (and informal proofs naturally

1We use this notation for conciseness, especially for the Appendix, Section 4.6.
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formalizable in them) are fully ontologically pure. We are now interested in ex-
tending this notion of purity in a way that has been mentioned in the literature sev-
eral times. For example, Arana (2009) mentions in a footnote that we might think
that for Furstenberg's proof of IP, “the allegedly extraneous topological elements
are really just reconceptualizations of what was already the concern, namely sets
of natural numbers, and hence are in fact relevant to the in�nitude of primes”.
Arana and Detlefsen (2011) note that Colin McLarty, as well as a Bourbakiste
tradition of arithmetical research, consider theorems like IP to contain both arith-
metical and topological content — although Arana and Detlefsen do not follow
this line of thought, because on their epistemological account, a notion that takes
into account the understanding of the theorem has priority. Additionally, McCarthy
(2021) discusses the possibility that “[w]hether a proof of a number-theoretic as-
sertion counts as “pure” depends on the conceptual background against which it
is formulated. If it is framed in a wide context, for example, second-order analysis
or ZF, then it may be that the most natural notion of purity is that applying to the
wider context and not the strictly number-theoretic one”.

Generally, these proposals are rejected by their authors, because they fail to
retain the traditional values of purity. Hence, it seems clear that if we make such
a generalization of purity, the original values of (im)pure proofs change. One may
then have concerns about the motivation for considering this notion of purity. In
the next section, we develop the notions of surrogate and structural content, af-
ter which we provide several reasons why the type of purity that deals with these
forms of content is still worth studying. We will then introduce the notion of in-
terpretations, which will serve to preserve the structural content of a theorem.
This will enable a proof from a theory that is neither the context theory nor a def-
initional extension, when restricted by a derivation criterion (de�ned in Section
4.4.1), to still correspond to the structural content of a theorem and gain a sec-
ondary level of purity. We end the chapter by considering impurity of proof and
the interaction between full and secondary ontological purity.

Here, we extend the notion of ontological content to surrogate content, which
will be the ontology that secondarily ontologically pure proofs refer to. Next, we
suggest the ontology of a context theory and its surrogate versions have structural
content in common. This is what will justify the attribution of a secondary level of
purity to proofs referring to surrogate content.

4.2.1 Surrogate content

Suppose that we relate a particular mathematical ontology to a context theory.
Subsequently, we consider a second theory that concerns a very different ontology.
Intuitively, we may ignore a large part of the latter informal objects and forget
some of their properties, i.e., we may conceptually `trim' and weaken the entities
that make up the content for us. That is, (1) we can ignore the part of the domain
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of the ontology of a second theory, that will not take part in representing the
ontology of the context theory. We may (2) pair up or equate remaining objects
if that is necessary for representing individual context theory objects. And (3) we
can ignore properties of the objects that the second theory can prove, but that do
not take part in representing properties of the ontology of the context theory.2

Arguably, we change the nature of the ontology of the second theory by car-
rying out these steps, since they do not form anymore the intuitive material that
corresponds to the full formal theory. In fact, the ontology of the second theory
can be (informally) restricted in such a way that the things that remain function as
surrogatesof the intended mathematical entities of the context theory. This makes
up a large part, for example, of the foundational role of set theory:

(Maddy, 2019) “To say that `the universe of sets is the ontology of
mathematics' amounts to claiming that the axioms of set theory imply
the existence of (surrogates for) all the entities of classical mathematics
– a simple af�rmation of set theory's role as Generous Arena.”

For instance, if we consider a universe of sets to be the material thatZFC refers
to, we can restrict this universe to just the �nite ordinals, that satisfy only set-
theoretically realized arithmetical properties. The resulting intuitive objects can
be seen as surrogates for the intuitive natural numbers thatPA refers to — and we
say that the restricted content of ZFC consists of surrogates of the content ofPA.
We emphasize that the extracted surrogate content in such theories really loses
some of its original nature. That is, the collection of sets that simulate numbers
is not by itself (without a connection to the full content) anymore the content of
ZFC. Besides foundational theories, examples of `surrogative reasoning' (a term
also used in Swoyer (1991)) can be found in mathematics in practice: for instance
in analytic geometry, where Cartesian coordinates are used to represent points in
space. Additionally, the relevance of restricting to surrogates can be recognized
in Maddy (2019)'s description of Essential Guidance: “[the universe of sets] in-
cludes hordes of useless structures and [...] no way of telling the mathematically
promising structures from the rest”.

In a footnote (pp.3–4), Arana (2009) suggests `reconceptualizations' (similar
to the notion of surrogates) may not be relevant for purity: �rst, “not every recon-
ceptualization of a subject matter is necessarily relevant to that subject matter”.
Speci�cally, “the in�nitude of primes does not seem to concern sets at all; so I do
not see why sets, even simple ones, are relevant to the problem”. We agree that
surrogate sets are not necessarily relevant epistemically to IP: they do not seem
to contribute to the usual understanding of the problem. However, we propose
a different kind of relevance: surrogates are relevant for ontological purity, be-
cause they are connected through an underlying structure with the ontology of
the context theory (see Section 4.2.2, and again, the motivation for such a notion

2On the view of an ontology as an intended standard model, surrogate content can be given a more
precise description. We will comment on that in Section 4.3.1.
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is elaborated on in Section 4.2.3). Another point made in the footnote is that “if
Furstenberg's proof were formalized in a different way, say in a theory in which
the notion of open set was taken as primitive [...] the response [that set theory
shows the topology used to prove IP is just limited to simple sets] would not work.
Why should set-theoretic formalization take precedence over these alternatives?”
We think the emphasis should not be so much on the idea that the topology is
limited to simple sets, but rather on the idea that the topology is limited to some
representation that we know relates to arithmetic (such as `simple', or surrogate,
sets). In a theory that takes open sets as primitive, we could again �nd that the
open sets used to prove IP are just simple ones, by seeing that they are still surro-
gates of arithmetical notions. That is, the aim is not to get rid of topology, but to
make sure its use is restricted to number-surrogates, whichever ones.

The type of purity we will attribute to proofs referring to surrogate content
has a `secondary level' compared to full ontological purity. Namely, unlike de�ni-
tional extensions of the context theory, for theories referring to surrogate content
we cannot talk about strict equality to original content anymore, as they may well
correspond to a different ontology. Thus, full ontological purity cannot be at-
tained here. Secondary ontological purity then entails that, if a theorem concerns
an ontology of natural numbers, its proof should only draw on this ontology, or
alternatively its set-theoretic surrogates, geometric surrogates, and so on — but
not anything else.

4.2.2 Structural content

We here propose that for a certain ontology, each type of surrogate content has
structural content with it in common. That is, we suggest each theorem has struc-
tural content in the form of a mathematical structure, which has as its instances
the ontological content of a theorem, as well as surrogate versions of the onto-
logical content. Structural content has been proposed before as “the instantiation
of a particular fundamental mathematical structure by the entities intuitively in-
volved in the statement” Ryan (2023), but for us the structural content will refer
exactly to the structure itself, where “[a] structure is the abstract form of a system,
highlighting the interrelationships among the objects, and ignoring any features
of them that do not affect how they relate to other objects in the system” (Shapiro,
1997).

There are several variants of structuralism, with a distinction between elimi-
native structuralism (there are possible structures, but not actual ones) and non-
eliminative structuralism (there are actual structures) (Shapiro, 1997). Within
non-eliminative structuralism, we can distinguish between in re structuralism and
ante rem structuralism. In short, in re structuralism says that there is no more
to structures than their instances, while ante rem structuralism claims that struc-
tures exist independently of the systems that realize them. Our approach to purity
is neutral with respect to the debate on structuralism, but will adopt ante rem
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structuralism for the notion of structural content. This is because it shows that, by
existing independently from (non-mathematical) exempli�cations, structures are
themselves something that can be preserved when switching between ontological
content and its surrogates. A structure independently shows the properties that
different versions of surrogate content have in common with each other.

More speci�cally, “an ante rem structure is, or is akin to, an ante rem universal,
in that it is a one-over-many. The same structure can be exempli�ed in multiple
systems, and the structure exists independent of any exempli�cations it may have
in the non-mathematical realm. The difference between structures and the more
usual kind of universal, such as properties, is that structures are the forms, not
of individual objects, but of systems, collections of objects organized with certain
relations” (Shapiro, 2008). Shapiro calls the structures studied in mathematics
“free-standing”, i.e. anything at all can occupy their places. Here, we are inter-
ested in all instantiations of the places and relations of ante rem structures by
mathematical ontologies. Given the ontology of a context theory, its underlying
ante rem structure can be seen as consisting of `abstract places' for each object
in the domain, connected to each other by `relations' that determine the funda-
mental connections of the structure. Like Shapiro (2008), we think that “under-
standing the (formal) languages of mathematics is suf�cient to understand the
places and relations of at least some structures”. For instance, the familiar natural
number-structure consists of an initial object, and a successor relation satisfying
the induction principle, connecting the initial object to a successor object, and so
on.

A(n) (surrogate) ontology can let their objects occupy the structural places,
and the structural relations can be occupied by their concrete instantiations se-
lecting objects from an ontology. By allowing instantiation from any ontology, the
structural content underlies ontological content. Its preservation when moving
between surrogate versions of content is what justi�es a secondary level of purity:
it ensures that, while a proof can draw on various ontologies and disciplines of
mathematics, it is at least restrained to the particular structure that a theorem
concerns.

4.2.3 The value of extending ontological purity

We now have a conception of the types of content we want to extend purity results
to. We here provide some reasons for why this extension of purity is worth con-
sidering. Arana and Detlefsen (2011) mention the intervenientvalue of traditional
purity, as well as an epistemicvalue that they consider in more detail. The interve-
nient value of purity is broadly the “development of a thorough way of thinking”
(Bolzano, cited in Arana and Detlefsen (2011)). We believe secondary ontologi-
cal purity still encourages a variant of this bene�t: it encourages one to, within a
speci�c discipline of mathematics, focus ones thinking on speci�c surrogates only.
The epistemic value, however, arguably disappears: this value focuses on giving
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insights that have a certain simplicity and naturalness, and according to topical
purity, reduces `speci�c ignorance'. The latter is something our extension does not
preserve, as we will for instance allow the concept of set to be used in a proof of
IP, whereas Arana and Detlefsen (2011) do not, on account of its failure to reduce
speci�c ignorance for IP. Then what other values can we attribute to our extension
of purity?

First of all, the extension can be seen as the weakening to a `core' notion of
purity, one that tells us what pure proofs should satisfy at the very least. In other
words, secondary ontological purity in a sense underlies other, more speci�c no-
tions of purity that satisfy additional criteria — and perhaps this may help us
understand the connections and dependencies between other types of purity bet-
ter, by seeing them as particular cases of the extension. We also suggest that this
makes it easier to distinguish levelsof (im)purity, instead of the more blunt dis-
tinction between `pure' and `not pure'. We suggest we have secondary ontological
purity and full ontological purity, but stricter notions like Arana and Detlefsen
(2011)'s topical purity induce even stronger notions of purity, allowing for a more
nuanced picture suggesting purity really consists of a family of notions.

Furthermore, the extension of ontological purity caters to the views of struc-
turalists. For ante rem structuralists, traditional purity may not properly re�ect
what a theorem is about. Mathematical content may for them ultimately concern
structures, and we suggest there is still a notion of purity for them to value. Sim-
ilarly, the extension of purity also allows for the view that an informal theorem
does not have one `true' ontology, and that surrogate content is a relevant subject
matter of a theorem.

We additionally claim that the extension of purity will still have an epistemic
value. Traditionally impure proofs have been said to lead to new insights, by con-
necting mathematical notions that at �rst seem separate (see e.g. (Lehet, 2021)).
Our extension of purity brings nuance to this value: it suggests that a pure proof
can also have this value, but only by connecting notions from different mathemat-
ical ontologies that represent the same placeholder in a structure. On the other
hand, impure proofs can still lead to new insights, but in a different way: by
showing what intricate notions really go beyond representing `pure' content, yet
are still useful for proving a theorem. That is, the new distinction between purity
and impurity allows us to see what parts of a theory can be seen as `purer' than
others.

Finally, it should be observed that the extension of purity is valuable for char-
acterizing purity for formal proofs: separate from the motivation for introducing
surrogate content, the setting of formal proofs itself already encourages an exten-
sion. For example, if we insist on saying something about the formal proofs of
PA, but the context theory for our theorem is Presburger Arithmetic (PrA), then
it is reasonable to think that a restricted version of PA can provide pure proofs of
the theorem. Intuitively, after all, both PA and PrA refer to the natural numbers,
only PrA assigns fewer properties to its numbers thanPA. If we can exclude the
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properties that PA can prove and that PrA cannot, proofs of PA can only draw
upon relevant notions. Formal proofs can only satisfy such a restriction if we ex-
tend what we have done so far. We thus consider the extension to surrogate (and
structural) content a reasonable one.

4.3 Formalizing extended content

In what follows, we introduce a way to use interpretations between theories to
restrict formal proofs, so that they refer only to surrogate (and structural) content
and thereby induce a secondary sense of purity.

4.3.1 Interpretations

Interpretations between �rst-order theories provide a way for theories to represent
each other's language and provable statements. They will be important in devel-
oping formal guarantees for proofs to refer to surrogate content. We take a slightly
altered version of the de�nition of relative interpretations in (Visser, 1997). Con-
sider �rst-order theories T1 and T2 with respective languagesL T1 and L T2 that
have identity. An interpretation i of T1 into T2 ( i : T1 ! T2) has two ingredients,
which will determine the interpretation translation (:) i :

1. A function F mapping the relation symbols R and the function symbols f of
L T1 on formulas of L T2 . If the arity of R (respectively f ) is k, then F (R)
(respectively F (f )) has k free variables.

2. A formula � of L T2 , with one free variable, giving the domain of the inter-
pretation.3

A well-known example of an interpretation is that of arithmetic into set theory, for
instance of PA into ZFC — where the domain formula � restricts the universe of
sets to the �nite ordinals. Then, for instance, the PA-constant 0 can be translated
as the empty set, the successor operationS(x) asx [ f xg, and so on.

A �rst minor adaptation that we make of Visser (1997)'s de�nition concerns
variables. Visser extendsL T2 with fresh variables in order to avoid variable clashes.
Instead, we will make the simpli�ed assumption that we can always map variables
x of L T1 to identically named variables in L T2 (x 7! x). In case this does cause
variable clashes for a translated variablex, we will take x to `stand for' a suitable

3Note that we are here only allowing one-dimensional interpretations. This is not essential: sur-
rogates can be made up of single elements or of tuples from the ontology of the interpreting theory.
However, one-dimensionality provides for notational simplicity in further de�nitions and in the Ap-
pendix.
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fresh variable of L T2 . By keeping the variable names the same, we avoid focus-
ing on purely formal aspects of interpretability, and keep its de�nition a bit more
intuitive. 4

Now i gives our translation (:) i of L T1 into L T2 in the following way. First, ? is
interpreted as itself. Further, the translation of a formula ' will have the same free
variables as' itself — while the translation of a term t will have the free variables
of t plus one more fresh variable, standing for thevalueof t. However, as we send
variables to themselves, term translations disappear when the term is a variable.
In the de�nition, let xk stand for a sequence ofk variable terms, and let t l stand
for a sequence ofl non-variable terms. (See Section 4.1 for the notation� x .)

• R(t l ; xk ) i := 9yl (� y l ^ F (R)(yl ; xk ) ^ (t1) i (y1) ^ ::: ^ (t l ) i (yl ))

• f (t l ; xk ) i := 9yl (� y l ^ F (f )(yl ; xk ) ^ (t1) i (y1) ^ ::: ^ (t l ) i (yl ))

• (:) i commutes with the propositional connectives

• (8x' ) i := 8x(� (x) ! ' i ), (9x' ) i := 9x(� (x) ^ ' i )

The last item conveys that the quanti�ers of translated formulas become rela-
tivized by the domain formula � . In the interpretation translation of predicates
and function symbols (the �rst two items above), Visser introduces unrelativized
existential quanti�ers. As shown above, our second adaptation is that we relativize
even these quanti�ers. This will ensure that we can consistently restrict a proof to
`good' syntax later on.

Finally, we state the preservation of provability of an interpretation. T2 inter-
prets T1 via i if: for all theorems ' of T1, ` T2 � ' ! ' i .

We also note that, given a modelM of T2, an interpretation i : T1 ! T2 gives
a way to induce a model of T1 on � (Visser, 1997). Essentially, the objects ofM
are equated according to interpreted identity, after which the objects that satisfy
� are selected. Interpreted predicates and function symbols then work on these
equivalence classes of objects (see for full details (Visser, 1997)). This can be seen
as a formal way of making sense of surrogate content, analogous to how we can
make sense of the ontology of a theory generally as a standard model.

4.3.2 Referring to extended content

This section will elaborate on how syntax restricted in a way inspired by interpre-
tations can refer to surrogate and structural content. We discuss how interpreta-
tions can induce a natural notion of surrogate content of an ontology, and how
they provide a way of preserving structural content.

4It will, however, have the consequence that we need to distinguish between variable and non-
variable terms in the Appendix, Section 4.6, although this does not take too much effort.
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Referring to surrogate content

The interpretation translation of i : T1 ! T2 gives a clear indication of how T2-
syntax should refer to surrogate content. The domain formula � of i characterizes
the collection of surrogate objects in T2. In particular, for any T1-formula ' that
indicates an object or operation in its ontology, ' i will indicate the surrogate ver-
sion. And similarly to the transformation of a model of T2 into a model of T1

described above, we may view two objects in the ontology ofT2 as exactly the
same surrogate if they are equal underF (=) .

We suggest that the properties of the interpretation translation are suitable
for inducing a notion of surrogate content as we informally mean it. An important
feature of a translation is (a �rst-order variant of) schematicityas in (Incurvati and
Nicolai, 2024), where “the translation of a complex formula [should be] a �xed
schema of the translation of its parts”. This is handled by the interpretation by its
translation of a formula based on the individual translations of constants, function
symbols and predicates occurring in it, and by its commutativity with propositional
connectives. The translation is also injective, and the arity of function symbols and
predicates is preserved, so that the translation inT2 makes the same distinctions
between objects and operations asT1 does. This is con�rmed by the fact that
the interpretation translation allows for well-known de�nitions of surrogates in
practice: for instance, both the Von Neumann ordinals and the Zermelo ordinals
can easily be de�ned through � (see for various other examples of interpretations
(Visser, 1997)).

In addition to accepting the interpreted L T1 -formulas, however, we are look-
ing to characterize the part of the L T2 -syntax that we can in practice restrict a
T2-proof to, so that the restricted part of the proof only refers to surrogate con-
tent. This cannot simply be the set of interpretedL T1 -formulas, as not all inference
rules preserve `being of interpreted form'. Instead, we propose to restrict a proof
to certain `good' L T2 -formulas, of which the interpreted formulas will be a sub-
set, and which comes down to an extension by instances of� and by interpreted
terms. Since instances of� and interpreted terms only highlight speci�c elements
within the surrogate ontology, this extension is harmless for referring to surrogate
content. The de�nition of `good formulas' is as follows.

4.3.1 De�nition (Good L T2 -formulas ). Let i : T1 ! T2 be an interpretation with
domain formula � . First, a L T2 -term t is goodif it is either a variable, or a function
symbol f applied to terms t1; :::; tn such that:

• Each t j is good (1 � j � n)

• ` T2 � t ! � (f (t))

Now we de�ne the set of L T2 -formulas S by the following ingredients.

S := f ' i j ' 2 L T1 g [ f t i j t a term of L T1 g [ f � (t) j t a good term of L T2 g
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We then de�ne the goodL T2 -formulas as follows:

• Each ' 2 S is good

• If ' and  are good, then ' �  is good (� 2 f^ ; _ ; !g )

• If ' is good, 9x(� (x) ^ ' ) is good

• If ' is good, 8x(� (x) ! ' ) is good

Thus, the set of goodL T2 -formulas will be exactly what we will restrict a T2-
proof to for secondary ontological purity. Finally, we note here that Arana (2017)
has argued that interpretations are not suf�cient to preserve topical purity, as
translations do not preserve understanding. Speci�cally, Arana rejects the idea
that “if two theories T1 and T2 are mutually interpretable, then their semantic
parts (terms, statements) have identical meanings”, because then topical purity
does not capture mathematical practice anymore. We agree with both points, and
emphasize that we only claim a correspondence betweenL T1 -syntax and the set
of good L T2 -formulas. Nor do we claim that these two sets have a fully identical
ontology, but we will argue in the next section that they have an ante rem structure
in common, which suf�ces for our sense of secondary ontological purity.

Referring to structural content

We see a theory as referring to an ante rem structure through the reference to its
ontology. Thus, each formula ' describing an object in the ontology T1 can be
seen to additionally refer to the structural place underlying this object in the ante
rem structure. It may differ per ontology what relations the structure preserves (in
`placeholder' form). Given the relations of a structure, however, their ontological
versions will certainly be captured by the formulas of T1. If anything, the structure
will have less (detailed) properties than a full ontology, so that T1 should always
be able to refer (by an ontological instance) to what the structure is made up of.5

The preservation of provability of interpretations now ensures that reference to
this structure is preserved by the interpreted formulas in T2. That is, for eachL T1 -
formula ' that refers to an element of its ante-rem structure through its ontology,
' i in L T2 can be seen to refer to the same element of the structure through its
surrogate ontology. If we take T1 to refer to some ontology, and T2 to be able to
refer to surrogates of this ontology, then we should also accept that both of them
can refer to what these ontologies have in common. Preservation of provability
makes exactly the right connection between an ontology and a surrogate ontology,

5Shapiro (1997) notes that the natural numbers with just a successor operation, or the natural
numbers with, e.g., additionally an order relation, ideally describe the same structure. Here, we only
claim a structure is preserved when all provable properties of a theory are preserved; and so we
distinguish more structures than Shapiro ultimately intends. Secondary purity could thus be extended
even further — but for now, we have at least ensured structure preservation.
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i (O1)O1

Structure

T1 T2
i : T1 ! T2

Figure 4.1: A visual representation of the reference of theoriesT1 and T2 to the
ontologies O1 and O2, and of the structure underlying O1 and the surrogate on-
tology i (O1).

and the ante rem structure that both of them instantiate. The general situation is
illustrated in Figure 4.1.

4.3.3 A restriction on proof rules

We are now set to de�ne the two ingredients that will culminate in the deriva-
tion criterion in the next section, restricting formal proofs to `good' formulas. The
�rst ingredient selects particular instances of `good' formulas (the interpreted T1-
axioms, � -instances, and instances of interpreted functionality and identity ax-
ioms). Considering each natural deduction proof as a tree(V; E) as in Section 4.1,
part of the derivation criterion will be to require that one of these formulas occurs
in each branch. Here, we will write = i for interpreted equality, and use x = i y for
the conjunction x1 = i y1 ^ ::: ^ xn = i yn .

4.3.2 De�nition (Pure L T2 -formulas ). Let i : T1 ! T2 be an interpretation with
domain formula � . Then a L T2 -formula is pure if either:

1. ' is an interpreted (non-)logical axiom of T1.

2. ' = � (t), for t a good term of L T2 .

3. ' is a relativized uniqueness or totality axiom for interpreted function sym-
bols. This means that' can be:

(a) (Uniqueness)For any L T1 -term t,

8x8y(� (x) ^ � (y) ! (t i (x) ^ t i (y) ! x = i y))) 6

(b) (Totality) For any L T1 -term t,

6The usual de�nition of Uniqueness uses an implication between � (x) and � (y). Here we use the
equivalent de�nition by conjunction, so that we can use the abbreviation � x in the Appendix in long
natural deduction proofs. The same holds for the substitution axioms in 4.
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9y(� (y) ^ t i (y))

4. ' is a relativized �rst-order equality axiom for interpreted equality. 7 This
means that ' can be:

(a) (Re�exivity)

8x(� (x) ! x = i x)

(b) (Function substitution) For any L T1 -function symbol f (x),

8x8y(� x ^ � y ! (x = i y ! (F (f )(x; z) ! F (f )(y; z))))

(c) (Formula substitution) For any L T1 -formula ' ,

8x8y(� x ^ (� y ! (x = i y ! (' i (x) ! ' i (y))))

The second ingredient speci�es which applications of the inference rules of the
natural deduction proof system preserve `goodness' of formulas. Thus, we are not
de�ning a new proof system, but we emphasize for a rule R to which instances
(denoted by Ri ) it should be restricted in proofs that are to refer to surrogate (and
structural) content.

4.3.3 De�nition (Pure rule applications ). We provide four restricted inference
rules, so that if the premises of the rule are good, then the conclusion of the rule is
good as well. It is easily veri�able that the other remaining rules already preserve
goodness — we will call their instances together with those of the restricted rules
pure rule applications.

• Disjunction introduction. In order to ensure that the conclusion of this rule is
good, we require that the introduced disjunct is also good (denoted by  g).

'
_ I' _  

'
_ I i

' _  g

• Universal introduction. In order to ensure that the conclusion of this rule is
good, we require that the form of the premise must be restricted to implica-
tions with antecedent � .

' (y)
8I

8x' (x)
� (y) ! ' (y)

8I i
8x(� (x) ! ' (x))

• Existential introduction. In order to ensure that the conclusion of this rule is
good, we require that the form of the premise is restricted to conjunctions,
with � as one of the conjuncts.

7Note that the equality axioms technically fall under 1 as the interpretation of a logical T1 -axiom.
We add them for clarity, as they will be used regularly in the Appendix.
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' [x=t]
9I

9x' (x)
(� ^ ' )[x=t]

9I i
9x(� (x) ^ ' (x))

• Universal elimination. In order to ensure that the conclusion of this rule is
good, we require that the instantiation with term t in the conclusion is such
that t is good (denoted by tg).

8x' (x)
8E

' [x=t]
8x' (x)

8E i
' [x=tg]

4.4 Criteria for secondary ontological (im)purity

We combine the previous de�nitions and state various criteria for secondarily on-
tological (im)purity.

4.4.1 Secondary ontological purity of formal proofs

First, consider a criterion for when a formal proof is secondarily ontologically pure.

4.4.1 De�nition (Criterion for secondary ontological purity of formal proofs ).
Suppose we are given an informal theorem corresponding to the ontological con-
text (O; ' T1 ; R). Suppose we are given a natural deduction proof in T2 of ' ,
where ' is a formalization of the theorem into L T2 . Let ' instantiate the node v
in the corresponding tree (V; E). Then the proof is secondarily ontologically pure
(denoted � ` P

T2
' ) if there exists an interpretation i : T1 ! T2 such that:

• Any assumption instantiating a node a in the proof is good, and the open
branch aE:::Ev contains only pure rule applications.

• Any closed branch contains a nodep that is instantiated by a pure formula,
such that the �nal branch part pE:::Ev contains only pure rule applications.

This criterion ensures that, starting from the leaves, at some point in the proof
each branch is restricted to good formulas only. We will sometimes refer to this
criterion as `the derivation criterion' for conciseness.

Robustness of the criterion

In order to show that this criterion is robust, we show that the criterion has in-
stances. Namely, we show thatT2 has a secondarily ontologically pure formal
proof of every interpreted theorem of T1. For this, we use what we call `simula-
tion'. Recall that � � D is the conjunction of � 's applied to all the free variables of
formulas occurring in the proof D. The instances of � are needed to guarantee
provability of interpreted formulas (see Section 4.3.1). Furthermore, let � i be the
set f 
 i j 
 2 � g.
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4.4.2 De�nition (T1-simulation ). Let i : T1 ! T2 be an interpretation. Let D
refer to � ` T1 ' , and let it correspond to a tree (V; E). Then a simulation of
D in T2 is a proof � i ; � � D ` T2 ' i , corresponding to (V 0; E 0), with the following
requirements.

• For every branch step vn +1 Evn in (V; E) such that � instantiates vn +1 and  
instantiates vn , there exists a sequencevm E:::Ev k (m > k ) in (V 0; E 0) such
that � i instantiates vm and  i instantiates vk .

• Take any sequence of nodesvn +2 Evn +1 Evn in (V; E). Supposevn +2 Evn +1

corresponds to the sequencevm E:::Ev k in (V 0; E 0) (m > k ), and vn +1 Evn

corresponds to the sequencevl E:::Ev q in (V 0; E 0) ( l > q ). Then vk = vl .

Intuitively, this is a simulation, as each inference step is replaced by a proof
from its interpreted premises to the interpreted conclusion. More formulas can be
added in between the interpreted formulas, however, to secure provability. Thus,
there are various ways of simulating a proof. We now consider the theorem, which
shows there arepure simulations.

4.4.3 Theorem (Existence of pure simulations ). Let i : T1 ! T2 be an inter-
pretation. Let D be the proof� ` T1 ' in the classical �rst-order natural deduction
calculus. Then� i ; � � D ` P

T2
' i by simulation.8

Proof. The proof idea is as follows: we provide the pure T2-simulations of each
inference rule in T1. Then a completeT1-proof is simulated in T2 by pasting to-
gether the simulations of the individual rule applications. For propositional rules,
and the rules 8I and 9E, it is easy to see there are pure simulations of any use
of the rule. For 8E and 9I, we need a lemma to deal with interpreted formulas
of the form (' (t)) i , which cannot easily be rewritten, as the term translation t i

appears only at the atomic level of translations of predicates and function symbols
inside ' . To provide a simulation of 8E and 9I, then, we take a detour through
the formula 9x(� (x) ^ t i (x) ^ ' i (x)) . The full proof can be found in the Appendix
(Section 4.6).

A (very) small working example

Take the interpretation i : Q ! C2
FO of Robinson'sQ into a theory of concatenation

that has signature (� ; a; b). The interpretation is de�ned in (Ganea, 2009). We
provide the domain formula and the interpretation of the constant zero (which
suf�ces for the example). The interpretation is identity-preserving.

8Although it is very likely that the other direction of this theorem also holds (if ' i can be proven
in T2 in a pure way, then T1 proves ' ), we do not show it here. Note that, although this is a desir-
able property, a counterexample would merely show that a notion can be made sense of in terms of
surrogate ontology, in a more complex way than T1 �nds acceptable.
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• � (x) := T(a; x) _ x = b. Here, T(a; x) is an abbreviation for saying x is a
string made up entirely of a's. Thus, a natural number n > 0 is represented
in C2

FO as a string of a's of length n.

• 0i := x = b.

Now take the very simple Q-proof:

8x(x = x)
8E0 = 0

And consider a similar proof in C2
FO.

C2
FO

...
8x((T (a; x) _ x = b) ! x = x)

8E
(T(a; b) _ b = b) ! b = b

8x(x = x)
8Eb = b _I

T (a; b) _ b = b
! Eb = b

Marked bold are the pure formulas occurring in each branch: from that moment
on, the proof is secondarily ontologically pure. Note that this proof satis�es the
derivation criterion, but is not a simulation, as we reachb = b instead of the literal
translation (0 = 0) i . The Appendix (Section 4.6) provides a way to properly sim-
ulate 8E that does end at(0 = 0) i , but it is one of the tedious cases of simulation,
and not helpful for intuitions in an example. Still, b = b is a natural translation of
0 = 0, and its proof as shown here is also an intuitive imitation of 8E. This suggests
that the notion of interpretation, and so that of simulation, could be extended to
include different translations, in case the languagesL T1 and L T2 are quite alike
(e.g., where constants can be interpreted directly as constants).

Remarks on the criterion

We here discuss some aspects of the derivation criterion worth mentioning. First,
it matches the notion of equivalence for context theories well. SupposeT0 de�-
nitionally extends T by a symbol S de�ned by ' . Suppose also that we have an
interpretation i 1 : T ! V. Then we can naturally de�ne i 2 : T0 ! V by set-
ting Si 2 = ' i 2 = ' i 1 . Note that the de�nitional axiom of T0 then becomes an
interpreted tautology in V of the form 8x(� x ! (( ' (x)) i 2 $ (' (x)) i 2 )) . And, as
' i 1 = ' i 2 , this is also an interpreted tautology with respect to i 1. This means
that the derivation criterion resulting from i 2 is indistinguishable from the one
resulting from i 1, and shows some consistency between full ontological purity and
secondary ontological purity: if we consider two theories to be equivalent as con-
text theories for a certain theorem, then we see that they can naturally induce the
same derivation criterion for purity of formal proofs in a third theory. 9

9Note, however, that there may be choices ofSi that do not exactly coincide with ' i . For example,
we could add to PA a symbol E (x) that says that x is even. In PA, the de�ning formula could be
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Furthermore, we remark that any formal proof that satis�es the derivation cri-
terion for an interpretation i : T ! V needs to prove the pure formulas from V
itself. Additionally, strictly speaking, L V-quanti�ers (even when relativized by � )
should be taken as ranging over the entireV-domain. Thus, the pure formulas
of L T cannot refer exclusively to the surrogate content — rather, they illuminate
or highlight the surrogate content within the content of V. Ideally, perhaps, we
would like to have formal proofs of V refer to nothing but the surrogate content,
to fully eliminate any extraneousness. However, the embedding in the content of
V may well be the only way in which surrogate content is given meaning. Namely,
the `pure formulas' are built from primitives whose ontological meaning is prop-
erly given by the axioms of V; and it is unclear whether they can be thought of as
independently corresponding to the surrogate ontology (without the connection
to V). On a slightly different note, because formal proofs satisfying the derivation
criterion start with the fully powered V-axioms, they are allowed to refer to ex-
traneous content before the derivation of the pure formulas. When calling these
proofs pure, then, we restrict that statement to the part of such proofs that comes
after the pure formulas. Still, perhaps we may also view the part before the pure
formulas as clarifying the way in which the interpreting theory approaches the
subject matter of the context theory, and showing how this material �ts into the
interpreting theory.

4.4.2 Secondary ontological purity for informal proofs

We presented an elaborate criterion that characterizes which formal proofs are
secondarily ontologically pure. It tells us that any interpretation induces a sense
of surrogate content and secondarily ontologically pure formal proofs. Like for-
mal proofs, an informal proof should be secondarily ontologically pure if it only
draws on the surrogate ontology of the theorem. As before, this will require a
connection between the notions in an informal proof, and their interpretation in
a surrogate ontology. Given an ontological context (O; ' T1 ; R) for a theorem, we
may judge this by checkingwhether the notions in a proof are formalizable in T1

or equivalently, given an interpretation i : T1 ! T2, whetherthey are formalizable
in terms of the good formulas of L T2 . Since the notions in the informal proof can
intuitively concern a very different ontology than O, the formalization in T1 does
not anymore have to be `natural'. We do require that there exists a formalization in
T2 that is natural, so that T2 refers to the right ontology associated to the notions
in the proof. However, given an interpretation, the formalization in terms of the
good formulas in T2 does not need to be natural (although of course it can be).
This is because the good formulas will code the notions of an informal proof in a
way that T2 may not itself.

' 1 (x) = 9y(x = y + y), or ' 2 (x) = 9y(x = SS0 � y). When a theory interprets PA by i , it is clear
that the translations ' i

1 and ' i
2 will not be the same. Hence, one could theoretically pick ' 1 to de�ne

the de�nitional extension of PA, but pick ' i
2 as the interpreting translation of E (x).

101



Chapter 4. Formalizing an ideal of proof:Secondary ontological purity

Still, we will know that the informal proof is concerned with the ontology of
T2, and that it can be made sense of in terms ofT1-surrogates; a version of the
pure content. That is, we just need to know, given an informal proof, that it is
possible to make sense of its notions in terms of the restricted surrogate ontology.
If this is the case, secondary ontological purity holds. Thus, we will maintain the
following de�nition.

4.4.4 De�nition (Criterion for secondary ontological purity of informal proofs ).
Given an informal mathematical theorem corresponding to the ontological context
(O; ' T1 ; R), an informal proof of the theorem is secondarily ontologically pureif
there exists a formalization of any notion in the proof in T1, if there exists a natu-
ral formalization of any notion in the proof in some theory T2, and if there exists
an interpretation i : T1 ! T2.

4.4.5 Example (In�nitude of Primes ). Consider again the arithmetical proof of
IP, which we have established is fully ontologically pure. Trivially, this will be
secondarily ontologically pure with respect to PA, for the identity interpretation
i : PA ! PA. Thus, full ontological purity implies secondary ontological purity.

Now consider Furstenberg's topological proof of IP, which we established be-
fore as not fully ontologically pure. The notions used in the informal proof ar-
guably correspond to an ontology of sets, which are used to construct a topology,
arithmetic sequence, and even the integers and natural numbers. Thus, a suit-
able set theory could provide a natural formalization of these notions, say ZFC.
The context theory for IP remains PA as before, and as argued in Section 3.4.2,
Furstenberg's proof has a formalization in PA (although not a natural one). Now
it is easy to come up with an interpretation i : PA ! ZFC, where for instance
� (x) := x 2 ! . As the topology used in IP is reducible to an ontology of natural
numbers (recall the considerations of Example 3.4.4), it is also reducible to the
surrogate ontology of set-theoretic numbers — and since a set-theoretic ontology
is associated to the notions in the proof, this establishes secondary ontological
purity.

By using interpretability results, secondary ontological purity results broaden
our understanding of how disciplines of mathematics represent each other. They
encourage us to see connections between formalizations of the same informal
proof in different theories, and even within a theory. And, they reassure us that
the notions we use in a proof have an ontologically (though not necessarily epis-
temically) harmless formalization. Instead of separating, for instance, the arith-
metical and the topological informal proofs of IP, a secondary ontological purity
result encourages us to delve more into their connections. Aside from ontological
similarities, we may continue the comparison by looking at their proof strategies,
such as in (Carlson, 2014), and possibly connect these �ndings again to epistemic
properties of the proofs.
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4.4.3 Interaction between full and secondary ontological purity

We shortly discuss the interaction between the two types of purity. For formal
proofs, it should be noted that fully ontologically pure and secondarily ontologi-
cally pure proofs of the same theorem intersect if a proof satis�es the derivation
criterion within the context theory or a de�nitional extension. However, there
are also fully ontologically pure proofs that do not satisfy the derivation criterion,
as well as secondarily ontologically pure proofs that are not proven in the con-
text theory or a de�nitional extension. Thus, the criteria for full and secondary
ontological purity are independent, but may happen to overlap.

For informal proofs, we saw that full ontological purity always implies sec-
ondary ontological purity, as guaranteed by the identity interpretation from and
to the context theory. The informal side just asks whether the theory under con-
sideration naturally formalizes the proof, and subsequently asks for the existence
of a formalization of the proof into the context theory and an interpretation of the
context theory. The latter is just a box to check, after which we know the proof is
formalizable in terms of a sense of surrogate content. Then an informal proof is
secondarily ontologically pure. We see that this differs on the formal side, because
we can there more easily distinguish between different types of surrogate content,
and emphasize that it is the speci�c formalization in terms of the surrogate con-
tent that is secondarily ontologically pure. However, just like on the formal side,
there also are secondarily ontologically pure proofs that are not fully ontologically
pure, if they are not naturally formalizable into the context theory.

4.4.4 Impurity of proof

Lastly, based on the criteria for purity that we have formulated so far, this section
mentions some criteria for impurity of proof. Secondary impurity results show that
there are ingredients of a proof that cannot be, in an acceptable way, represented
by an ontology. Full impurity results show that a proof really properly leaves a
(surrogate) ontology, and must go beyond representing the context theory.

Full ontological purity is based on a context theory (or multiple), de�nitional
extensions and their ontology. Its negation gives rise to a secondary sense of
impurity.

4.4.6 De�nition (Criteria for secondary impurity ). Suppose we are given an
ontological context (O; ' T1 ; R) for an informal theorem. An informal proof is
secondarily impureif some notion A in the proof is not naturally formalizable in
T1. A formal proof � ` T2 ' T2 is secondarily impureif T2 =2 [T1].

Thus, secondary impurity tells us that the proof does not concern itself with
the true ontological content of a theorem, but that it still might be representable
by a surrogate version of this content. Note that the condition for formal proofs
relies on the idea that [T1] contains all theories that capture the right ontology.
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This will not always be the case. Thus, secondary ontological impurity for formal
proofs simply says we do not have the purity guarantee.

For full impurity, suppose again we have an ontological context (O; ' T1 ; R)
for an informal theorem. Full impurity of informal proofs then negates the main
aspect of secondary ontological purity.

4.4.7 De�nition (Criterion for full impurity of informal proofs ). An informal
proof is fully impure if some notion in the proof cannot be formalized in T1.

Thus, full impurity tells us the ontology of the theorem is simply insuf�cient
for capturing a proof, and subsequently any surrogate ontology is, too. Now for a
formal proof, we could say that it is fully impure if it does not satisfy the deriva-
tion criterion for any interpretation. But this does not fully capture it: while the
derivation criterion guarantees purity, it does not exclude other pure proofs from
existing. Thus, an all-encompassing guarantee for full impurity is hard to specify;
it requires us to �gure out when an interpreting theory uses its full strength `only
to reach the interpreted theory', but not to do anything meaningful in the proof
itself. Instead, we give one case that we can make clear.

4.4.8 De�nition (Criterion for full impurity of formal proofs ). Suppose we are
given an informal theorem corresponding to the ontological context (O; ' T1 ; R).
Let i : T1 ! T2 be an interpretation. Then a natural deduction proof in T2 of ' i

T1
,

where ' i
T1

instantiates the node v in the corresponding tree (V; E), is fully impure
if:

• Any assumption instantiating a node a in an open branch is good.

• Any closed branch in (V; E) contains a nodep instantiated by a pure formula.

• There is a �nal branch part aE:::Ev or pE:::Ev that uses an inference rule
which violates the restriction of De�nition 4.3.3.

This says that at some point in the proof, we do reach the point where we
restrict to the interpreted theory. However, by violating one of the restrictions on
proof rules, we leave this interpretation again during the proof, and thus leave a
description of surrogate content by our notion of good formulas. We �nish this
section with two examples of informal proofs.

4.4.9 Example (Planar Desargues's Theorem ). Consider Planar Desargues's The-
orem, with an ontology of planar geometrical notions (such as points and lines),
and let the spatial axioms of Hilbert's incidence and order axioms (Group I and II,
see (Hallett, 2008)) be the context theory (of course, other choices can be made).
The argument here is simple, although it should be noted that it uses the unproven
but highly likely other direction of Theorem 4.4.3, as mentioned in footnote 17:
as the theorem is unprovable in the context theory, we expect it is unprovable in
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any other theory that interprets the context theory, when this theory is restricted
to just the surrogate content. This would mean that any informal proof of the the-
orem that we do have, is not formalizable in the context theory, and is necessarily
fully impure.

4.4.10 Example (In�nitude of Primes ). Consider the topological proof of IP,
which we saw before has secondary ontological purity. However, we see here
that it also has secondary impurity, as a consequence of the result in Section 3.4.2
that it is not fully ontologically pure: we explained in Example 3.4.4 why we do
not think that there is a natural formalization of all the notions occurring in the
proof into PA. This emphasizes that `secondary ontological purity' really lowers
the purity level, as it can co-occur with an unnatural ontology.

Thus, this nuances the `pure/impure' distinction: we suggest there is full onto-
logical purity, full impurity, and a level in between that exhibits properties of both
purity and impurity. The incorporation of other notions of purity should be able
to induce even more levels of purity on top of these.

4.5 Conclusion

In this chapter, we have supplied formal and informal proofs with a notion of
secondary ontological purity, based on surrogate ontological content and struc-
tural content. For formal proofs, we suggest that the satisfaction of a derivation
criterion motivated by an interpretation of the context theory into another the-
ory guarantees secondary ontological purity. Namely, the interpretation criterion
guarantees preservation of the structural content underlying surrogate content.
For informal proofs, formalizability in the context theory together with natural
formalizability into an interpreting theory suf�ces: i.e., even though the proof has
a different natural ontology than the context theory, it is still formalizable into
the context theory, allowing exactly surrogate de�nitions. Secondary ontological
purity induces a more general notion of purity than traditional conceptions, which
matches more a structuralist way of thinking, and encourages a more nuanced
distinction between levels of purity.

Future research can take several directions. For one, the formal guarantee for
secondary ontological purity relies on the idea that the full power of a theory is
only used to `get to' the interpreted theory, and not for any notion essential to
the proof. For this, our approach relies on the order of inference steps in natural
deduction proofs. However, there may be other ways of determining whether
`extraneousness' of a theory is relevant in a meaningful way. This would lead to
more encompassing guarantees for formal (im)purity.

Furthermore, there are several possibilities for extending the approach of this
paper. For instance, instead of restricting ourselves to �rst-order mathematical
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theories, one might instead want to take into account second- or higher-order the-
ories, which may also provide a natural counterpart for ontological content. Ad-
ditionally, extensions of the derivation criterion may be found. An interpretation
consists of a domain relativization and a translation function — but for theories
that already have a very similar domain to the context theory, it would be more
elegant to leave out a (trivial) relativization (e.g., when � (x) := x = x). Alterna-
tively, when a theory differs only from the context theory in that it captures more
objects (of a similar ontology), a domain relativization might be all that we need.
This might also give rise to variants of the derivation criterion that induce `domain
purity' and `operational purity', instead of purity in both aspects. A related point
is that we might consider how other translations, aside from the interpretation
translation, lead to proof simulations. In particular, we might look for translations
that induce syntax restrictions that preserve other valuable parts of ontological
content, generating new variants of ontological purity.

Finally, in the spirit of Chapter 2, we may further investigate the relation be-
tween (full and secondary) ontological purity, and various ideals of proof. Besides
explanation, it has for instance been suggested previously that impurity relates to
simplicity of proof (Arana, 2017; Iemhoff, 2017).

The case study of purity of Chapter 3 and 4 thus presents a method for analyz-
ing an ideal of proof in the setting of formal proofs. We may think of formal proofs
satisfying a criterion for full or secondary ontological purity, as potential formal
counterparts of informal proofs that possess ontological purity — preserving one
particular aspect of both types of proofs. However, at least in our approach, subjec-
tive interpretation will always play a role in establishing the link between informal
and formal proofs.

4.6 Appendix: a proof translation

We here show rigorously by induction on the length of a derivation that, given an
interpretation i : T1 ! T2, any proof in T1 can be simulated in a pure way in T2:

4.6.1 Theorem. Let i : T1 ! T2 be an interpretation. LetD be the proof� ` T1 '
in the classical �rst-order natural deduction calculus. Then� i ; � � D ` P

T2
' i by simu-

lation.

We will use the notation (' (t)) i when t is a non-variable term, and the notation
' i (t) when t is a variable. This emphasizes that, in the �rst case,t itself needs to
be translated into a separate formula, while in the second case, we will mapt
to t itself. Furthermore, in order to make big natural deduction proofs readable
we sometimes split them up: asterisks� j will indicate that this spot needs to be
�lled by the formula labeled by (� j ), attaching two proofs together. Symbols � j

will indicate that this spot needs the formula labeled by (� j ) (and its proof) to be
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repeated there.

Before embarking on the proof of the full theorem, however, we need two
lemmas for the case where� was obtained by an application of 8E, and where it
was obtained by 9I. These cases involve formulas(' (t)) i , which cannot easily be
manipulated since t i occurs only at the depth of atomic formulas. We distinguish
between two cases: for non-variable terms, we take a detour here for their simu-
lation through 9x(� (x) ^ ' i (x) ^ t i (x)) . The case of variable terms is included at
the end of the full proof, which is easier as it has no term translations.

4.6.2 Lemma. Given an interpretation i : T1 ! T2, we have the following proofs
for any T1-formula ' and non-variable termt:

(8x' (x)) i ` P
T2

9x(� (x) ^ ' i (x) ^ t i (x))

9x(� (x) ^ ' i (x) ^ t i (x)) ` P
T2

(9x' (x)) i

Proof. The �rst is given by the following derivation, which uses totality. Let as-
sumption [1] be [� (y) ^ t i (y)].

[8x(� (x) ! ' i (x))]
8E

� (y) ! ' i (y)
[1]

^ E
� (y)

! E
' i (y)

[1]
^ E

t i (y)
^ I

' i (y) ^ t i (y)
[1]

^ E
� (y)

^ I
� (y) ^ ' i (y) ^ t i (y)

9I
9x(� (x) ^ ' i (x) ^ t i (x)) 9x(� (x) ^ t i (x))

9E1
9x(� (x) ^ ' i (x) ^ t i (x))

The second proof is given by the derivation below. We use totality, uniqueness,
and an equality axiom. Let [1] be [� (w) ^ t i (w)], and let [2] be [� (z) ^ ' i (z) ^ t i (z)].

[2]
^ E

t i (z)

[1]
^ E

t i (w)
^ I

t i
z;w

[2]
� (z)

[1]
� (w)

� z;w (� )

8xy(� x;y ! (t i
x;y ! x = i y))

8E
� z;w ! (t i

z;w ! z = i w)

t i
z;w ! z = i w

! E
z = i w (� 1)

8xy(� x;y ! (x = i y ! (' i (x) ! ' i (y))))
8E

� z;w ! (z = i w ! (' i (z) ! ' i (w))) �

z = i w ! (' i (z) ! ' i (w)) � 1
! E�

' i (z) ! ' i (w) ( � 2)
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� 2

[2]
^ E

' i (z)
! E

' i (w)
[1]

^ E
� (w)

^ I
� (w) ^ ' i (w)

9I
9x(� (x) ^ ' i (x)) 9x(� (x) ^ t i (x))

9E1
9x(� (x) ^ ' i (x)) [9x(� (x) ^ ' i (x) ^ t i (x))]

9E2
9x(� (x) ^ ' i (x))

The next lemma will complete the simulation of 8E and 9I for non-variable
terms, but requires a more elaborate proof.

4.6.3 Lemma. Given an interpretation i : T1 ! T2, we have the following proofs
for any T1-formula � (x) and non-variable termt:

(� (t)) i ` P
T2

9x(� (x) ^ t i (x) ^ � i (x))

9x(� (x) ^ t i (x) ^ � i (x)) ` P
T2

(� (t)) i

Proof. We use induction on � .10 `IH' will refer to relevant applications of the in-
duction hypothesis.

• Base case. � (t) is a predicate R(t). By the (adapted) de�nition of an inter-
pretation, (R(t)) i is equal to 9x(� (x) ^ t i (x) ^ F (R)(x)) . Sincex is a variable,
F (R)(x) is exactlyRi (x). So, by de�nition (R(t)) i $ 9 x(� (x)^ t i (x)^ Ri (x)) ,
which becomes a tautology instance.

• Conjunction. � (t) is a formula ' (t) ^  (t). We show both directions of the
pure proof of (( ' (t)) i ^ ( (t)) i ) $ 9 x(� (x) ^ t i (x) ^ ' i (x) ^  i (x)) .

Left-to-right direction. We use �rst-order substitution in the proof. The proof
is split up into three parts. Let [1] be [� (w) ^ t i (w) ^  i (w)], and let [2] be
[� (z) ^ t i (z) ^ ' i (z)].

8xy(� x;y ! (t i
x;y ! x = i y))

8E
� z;w ! (t i

z;w ! z = i w)

[1]
^ E

� (w)
[2]

^ E
� (z)

^ I
� z;w (� )

! E
t i
z;w ! z = i w

[1]
^ E

t i (w)

[2]
^ E

t i (z)
^ I

t i
z;w

! E
z = i w (� 1)

10Of the propositional connectives, for succinctness we only treat^ and ! , which together also
cover : (which is de�ned as ! ? ) and _ . Note that we do have _ in our language, but we choose to
not present this case here because its classical de�nition is covered by the other connectives, and this
paper restricts to the classical �rst-order natural deduction system.
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� 1

�

8xy(� x;y ! (x = i y ! ' i (x) ! ' i (y)))
8E

� z;w ! (z = i w ! ' i (z) ! ' i (w))
! E

z = i w ! (' i (z) ! ' i (w))
! E

' i (z) ! ' i (w)

[2]
^ E

' i (z)
! E

' i (w) [1]
^ I

� (w) ^ t i (w) ^ ' i (w) ^  i (w) ( � 2)

� 2 9I
9x(� (x) ^ t i (x) ^ ' i (x) ^  i (x))

(' (t)) i ^ ( (t)) i

^ E
(' (t)) i

IH
9x(� (x) ^ t i (x) ^ ' i (x))

9E1
9x(� (x) ^ t i (x) ^ ' i (x) ^  i (x))

(' (t)) i ^ ( (t)) i

^ E
( (t)) i

IH
9x(� (x) ^ t i (x) ^  i (x))

9E2
9x(� (x) ^ t i (x) ^ (' i (x) ^  i (x)))

Right-to-left direction. Let [1] be [� (z) ^ t i (z) ^ ' i (z) ^  i (z)]. In the proof,
the vertical dots indicate that this derivation is analogous to that of (' (t)) i

in the left branch.

[1]
^ E

� (z) ^ t i (z) ^ ' i (z)
9I

9x(� (x) ^ t i (x) ^ ' i (x))
IH

(' (t)) i

[1]

...
( (t)) i

^ I
(' (t)) i ^ ( (t)) i 9x(� (x) ^ t i (x) ^ ' i (x) ^  i (x))

9E1
(' (t)) i ^ ( (t)) i

• Implication. � (t) is a formula ' (t) !  (t). We show both directions of the
pure proof of (( ' (t)) i ! ( (t)) i ) $ 9 x(� (x) ^ t i (x) ^ (' i (x) !  i (x))) .

Left-to-right direction. The proof uses totality. Let [1] be [' i (w)], [2] be [� (w) ^
t i (w)] and [3] be [� (z) ^ t i (z) ^  i (z)].

[2] [1]
^ I

� (w) ^ t i (w) ^ ' i (w)
9I

9x(� (x) ^ t i (x) ^ ' i (x))
IH

(' (t)) i (' (t)) i ! ( (t)) i

! E
( (t)) i

IH
9x(� (x) ^ t i (x) ^  i (x)) ( � 1)

[2]

t i (w)

[3]

t i (z)
^ I

t i
w;z

[2]
� (w)

[3]
� (z)

� w;z (� )

8xy(� x;y ! (t i
x;y ! x = i y))

8E
� w;z ! (t i

w;z ! w = i z)

t i
w;z ! w = i z

! E
w = i z (� 2)

� 2

8xy(� x;y ! (x = i y ! ( i (x) !  i (y))))
8E

� w;z ! (w = i z ! ( i (z) !  i (w))) �

w = i z ! ( i (z) !  i (w))
! E

 i (z) !  i (w) ( � 3)
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� 1

� 3

[3]
^ E

 i (z)
! E

 i (w)
9E3

 i (w)
! I1

' i (w) !  i (w) [2]
^ I

� (w) ^ t i (w) ^ (' i (w) !  i (w))
9I

9x(( � (x) ^ t i (x)) ^ (' i (x) !  i (x))) 9x(� (x) ^ t i (x))
9E2

9x(( � (x) ^ t i (x)) ^ (' i (x) !  i (x)))

Right-to-left direction. Let [1] be [� (w) ^ t i (w) ^ ' i (w)], [2] be [� (z) ^ t i (z) ^
(' i (z) !  i (z))] , and [3] be [(' (t)) i ].

8xy(� x;y ! (t i
x;y ! x = i y))

8E�

� w;z ! (t i
w;z ! w = i z)

[1]
� (w)

[2]
� (z)

� w;z (� )

t i
w;z ! w = i z

[1]

t i (w)

[2]

t i (z)
^ I

t i
w;z

! E
w = i z (� 1)

� 1

8xy(� x;y ! x = i y ! (' i (x) ! ' i (y)))
! E

� w;z ! (w = i z ! (' i (w) ! ' i (z))) �

w = i z ! (' i (w) ! ' i (z))
! I

' i (w) ! ' i (z)

[1]
^ E

' i (w)
! E

' i (z)

[2]
^ E

' i (z) !  i (z)
! E

 i (z) ( � 2)

� 2

[2]
^ E

� (z) ^ t i (z)
^ I

� (z) ^ t i (z) ^  i (z)
9I

9x(� (x) ^ t i (x) ^  i (x))
IH

( (t)) i 9x(� (x) ^ t i (x) ^ (' (x)) i ! ( (x)) i )
9E2

( (t)) i

[3]
IH

9x(� (x) ^ t i (x) ^ ' i (x))
9E1

( (t)) i

! I3
(' (t)) i ! ( (t)) i

• Universal quanti�er. � (t) is a formula 8x' (x; t ). We show both directions
of the pure proof of (8x(� (x) ! (' (x; t )) i ) $ 9 x(� (x) ^ t i (x) ^ 8 y(� (y) !
' i (y; x))) . The induction hypothesis will hold for each instance ' .

Left-to-right direction: The proof uses totality, uniqueness and �rst-order
equality. [1] will stand for [� (c)], [2] for [� (h) ^ t i (h) ^ ' i (c; h)], [3] for
[� (e) ^ t i (e) ^ ' i (a; e)], and [4] for [� (a) ^ t i (a)] (all the lowercase letters
introduced here stand for variables).
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[3]
^ E

t i (e)

[2]
^ E

t i (h)

t i
e;h

8xy(� x;y ! (t i
x;y ! (x = i y)))

� e;h ! (t i
e;h ! (e = i h))

[3]
� (e)

[2]
� (h)

� e;h (� )

t i
e;h ! (e = i h)

e = i h (� 0)

� 0

8xy(� x;y ! (x = i y ! (' i (c; x) ! ' i (c; y))))

� e;h ! (e = i h ! (' i (c; h) ! ' i (c; e))) �

e = i h ! (' i (c; h) ! ' i (c; e))
! E

' i (c; h) ! ' i (c; e) ( � 1)

8x(� (x) ! (' (x; t )) i )
8E

� (c) ! (' (c; t)) i [1]
! E

(' (c; t)) i

IH
9v(� (v) ^ t i (v) ^ ' i (c; v))

� 1

[2]
^ E

' i (c; h)
! E

' i (c; e)
9E2

' i (c; e)
! I1

� (c) ! ' i (c; e)
8I

8y(� (y) ! ' i (y; e)) ( � 2)

� 2

[3]
^ E

� (e) ^ t i (e)
^ I

� (e) ^ t i (e) ^ 8 y(� (y) ! ' i (y; e))
9I

9x(� (x) ^ t i (x) ^ 8 y(� (y) ! ' i (y; x))

8x(� (x) ! (' (x; t )) i )
8E

� (a) ! (' (a; t)) i

[4]
^ E

� (a)
! E

(' (a; t)) i

IH
9b(� (b) ^ t i (b) ^ ' i (a; b))

9E3
9x(� (x) ^ t i (x) ^ 8 y(� (y) ! ' i (y; x)) 9x(� (x) ^ t i (x))

9E5
9x(� (x) ^ t i (x) ^ 8 y(� (y) ! ' i (y; x)))

Right-to-left direction: Let [1] be [� (b) ^ t i (b) ^ 8 y(� (y) !  i (y; b))] and [2] be
[� (z)].

[1]
^ E

� (b) ^ t i (b)

[1]
^ E

8y(� (y) !  i (y; b))
8E

� (z) !  i (z; b) [2]
! E

 i (z; b)
^ I

� (b) ^ t i (b) ^  i (z; b)
9I

9x(� (x) ^ t i (x) ^  i (z; x))
IH

( (z; t)) i

! I2
� (z) ! ( (z; t)) i

8I
8y(� (y) ! ( (y; t)) i ) 9x(� (x) ^ t i (x) ^ 8 y(� (y) !  i (y; x)))

9E1
8y(� (y) ! ( (y; t)) i )

• Existential quanti�er. � (t) is a formula 9y' (y; t). We show both direc-
tions of the pure proof of 9x(� (x) ^ (' (x; t )) i ) $ 9 y(� (y) ^ t i (y) ^ 9 x(� (x) ^
(' (x; y)) i ).

Left-to-right direction: Let [1] be [� (a) ^ (' (a; t)) i ], and [2] be [� (b) ^ t i (b) ^
' i (a; b)].
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[1]
^ E

(' (a; t)) i

IH
9x(� (x) ^ t i (x) ^ ' i (a; x))

[1]
^ E

� (a)

[2]
^ E

' i (a; b)
^ I

� (a) ^ ' i (a; b)
9I

9y(� (y) ^ ' i (y; b)) 9x(� (x) ^ (' (x; t )) i )
9E1

9y(� (y) ^ ' i (y; b))

[2]
^ E

� (b) ^ t i (b)
^ I

� (b) ^ t i (b) ^ 9 y(� (y) ^ ' i (y; b))
9I

9x(� (x) ^ t i (x) ^ 9 y(� (y) ^ ' i (y; x)))
9E2

9x(� (x) ^ t i (x) ^ 9 y(� (y) ^ ' i (y; x))))

Right-to-left direction. Let [1] be [� (c) ^ ' i (c; a)], and [2] be [� (a) ^ t i (a) ^
9y(� (y) ^ ' i (y; a))] .

[1]
^ E

' i (c; a)

[2]
^ E

� (a) ^ t i (a)
^ I

� (a) ^ t i (a) ^ ' i (c; a)
9I

9x(� (x) ^ t i (x) ^ ' i (c; x))
IH

(' (c; t)) i

[1]
^ E

� (c)
^ I

� (c) ^ (' (c; t)) i

9I
9y(� (y) ^ (' (y; t)) i )

[2]
^ E

9y(� (y) ^ ' i (y; a))
9E1

9y(� (y) ^ (' (y; t)) i ) 9x(� (x) ^ t i (x) ^ 9 y(� (y) ^ (' (y; x)) i ))
9E2

9y(� (y) ^ (' (y; t)) i )

Now we are ready to give the full proof of the theorem, which we repeat here.

4.6.4 Theorem. Let i : T1 ! T2 be an interpretation. LetD be the proof� ` T1

' in the classical �rst-order natural deduction calculus. Then� i ; � � D ` P
T2

' i by
simulation.

Proof. We prove this by induction on the length of the derivation of � ` T1 ' .

• Base case. ' is a T1-axiom or -assumption. By de�nition of an interpreta-
tion, there exists a (trivially secondarily ontologically pure) proof � ' ` P

T2
' i .

• Case ^ I. Suppose ' equals � ^  and the last step of D was
�  

^ I� ^  
. This means there are subderivationsD1 referring to � ` T1 � , and D2

referring to � ` T1  .11 Then by the induction hypothesis, we have pure sim-
ulations � i ; � � D 1

` P
T2

� i , and � i ; � � D 2
` P

T2
 i . Then we obtain the following

pure simulation of the whole proof D:

11D1 and D2 may only use a subset of� , but for easy notation we will use the entire set � , which will
only require a conjunction elimination in the worst case, and we can easily transform a pure simulation
using a subset of� i into one that starts from � i as a whole.
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[� i ; � � D ]
^ E

� i ; � � D 1

...
� i

[� i ; � � D ]
^ E

� i ; � � D 2

...
 i

^ I
� i ^  i

This works by de�nition of the interpretation, as � i ^  i = ( � ^  ) i . The case
^ E works similarly, which we omit.

• Case _I. Suppose' equals � _  and the last step of D was
�

_I� _  
.

This means there is a subderivationD1 referring to � ` T1 � . By the induction
hypothesis, we have a pure simulation� i ; � � D 1

` P
T2

� i . Then we obtain the
following pure simulation of the whole proof D:

[� i ; � � D ]
^ E

� i ; � � D 1

...
� i

_I i
� i _  i

This works because of the interpretation, as� i _  i = ( � _  ) i , and because
certainly the introduction of  i is valid according to the restricted rule _Ii .

• Case_E. Suppose' was obtained by the_E-rule, i.e.
� _  

[� ]

...
'

[ ]

...
'

_E'
. This means there are subderivationsD1 referring to � ` T1 � _  , D2 re-
ferring to � ` T1 ' and D3 referring to  ` T1 ' . By the induction hypoth-
esis, we have pure simulations� i ; � � D 1

` P
T2

(� _  ) i , ' i ; � � D 2
` P

T2
' i and

 i ; � � D 3
` P

T2
' i . Then we obtain the following pure simulation of the whole

proof D.

[� i ; � � D ]
^ E

� i ; � � D 1

...
(� _  ) i

[� i ]
[� � D ]

^ E� � D 2 ^ I
� � D 2

; � i

...
' i

[ i ]
[� � D ]

^ E� � D 3 ^ I
� � D 3

;  i

...
' i

_E
' i
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Again, this works because we may see(� _  ) i in the premise of the rule as
� i _  i , so that it is ready for a disjunction elimination rule to be applied to
it. The cases of! I and ! E work similarly, which we omit.

• Case 8I. Suppose' equals 8x� and the last step of D was
� [xny]

8I8x�
.

This means there is a subderivationD1 referring to � ` T1 � [xny]. By the
induction hypothesis, we have the pure simulation � i ; � � D 1

` P
T2

� i (y). Then
we obtain the following pure simulation of the whole proof D. In this case,
we can see that� � D = � � D 1

.

[ � i ; � � D ]

...
� i (y) [� (y)]1

^ I
� i (y) ^ � (y)

^ E
� i (y)

! I1
� (y) ! � i (y)

8I
8x(� (x) ! � i (x))

• Case 9E. Suppose' was obtained by the 9E-rule, i.e.
9x� (x)

[� (y)]

...
'

9E'
. This means there are subderivationsD1 referring to � ` T1 9x� (x) and
D2 referring to � (y) ` T1 ' . By the induction hypothesis, there exist pure
simulations � i ; � � D 1

` P
T2

9x(� (x) ^ � i (x)) and � i (y); � � D 2
` P

T2
' i . Then in

T2, there exists the following pure simulation of the whole proof D.

[� i ; � � D ]
^ E

� i ; � � D 1

...
9x(� (x) ^ � i (x))

[� � D ]
^ E� � D 2

[� (y) ^ � i (y)]1

^ E
� i (y)

^ I
� � D 2

; � i (y)

...
' i

9E1
' i

• Case 8E. Suppose' equals � (t) and the last step of D was
8x� (x)

8E
� (t)

.

This means there is a subderivationD1 referring to � ` T1 8x� (x). By the
induction hypothesis, we have a pure simulation � i ; � � D 1

` P
T2

8x(� (x) !
� i (x)) . Now we distinguish between two cases. Forvariable terms (so that
(� (t)) i = � i (t)), the simulation of this rule will consist of:
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[� i ; � � D ]

� i ; � � D 1

...
8x(� (x) ! � i (x))

8E
� (t) ! � i (t)

[� i ; � � D ]
^ E

� (t)
! E

� i (t)

For non-variable terms, we can see that� � D = � � D 1
. The simulation of the

rule consists of the following (double lines indicate an application of the
relevant lemma):

[� i ; � � D ]

...
8x(� (x) ! � i (x))

Lemma 4.6.2
9x(� (x) ^ t i (x) ^ � i (x))

Lemma 4.6.3
(� (t)) i

• Case 9I. Suppose' equals 9x� (x) and the last step of D was
� (t)

9I
9x� (x)

. This means there is a subderivationD1 referring to � ` T1 � (t). By the
induction hypothesis, we have a pure simulation � i ; � � D 1

` P
T2

(� (t)) i . In this
case, again, we can see that� � D = � � D 1

. We again distinguish between two
cases. Forvariable terms, the simulation of this rule will consist of:

[ � i ; � � D ]

...
� i (t)

[� i ; � � D ]
^ E

� (t)

� (t) ^ � i (t)

9x(� (x) ^ � i (x))

For non-variableterms, the simulation of the rule consists of:

[ � i ; � � D ]

...
(� (t)) i

Lemma 4.6.3
9x(� (x) ^ t i (x) ^ � i (x))

Lemma 4.6.2
(9x� (x)) i
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5
An ideal of proof systems
Preliminaries to the analysis of

semantic pollution

This chapter will provide the conceptual as well as technical background for the
analysis of a particular ideal of proof systems in Chapter 6. This means that we
now transition away from ideals of informal (mathematical) proofs, and we focus
on properties of the design of a proof system itself. In particular, we will zoom in
on proof systems for modal logic in order to introduce and formalize the ideal of
`syntactic purity', or its more well-known counterpart, `semantic pollution'. As a
start to doing so, in this chapter we provide the background for this phenomenon,
and we familiarize ourselves with the variety of formal systems that characterize
modal logic.

First, we brie�y consider the dif�culties encountered in designing proof sys-
tems for modal logic in Section 5.1. In Section 5.2, we will then introduce the
grammar and model-theoretic interpretation of the most common proof systems
for modal logic. Instead of providing the full de�nition of a proof system in terms
of grammar, axioms and inference rules, we will focus mainly on their grammar
(that we say generates aproof-theoretic language). After that, Section 5.3 will de-
scribe the usual notions of equivalence for Kripke models (the most common type
of models for modal logic), as well as for Kripke models extended by an assign-
ment function. The introduction of these languages and model equivalences will
involve some of the formal notation that we are going to use in the next chapter.
We end the chapter in Section 5.4 by considering several properties that intuitively
relate to semantic pollution, that we nevertheless reject; and so we are ready to
embark on the full proposal for semantic pollution in Chapter 6. The work in this
chapter corresponds to parts of the publication (Martinot, 2022), and part of the
submitted work (Martinot, 2024a).
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pollution

5.1 Introduction

Modal logic is the logic obtained from propositional logic by adding modalities to
the language (usually denoted by 2 and 3 ), which are operators used to qualify
the truth of a statement. The origin of studying modal logic is often attributed to
C.I. Lewis (see Lewis (1918)), who introduced the �rst modal operators with the
aim of solving paradoxes of material implication. Nowadays, a plentitude of modal
operators have been introduced and analyzed, all of which express new `modes of
truth'. Common modalities are alethic modalities (that stand for necessity and
possibility), epistemicmodalities (representing knowledge and belief), temporal
modalities (relativizing truth to the past or future), and provability modalities
(representing provability in arithmetical theories). More information on the his-
tory of modal logic may be found for instance in (Blackburn et al., 2001, §1.7).

While modal logics have wide applications in computer science, AI, game
theory and philosophical logic, the consensus is that `Gentzen's proof-theoretical
methods' have not �ourished particularly well within the domain of modal logic
(see e.g. (Bull and Segerberg, 1984)). That is, the presentation of modal log-
ics as `ordinary' natural deduction and sequent calculi has proven troublesome
for technical reasons, as well as philosophical ones. In particular, natural deduc-
tion calculi for modal logics have proven to be dif�cult to normalize, and sequent
calculi for modal logics do not easily obtain the property of analyticity (that in-
duces the subformula property) (Negri, 2011). Sambin and Valentini (1982) for
instance illustrate the latter by attempting to �nd a satisfactory sequent calculus
for the logic K4.

The basic modal logic K is obtained by taking the axioms of CPL (classical
propositional logic) and the rule of Modus Ponens, and by adding the axiom K
(2 (A ! B ) ! (2 A ! 2 B )) as well as the rule of necessitation: from A infer
2 A. The logic K4 is in turn obtained from K by adding the axiom for transitivity
(2 p ! 22 p), which Sambin and Valentini propose to add as a rule as follows.

� ) 2 A; �
� ) 22 A; �

While this rule is perfectly adequate for establishing soundness and complete-
ness results with respect toK4, it does not allow cut elimination.

Certain philosophically desirable properties of inference rules have also been
found challenging to establish in the modal setting, such as the want for rules
that are separable(Poggiolesi and Restall, 2012),symmetricand explicit (Wansing,
1994) (see also Chapter 1). For instance, one can introduce a rule for necessity in
a proof system by turning the axiom K into a rule (see also (Pimentel, 2018)). A
sequent calculus version of this rule can be made as follows:

A1; :::; An ) B
2 A1; :::; 2 An ) 2 B
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But such a rule introduces the modality simultaneously on the left and on the right
of the sequent arrow, and so introduces multiple of the same connective at once
(violating the requirement for explicitness, among others). Instead, proof systems
that introduce separate introduction and elimination rules provide better candi-
dates for philosophically meaning-conferring rules, yet the standard attempts are
not without problems, either. For instance, a standard modal (natural deduction)
rule in Curry (1950)'s T-system for formal deducibility is the following:

A 3 I3 A

As discussed in (Read, 2015), an elimination rule that is suitably in harmony with
the introduction rule is in fact hard to �nd. For the interested reader, more details
on the mentioned desirable properties of proof systems for modal logic are given
by the references provided above (as well as, for instance, (Poggiolesi, 2010)).

In order to obtain modal inference rules with nicer properties, enriching the
language of proof calculi has been a widespread solution. Below, we will introduce
the most common such enriched languages, and the model-theoretic interpreta-
tion of their formulas. We will not speci�cally introduce the axioms and inference
rules of proof calculi that use these languages, because they are not necessary for
our characterization of semantic pollution in Chapter 6, and they will take up too
much space here. However, references where full descriptions of the proof systems
are given will be provided.

5.2 Syntax and semantics of proof systems for modal
logic

We will introduce formal languages by their grammar, displaying the form of
atomic formulas, and that of complex formulas. A language L is then equal to
the set of well-formed formulas by this grammar.

5.2.1 De�nition (Formula type ). SupposeC is an n-ary operator in L. Then for
any subset (that we may call a c̀ontext language') CL � L, the formula type ofC is
denoted by:

C(CL) := f C(A1; :::; An ) j A i 2 CL for 1 � i � ng

Suppose instead thatC is an atomic formula in L: then its formula type is just the
set of all its available occurrences.

We will use this de�nition later on more. For now, we can start by introducing
the modal language, which we will from now on refer to as the object languageL.
Let Prop = f p; q; r; :::g be a set of countably many propositional variables. Then
L will refer to the (classical) basic modal language and contains the well-formed
formulas of the grammar:
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A ::= p j ? j A ^ A j A _ A j A ! A j 2 A (where p 2 Prop)

Given a formula A, we abbreviate : A as A ! ? , > as :? and 3 A as : 2 : A.
Thus, for each modal operator, its natural context language isL itself.

As the model theory for L, we take the usual Kripke semantics, as speci�ed e.g.
in (Blackburn et al., 2001).

5.2.2 De�nition. A classical modal Kripke frameF is a pair (W; R), consisting of a
set of statesW and a binary accessibility relation R � W � W . A classical modal
Kripke modelM is a triple (W; R; V ), consisting of a Kripke frame (W; R) together
with a propositional valuation function V : Prop ! P (W ).

L-formulas receive classical truth conditions relative to a pointed model, as
follows.

5.2.3 De�nition. Let M = ( W; R; V ) be a Kripke model, and letw 2 W . The truth
conditions of L-formulas are then de�ned inductively as follows:

M; w � p iff w 2 V(p)

M; w 2 ?

M; w � A ^ B iff M; w � A and M; w � B

M; w � A _ B iff M; w � A or M; w � B

M; w � A ! B iff M; w � A implies M; w � B

M; w � 2 A iff for all v such that wRv, M; v � A

A proof-theoretic languagePL, generated by the grammar of a proof system, can
then extend L by any new syntax. We will say that a proof system, and in particu-
lar its collection of axioms and inference rules, are `based in' a proof-theoretic lan-
guage. Among the proof-theoretic languages extendingL, we can distinguish be-
tween `internal' and `external' proof systems. As mentioned by Lyon et al. (2023),
“the proof-theoretic community lacks consensus on how [`internal' and `external'
calculus] should be precisely de�ned”. A common interpretation says that internal
calculi allow every sequent to be interpretable as a formula in the logic, whereas
external calculi do not. Lyon et al. (2023) make the notion of a formula interpre-
tation more precise: “what is meant [...] is a translation t that maps every sequent
to a (i) `structurally similar' and (ii) `logically equivalent' formula in the language
of the logic”. Then t can be said to be ahomomorphismpreserving the structure
of the sequent, and such that “a sequent is satis�ed on a model of the underlying
logic iff its output is”. 1 Lyon et al. note two downsides of this conceptualization:
�rst, internality or externality is then dependent on the speci�c subset of sequents
based in a particular language, which seems counterintuitive. Second, it appears

1This quote is adapted by usingt for the translation instead of Lyon et al.'s use of � , in order to
avoid a con�icting use of � later on.
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that establishing that a language is external, i.e. con�rming the non-existence of
a suitable translation to the logic, can be a rather dif�cult task.

We will make sense of the distinction between internal and external calculi by
making two changes to Lyon et al.'s conception. First, we will consider transla-
tions from the proof-theoretic language to the logic not to act on entire sequents,
but on individual grammar categories (i.e., individual formula types) within the
proof-theoretic language. The main motivation for this is that we aim to consider
the nature of the separate operators that are added to the modal language, in-
stead of considering sequents as one `undividable block'. This slightly changes the
obstacle of the property of internal/external syntax being dependent on the lan-
guage subset you look at: now it is dependent on the operator itself, as well as its
context language. Furthermore, we prefer to precisify the notion of internal and
external calculi independently from the particular semantics, and so we specify it
with respect to the logical entailment relation. For that, we consider ` to refer to
the derivability relation of a proof system based in a languagePL, and ` LE to refer
to the logical entailment relation of L.2

5.2.4 De�nition (Formula interpretation ). Let PL be a proof-theoretic language
extending L, and consider a proof system based inPL. Then PL will have a formula
interpretation into L, if there exists a translation function t : PL ! L from proof-
theoretic symbols A to formulas in the logic 3, such that B ` A implies t(B ) ` LE

t(A). We will use `having a formula interpretation in the logic' synonymously with
`being translatable to the logic'.

5.2.5 De�nition (Internal and external proof system ). A proof system isinter-
nal with respect to L, if each element of its proof-theoretic language PL has a
formula interpretation in L. A proof system isexternalwith respect to L, if there is
an expression ofPL that does not have a formula interpretation in L.

While we maintain the above de�nitions, we remain aware that the literature
contains variants of them with possibly different properties. Our choice of pre-
senting these notions will be compatible with the characterization of semantic
pollution in the next chapter.

We now present several proof-theoretic languages for modal logic, as well as
the truth conditions of the formulas they introduce in terms of Kripke semantics.
The last three languages that we introduce will receive two-letter abbreviations,
as they will serve as main case studies in Chapter 6 on semantic pollution. First,
we mention some well-known structural generalizations of the sequent calculus.
Consider the hypersequent calculus(after (Avron, 1987; Pottinger, 1983)), that
generalizes the notion of a sequent by working with �nite lists of sequents. A

2Here, logical entailment refers to the consequence relation of the logic, satisfying appropriate
versions of properties such as commonly, among others, re�exivity and transitivity.

3t should have certain suitable properties like compositionality, to avoid triviality of the translation.
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hypersequent looks as follows:

� 1 ) � 1 j ::: j � n ) � n
4

A hypersequent is interpreted commonly as a disjunction of sequents, so that the
above expression is equivalent to(

V
� 1 !

W
� 1) _ ::: _ (

V
� n !

W
� n ). Hyper-

sequents are “analytic, but the presence of internal and external structural rules,
usually non-eliminable, make them less suitable for the purposes of automated de-
duction” (Negri, 2011). A further generalization of the sequent calculus induces
a tree structure into the syntax of a sequent. This is achieved by the nested se-
quent calculus (Brünnler, 2010) and the tree-hypersequent calculus (Poggiolesi,
2009), which are notational variants of each other (and which are predated by
Bull (1992); Kashima (1994)). Here, any structure

A1; :::; An ; [� 1]; :::; [� m ]

is a nested sequent, where A1; :::; An are modal formulas, and � 1; :::� m are nested
sequents (a nested sequent is then a multiset of formulas and boxed sequents).
Similarly, any structure

� =G1; :::; Gn

is a tree-hypersequent, where� is a set of modal formulas, andG1; :::; Gn are tree-
hypersequents. The formula interpretation ()FI of nested and tree-hypersequents
is then the same:

(A1; :::; An ; [� 1]; :::; [� m ])FI := A1 _ ::: _ An _ 2 � FI
1 _ ::: _ � FI

m

(� =G1; :::; Gn )FI :=
_

� _ 2 GFI
1 _ ::: _ 2 GFI

n

Furthermore, consider now two languages that introduce an additional set
of variables to the syntax of the proof system. The �rst is the labeled language
(LL), and the second is the hybrid language(HL). The introduced variables are
called `labels' in labeled calculi and `nominals' in hybrid logic. While labels are
intuitively understood as naming states in a Kripke model, nominals were mo-
tivated by the want to formalize natural language sentences referring to spe-
ci�c time points or individuals. We will treat labels and nominals uniformly
throughout this thesis, and call them name variablesfor both languages, given by
a setVar = f a; b; c; :::; x; y; z; :::g.5 Formulas including name variables will receive
truth conditions in terms of Kripke models extended by an assignment function
� : Var ! W .

The notation M will always stand for a regular Kripke model (W; R; V ) as in
De�nition 5.2.3. A model for a proof-theoretic languagePM will either equal an

4This notation should not be confused with the notation for grammar categories.
5In the literature, it is common for nominals to use early-occurring alphabet letters a; b; c; :::, and for

labels to use late-occurring alphabet lettersx; y; z; ::: . In accordance with this custom, our examples for
HL will commonly use letters a; b; c; :::, and our examples for LL will commonly use letters x; y; z; ::: .
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extended model(M; � ) (in case ofLL and HL), or a regular Kripke model M (in case
of other proof-theoretic languages). Where it is relevant to know if we are talking
about M or a pair (M; � ), we will always use the speci�c notation. Similarly, a
frame for a proof-theoretic languagePF will either stand for a regular Kripke frame
F = ( W; R) or for an extended frame (F; � ).

Now consider the proof-theoretic languages. The languageLL uses the name
variables in Var (as just de�ned above) to accompany object language formulas
and to form new atomic formulas xRy . Thus, LL extends L by the following for-
mulas, based on the labeled calculus as in (Negri, 2005) (note that labeled calculi
date back to Simpson (1994); Kanger (1957)):

A ::= B j x : B j xRy (where B 2 L and x; y 2 Var)

The truth conditions of the new proof-theoretic formulas are then de�ned as fol-
lows, for a Kripke model extended by assignment function� .

M; �; w � x : A iff M; � (x) � A

M; �; w � xRy iff � (x)R� (y)

Although we only focus on proof systems relative to Kripke models here, note that
the labeled calculus can be seen to inspire a general approach to designing proof
systems based on a certain semantics. See (Negri, 2016) for the general approach
and for an elaboration of a proof system based on neighborhood semantics.

Next, the language HL uses the name variables inVar to introduce various
new operators. Some of them are closely related to the labeled calculus, and thus
HL provides a good comparison for semantic pollution in the next chapter.6 HL
extends the modal language by the following grammar, based on propositional
hybrid logic as in (Braüner, 2011), which is a logical extension of the basic modal
language.

A ::= p j a j ? j A ^ A j A ! A j 2 A j @aA j 8aA j#aA
(where p 2 Prop; a 2 Var)

The truth conditions of the hybrid formulas are as follows, again for a Kripke
model extended by an assignment function� . Let � a be the assignment function
that agrees with � on every nominal assignment, except possibly ona. Speci�-
cally, let � [a7! w ] be the assignment function that agrees with � on every nominal

6Technically, as HL is primarily an object language, and secondarily a proof-theoretic language,
results of semantic pollution will apply to this language in both roles. We thus take semantic pollution
then generally to apply to any language extending the basic modal language, not just to proof-theoretic
languages, although of course the use of languages in proof systems is what concerns the debate on
semantic pollution most, and what we focus on here.
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assignment, except possibly ona, which is sent to world w.

M; �; w � a iff � (a) = w

M; �; w � @aA iff M; �; � (a) � A

M; �; w � 8aA iff for any � a ; M; � a ; w � A

M; �; w � #aA iff M; � [a7! w ]; w � A

Finally, we present the display language(DL). DL extends L by forming the
following grammar, based on the display calculus as in (Wansing, 1994) (an ex-
tension of (Belnap, 1982)):

A ::= B j I j (A � A) j � A j � A (where B 2 L)

That is, the display calculus adds new structural connectivesI, � , � , and � to the
modal language. The resulting structures have two different translations into tense
logic, depending on their position (antecedent or consequent) in a sequent. The
operators I, � and � have intended translations in terms of conjunction, disjunc-
tion, negation, truth and falsum (see (Wansing, 1994) for details). In consequent
position, � A may be translated as2 A. We will focus most, however, on the occur-
rences of� A in a proof system in antecedentposition (and whenever we talk of the
bullet operator from now on, we will assume this interpretation). In antecedent
position, it has the intended translation and so the truth condition of a backwards
diamond:

M; w � � A iff 9v(Rvw ^ M; v � A)

5.2.6 Remark. There exist several formal translations between all these forma-
lisms. For an overview, we refer to (Lyon et al., 2023). The results include transla-
tions between labeled sequents and nested sequents (or tree-hypersequents) (Goré
and Ramanayake, 2014; Pimentel, 2018; Lyon, 2021b); translations between la-
beled and display calculi (Ciabattoni et al., 2021), and between labeled and hyper-
sequent calculi (Lyon et al., 2023), relative to certain logics. Lyon et al. observe
that translations from more basic sequents to sequents with a more complex data
structure are simpler to de�ne than the other way around. For instance, labeled
calculi often only allow for various translations to `less complex' sequent struc-
tures by restricting to labeled sequents in that are in tree form. Although we will
not discuss such translations in detail here, we will comment on some of their
philosophical implications in Chapter 6 and 7.

5.2.1 Restrictions of the hybrid language

The terminology introduced at the beginning of Section 5.2 allows us to consider
better the effect of L being extended by anindividual operator, instead of multiple
operators at the same time. In particular, in Chapter 6, this will be relevant for the
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HL

HLV HLQ

HLQ;V

L

Figure 5.1: The restricted versions of the languageHL.

language HL. Considering individual operators is unproblematic in LL, as labels
are already only applied to L-formulas (and relational atoms are nullary). In DL,
although the display operators can stack, it is only� A that has no translation into
L. We thus do not have to make any effort to consider the individual effects of � .

However, HL contains multiple hybrid operators a; @a ; 8a and # a, and the
latter three operators are applied to the full language HL. In order to approach
the effect of applying these operators just toL, we will try to limit combinations
of hybrid operators only to the necessary ones (e.g., in order to have any effect
at all, the operators 8a and # a must at least combine with name variables a).
Three restricted versions of HL (see Figure 5.1) will let us distinguish between
different context languages for these operators, measuring their effects in different
environments. First, consider HLV (V for `variable'), which reduces the set of
name variables to a singleton.

A ::= p j a j ? j A ^ A j A ! A j 2 A j @aA j 8aA j#aA
(where p 2 Prop, a 2 Var for jVarj = 1 )

Second, considerHLQ , which excludes the operator8aA from the language (Q for
its `quanti�er'-like property).

A ::= p j a j ? j A ^ A j A ! A j 2 A j @aA j#aA (where p 2 Prop, a 2 Var)

Finally, consider HLQ;V , which combines the previous two changes.

A ::= p j a j ? j A ^ A j A ! A j 2 A j @aA j#aA
(where p 2 Prop, a 2 Var for jVarj = 1 )

In order to refer conveniently to such language restrictions, we can use the
previously de�ned notions. For example, in the next chapter we might want to
consider the formula type @a(HLV ), instead of its variant with the natural context
languageHL.

This way, we will be able to most accurately compare the modal languageL
to its extensions, without too rashly attributing certain differences to an extended
languages as a whole.
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5.3 Equivalences between (extended) Kripke
models

Modal logic is compatible with many types of model-theoretic semantics, including
neighborhood semantics, topological semantics, algebraic semantics, and Kripke
semantics, the latter of which we already introduced above. For most of the proof-
theoretic languages that we de�ned, regular Kripke models suf�ce perfectly well
for providing truth conditions for their formulas. As we have seen, however, LL
and HL require Kripke models to be extended by a label function� .

In this section, we provide an overview of the notions of equivalence between
Kripke models. That is, we want to know when two pointed models are indis-
tinguishable by modal languages: when do they satisfy exactly the same modal
formulas? Additionally, we are interested in what a model extension by � means
for model equivalences. Hence, we will �rst zoom in on equivalences between
regular Kripke models, and then show how these equivalences can be made sense
of for extended Kripke models.

5.3.1 Equivalences between regular Kripke models

We introduce isomorphisms, disjoint unions, generated submodels and bisimula-
tions for regular pointed Kripke models (M; w), after their de�nition in (Blackburn
et al., 2001). Consider isomorphisms, which reduce fewest pointed models to each
other.

5.3.1 De�nition (Isomorphism ( ISO)). Two models M = ( W; R; V ) and M0 =
(W 0; R0; V 0) are isomorphicif there is a function f : M ! M 0 such that: w 2 V(p)
iff f (w) 2 V 0(p); wRv iff f (w)R0f (v); and f is a bijection. Pairs(w; f (w)) indicate
isomorphic worlds (M; w �= M0; f (w)).

If (M; w) and (M0; w0) are isomorphic, the frame structure and valuation of M
and M0 are entirely alike. More differences between the models may come in for
more tolerant notions of equivalence, that capture better what aspects of Kripke
models the modal language cannot express. Disjoint unions, for instance, equate
a model with the union of itself and another model.

5.3.2 De�nition (Disjoint union (DU)) . Two models are disjoint if their domains
contain no common elements. For disjoint models Mi = ( Wi ; Ri ; Vi ) ( i 2 I ),
their disjoint union is the structure

U
i Mi = ( W; R; V ), where W is the union

of the sets Wi , R is the union of the relations Ri , and for each proposition p,
V (p) =

S
i 2 I Vi (p). For eachMi , a world w 2 Wi is equivalent to its copy in

U
i M i .

On the other hand, generated submodels establish that a model is equivalent
to its upward restriction relative to one state.
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5.3.3 De�nition (Generated submodel ( GS)). Let M = ( W; R; V ) and M0 =
(W 0; R0; V 0) be two models. Then M0 is a submodelof M if: W 0 � W ; R0 is
the restriction of R to W 0 (that is: R0 = R \ (W 0 � W 0)) ; and V 0 is the restriction
of V to M0 (that is: for each p, V 0(p) = V (p) \ W 0). We say thatM0 is a generated
submodelof M if M0 is a submodel ofM and for all points w the following closure
condition holds:

if w is in M0 and Rwv, then v is in M0

For M0, each world w 2 W 0 is equivalent to its copy in M.

Bisimulations capture the most general model equivalence, reducing the largest
number of pointed Kripke models to each other. A bisimulation requires in the
most general way that “related states have identical atomic information and match-
ing transition possibilities” (Blackburn et al., 2001).

5.3.4 De�nition (Bisimulation ( BI)). Let M = ( W; R; V ) and M0 = ( W 0; R0; V 0).
Then Z � W � W 0 is a bisimulation if: if wZw0 then w and w0 satisfy the same
propositional letters; if wZw0 and Rwv, then there exists a v0 2 M 0 such that
vZv0 and Rw0v0 (forth) ; and if wZw0 and R0w0v0, then there exists av 2 M such
that vZv0 and Rwv (back). Pairs (w; w0) related by Z indicate bisimilar worlds
(M; w - M0; w0).

5.3.2 Equivalences between extended Kripke models

There are also various ways of adapting the usual notions of equivalence to ex-
tended pointed models (M; �; w ). These ways generally vary depending on the
way that � is constrained in the equivalence. In what follows, � P will denote one
of three strengths with which to adapt a usual notion of equivalence to extended
pointed models (M; �; w ). Consider the weakest extended equivalence.

5.3.5 De�nition (Free extended ( FE-)equivalence ). Two extended pointed mod-
els (M; �; w ) and (M0; � 0; w0) are free extended (FE-)equivalent if their underlying
pointed Kripke models are equivalent:

M; �; w � FE M0; � 0; w0 iff M; w � M0; w0

`Free' indicates that the extended equivalence poses no requirements on� .
This notion extends a regular equivalence simply by adding assignment functions
on top of M and M0. It does not matter what these functions look like: any pair
of functions �; � 0 added to M and M0 will lead to the equivalence between (M; � )
and (M0; � 0). This is a rather simple way of extending the regular equivalences,
but it will provide a proper base comparison to how formulas dependent on name
variables stand apart from modal formulas.

Now consider two ways of placing more restrictions on � . A weak approach
connects the object language formulas satis�ed at worlds � (a) and � 0(a), and a
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strong one explicitly aligns equivalent worlds with the name variables they are
assigned.

5.3.6 De�nition (Constrained extended ( CE-)equivalence ). Two extended poin-
ted models (M; �; w ) and (M0; � 0; w0) are constrained extended (CE-)equivalent if
their underlying pointed Kripke models are equivalent, and if object language for-
mulas are invariant under name variable assignments.

M; �; w � CE M0; � 0; w0 if and only if:

1. M; w � M0; w0

2. For all name variablesx and A 2 L: M; � (x) � A iff M0; � 0(x) � A

`Constrained' indicates that the extended equivalence poses some requirements
on � . It still allows a name variable a to be assigned to non-equivalent worlds. The
strongly constrained extended equivalence will not allow this; it is based on hybrid
bisimulations (Blackburn et al., 2006) (which is intended to provide an invariance
result for the basic modal language extended with the satisfaction operator and
nominals).

5.3.7 De�nition (Strongly constrained extended ( SCE-)equivalence ). Two ex-
tended pointed models (M; �; w ) and (M0; � 0; w0) are strongly constrained extended
(SCE-)equivalent if all states that are assigned a name variable are related by the
equivalence, and if equivalent states are assigned the same name variables.

M; �; w � SCE M0; � 0; w0 if and only if:

1. M; w � M0; w0

2. For all name variablesx, M; � (x) � M0; � 0(x)

3. For all name variablesx:

(a) There is a unique v0 such that M; � (x) � M0; v0, and

(b) There is a unique v such that M; v � M0; � 0(x)7

`Strongly constrained' indicates that the extended equivalence poses strong re-
quirements on � . Replacing � in these three de�nitions of FE-, CE- and SCE-
equivalence by one of the equivalences from Section 5.3.1 leads to twelve notions
of equivalence between extended models.

Note that strongly constrained extended equivalences require (by the second
criterion) that the range of the functions �; � 0 is a subset of the states related by
the equivalence. For isomorphisms, this is not a problem, because all states of
the isomorphic models are by de�nition already related by the equivalence. For

7Thus, the � - and � 0-ranges of name variables are restricted to being isomorphic. Note that other
equivalences can still also have anSCE-version, by the states inM and M0 that are not assigned any
name variables.
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disjoint unions, generated submodels and bisimulations, not all states in the model
need to be equivalent to some other state: this just means that forSCE-versions
of these equivalences, the range of the functions�; � 0 need to be restricted to a
subset of all states.

In summary, from the above de�nitions, we can de�ne a more general model
equivalence for models for a proof-theoretic language.

5.3.8 De�nition (Equivalences for PL-models). Let PL be a proof-theoretic lan-
guage. Then a Kripke model equivalence� P for PL consists of:

• A regular equivalence E 2 f ISO; DU; GS; BIg (as in Section 5.3.1).

• If PL equalsLL or HL, a model equivalence extensionS 2 f FE; CE; SCEg (as
in Section 5.3.2).

5.4 Candidate properties for semantic pollution

We now have the background and formalities that are necessary in order to enter
the debate on semantic pollution. In the �nal part of this chapter, we turn more ex-
plicitly towards semantic pollution. After introducing it intuitively, we will brie�y
consider several properties of proof systems that have intuitive promise to charac-
terize semantic pollution. We check whether these properties are prevalent among
calculi that we think are semantically polluted, such as labeled calculi, and scarce
among the standard propositional and �rst-order systems. The properties turn out
to not be exactly what we are looking for, and we focus instead on a particular
measure acting on the grammar of a proof system in Chapter 6.

5.4.1 An introduction to semantic pollution

The phenomenon of semantic pollution has gained increasing attention during the
search for satisfactory proof systems for modal logic. Especially labeled calculi are
considered to semantically pollute the modal language, by explicitly internalizing
Kripke semantics into the proof system. In particular, the calculus introduces labels
x; y; z; ::: and a `forcing relation' :̀' to accompany every modal formula occurring
in the proof system, as well as relational atomsxRy as new primitive formulas.
Consider for instance the rules for2 in the system G3K(Negri, 2005):

y : A; x : 2 A; xRy; � ) �
L2x : 2 A; xRy; � ) �

xRy; � ) � ; y : A
R2� ) � ; x : 2 A

While some proof theorists claim labeled calculi provide desirable technical prop-
erties — such as “analyticity, applicability to proof search [and] the possibility
to obtain direct completeness proofs” (Negri, 2011) — the literature also refers
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to them more apprehensively with philosophical concerns about semantic pollu-
tion. Consider for instance that “a philosophical objection to this kind of system
is that it builds-in the (desired) semantics into the given syntax” (Braüner and
de Paiva, 2006); “[t]he use of a labeled calculus has been sometimes criticized,
as mixing semantic elements into what should be a purely syntactic proof system”
(Negri, 2011); “some proof-theorists are not satis�ed with the idea of labels in
proofs that would be seen as `semantical pollution' because some ingredients of a
labeled formalism resemble model-theoretic objects” (Marin, 2018); and “[s]ome
have criticised this as a lack of syntactic purity, i.e. as the presence of “semantic
pollution”; others defend it as allowing calculi for otherwise unmanageable logics”
(Dyckhoff, 2016).

At this point, two main more elaborate philosophical analyses of semantic pol-
lution can be found in the literature. The �rst is by Read (2015), who argues
that the explicit encoding of Kripke semantics in labeled calculi is in fact a virtue,
as opposed to tree-hypersequent or nested calculi, which attempt to `obscure' the
semantics in their structural syntax. A recent paper by De Martin Polo (2024)
includes a more overarching insight into the types of labeling used by proof the-
orists, and outlines the current main philosophical attitudes towards using labels.
Both authors argue that labeled calculi are suitable for inferentialism, the endeav-
our to specify the meanings of logical constants in terms of their rules of inference
— this has been a main potential philosophical drawback of semantically polluted
calculi. Thus, the philosophical debate so far seems tentatively ready to accept
semantic pollution. However, in the interest of painting a complete picture, we
believe that the philosophical views expressing caution with respect to semantic
pollution at this point deserve more attention, which we will address in Chapter
6. Additionally, the notion of semantic pollution broadly as a relation between
syntax and semantics, remains underspeci�ed in studies so far.

Hence, we have suf�cient reason to take a closer look at what semantic pollu-
tion could amount to, more formally. As far as we are aware, the only precisi�-
cation of the notion of syntactic purity (as the counterpart to semantic pollution)
has been put forward by Poggiolesi (2010), and appeals to the difference between
internal calculi and external calculi (recall the way we make this precise in De�-
nition 5.2.5). She proposes that a sequent calculus is syntactically pure if it does
not “make use of explicit semantic elements”, which are exactly elements that
make the proof calculus external, i.e., that prevent translation of a sequent to “a
formula equivalent to the sequent”. Poggiolesi's account follows Avron (1996)'s
requirements for `good' proof systems. There, he suggests that “[a] sequent calcu-
lus should be independent of any particular semantic[s]. One should not be able
to guess, just from the form of the structures which are used, the intended seman-
tics of a given proof system”. Poggiolesi calls this `strong syntactic purity', since it
is hardly satis�ed by any proof system: already the classical propositional sequent
calculus violates a reasonable interpretation of this type of syntactic purity. Her
account then forms a compromised de�nition of `weak syntactic purity'.
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While the results of this section are largely negative, we get some valuable
insights along the way. The �rst two properties we discuss are categoricity of proof
systems and a semantic translation of proof rules — they can both be considered
as interpretations of `guessing' a semantics, and so as interpretations of Avron's
strong syntactic purity. For the third property, we will have a look at the notion of
`structural syntax'.

5.4.2 Interpretations of `guessing' a semantics

We �rst discuss a strict interpretation of `guessing' a semantics, and one weaker
one that is more inspired by Poggiolesi (2010)'s own interpretation of this idea. Let
us �rst generally introduce the relevant properties. We can imagine that “guess-
ing” the intended semantics of a proof system “from the form of the structures
which are used” can occur with different levels of certainty. In case of a low level
of certainty, the form of the syntactic structures might just induce some idea or
impression of similarity to a semantics — but perhaps a high level of certainty
implies that the form of the syntax simply �xes the semantics. The latter idea can
be captured by categoricity of proof systems.

Categoricity describes the situation where proof rules determine the truth con-
ditions of their connectives. That is, a proof system is categorical when it is only
sound and complete with (uniquely speci�es) one collection of admissible valua-
tions. Carnap (1943) describes a well-known counterexample, namely the usual
proof system for classical propositional logic, which is perfectly consistent with the
non-standard valuation that makes everything true (in particular, for each formula
A, both A and : A will come out true, against the truth conditions of negation).
Thus, categoricity in the literature is treated as a desirable property, as we want
proof calculi to capture the meaning of their connectives and to exclude unwanted
interpretations. Note that on this interpretation, semantic in�uence also becomes
a desirable property.

In order to slightly weaken the property of categoricity, we will also talk about
categoricity of a connective. A connective is categorical when a proof system is cat-
egorical — or when a proof system is not categorical, yet non-standard valuations
for the particular connective in question are excluded. Thus, the inference rules
for a particular connective do determine the semantics of this connective, even
though the proof system as a whole is not categorical. This suggests we could take
two variations on a requirement for semantic pollution.

5.4.1 De�nition (Candidate property 1 ). A proof system isstrongly semantically
polluted if it is categorical. A proof system is weakly semantically polluted if it is
not categorical, but it has categorical connectives.

The second property of proof systems that we consider is the existence of a
way to `read off' the semantics from the inference rules. A looser interpretation
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of `guessing' the semantics from a proof system can be seen to give rise to this.
Given a certain familiarity with the intended semantics of a proof system, the
truth conditions of a connective may be recognizable in its inference rules. Such a
connection between the proof system and a semantics, instead, might be reason to
call a proof system semantically polluted. When analyzing `strong' syntactic purity,
Poggiolesi (2010) gives an interpretation of this idea. She says:

(Poggiolesi, 2010) [...] the logical rules of GclL re�ect at the syntactic
level (or may be read in terms of) the semantic de�nitions of each
constant: the elements of the structure of the sequent calculus (i.e.
the sequent arrow and the comma) remind us of the metalinguistic
elements of the de�nitions (i.e. if .. then and and and or); the positions
of the formulas in the sequent (i.e. the left or the right sides of the
sequent) remind us of the truth values in the equivalencies (i.e. false
or true).

This idea is made more precise for classical propositional logic by Hacking (1979)'s
Do-It-Yourself semantics. Hacking assumes a formal language and a model theory
for that language, and presents a way to go from general proof rules to the truth
conditions of the connectives de�ned. His main example concerns sequent rules
(omitting side formulas) for a new connective added to classical propositional
logic, which occurs in the principal formula ' :

f � i ) � i gi 2 I
) '

f � j ) � j gj 2 J
' )

Given such rules, we can tell when ' is true or false in a model of the original
language: the rule on the left tells us that ' is true in a model of the original
language iff there are premisesf � i ) � i gi 2 I from which to derive ) ' , and if
for each premise� i ) � i it holds that either some 
 2 � i is false, or some� 2 � i

is true. The other rule similarly tells us when ' is false in a model of the previous
language. This inspires the following more general notion of semantic pollution.

5.4.2 De�nition (Candidate property 2 ). A proof system based inPL is semanti-
cally polluted if, given a model theory for PL, there is a translation8 that takes the
inference rules for each (existing or new) logical connective to the truth condition
of this connective.

While these interpretations provide reasonable conceptions that may be further
analyzed in future research, we �nd enough reason to abandon them here. First
of all, they are not properties that are reliably absent in the usual proof calculi for
propositional or �rst-order logic, and present in calculi that we think intuitively

8There are different ways of making this translation precise: clearly, some preservation of structure
is required. However, we will not elaborate on the properties of such a translation, as Hacking's
example will already provide reason to reject the measure.
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are semantically polluted (especially the labeled calculus). For categoricity, the re-
sults in the literature show that the standard calculi for propositional, modal and
�rst-order logic are weakly categorical (suggesting some level of semantic pol-
lution), except somehow intuitionistic propositional systems, which are strongly
categorical (suggesting a high level of semantic pollution) (Tong and Westerståhl,
2023). This difference in susceptibility to categoricity does not relate clearly to
semantic pollution: the measure of semantic pollution we are looking for would
not distinguish the standard classical propositional calculus from its intuitionistic
variant. As for the semantic reading of proof rules, this property seems too eas-
ily satis�ed by proof systems, and simultaneously not developed enough for wide
applications. Namely, Hacking relies on strong assumptions for the existence of
such a translation method. He presupposes that cut-free derivations are available,
and that rules are `local' in the sense that “they concern only the components from
which the principal formula is built up, and place no restrictions on the side formu-
las” (Hacking, 1979). Hacking's resort to the ! -rule for �rst-order logic then turns
out to enforce classicality (Sundholm, 1981). This means that the “DIY semantics”
in practice comes down to quite a restricted notion, and applicable almost only to
certain classical propositional systems. And of course, as also noted in the variant
of strong syntactic purity of Poggiolesi (2010), the applicability to proof systems
for classical propositional logic would tell us exactly that they are examples of
semantically polluted calculi. This should already be reason enough to discard
the property as a serious candidate for corresponding to semantic pollution as we
think of it intuitively.

Future analyses may provide more insight into what methods are necessary to
transform a non-categorical proof system, or one that does not allow truth con-
dition translation of its rules, into systems that do allow this — and, whether
such methods correspond in any way to proof systems having a more `semantic
nature'. The labeled calculus could serve well as a case study. So far, the literature
shows that there are several ways of acting on the proof system in order to ensure
categoricity. Among them are ensuring that a proof system has multiple conclu-
sions (Rum�tt, 1997), others are adding a primitive notion of rejection (Smiley,
1996), or working with n-sided sequents (Hjortland, 2014). But categoricity can
also be ensured by restricting the interpretation space on the semantic side, by
imposing certain semantic principles (Bonnay and Westerståhl, 2016). On the
syntactic side, increasing expressiveness and changing the structure of sequents is
de�nitely part of what is necessary for categoricity; however, it is unclear whether
any of these syntactic extensions can be made sense of as `semantic' ones. That
is, the strengthening of proof systems to multiple-conclusion or bilateralist calculi
does not directly involve any referral to semantic notions (such as possible worlds
or the Kripke accessibility relation). We will thus end the discussion on `guessing'
an intended semantics here, and move on to a different property.
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5.4.3 Structural syntax

Finally, we discuss the common use of the term `structural syntax' in relation to
semantic pollution. There is a general distinction between structural syntax (and
structural rules) and logical syntax (and operational rules) in proof systems. The
basic de�nition of structural syntax in proof systems is the following, found in
many places in the literature, and speci�ed to sequents: “A sequent (or rule) is
structural if it is a schematic statement which does not require mention of any
particular connectives” (Humberstone, 2011). Now, the following quote may be
seen to relate structure to semantic pollution:

“In the proliferation of calculi beyond Gentzen systems, there have
been two main lines of development, one that enriches the structure of
sequents (display calculi, hypersequents, nested sequents, tree-hyper-
sequents, deep inference), another that maintains their simple struc-
ture but adds labels and relations in the form of variables and atomic
formulas.” (Negri, 2016)

Hence, Negri does not consider labels to enrich the structure of sequents:
rather, perhaps, they can be seen to enrich the `operational language' of the proof
system.9 Thus, we might wonder whether the labeled language, as an intuitively
semantic language, is `structural' in a different way than other proof-theoretic lan-
guages. We will propose that the de�nition of structural syntax should be found
primarily in their ability to “capture different ways of `bunching data' ” (Goré,
1998). This outlook will lead to the modest conclusion that, although in quite a
passive way, labels and relational atoms still belong to the structural syntax.

We base our interpretation of structural syntax on the idea that it is more ab-
stract than logical syntax. This is in line with ideas such as that “[o]ur use of
the term structural rules [...] is based on the fact that such rules manipulate the
underlying data structure of sequents as opposed to introducing more complex
logical formulae” (Lyon, 2021a). That is, structural syntax can be thought of as
creating different types of distinctions between (collections of) logical formulas, by
`bunching them together' in different ways. While logical connectives also collect
formulas together, being structural in the current sense is a one-way street: struc-
ture can shape logic, but logic cannot shape structure (merely in the sense that a
logical operator cannot collect together various structural formulas). Thus, syntax
should �nd itself on a level higher than that of the object language, also related to
Došen (1989)'s `levels' of formulas, inspiring the following simple de�nitions.

5.4.3 De�nition. A (possibly nullary) connective c in a proof system is generally
structural if c cannot be bound by logical connectives. A generally structural con-

9Note that we are not claiming that this is a widespread opinion; there are also authors that do
classify the labeled language as structural language.
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nective is actively structural if its arity is � 2. We call syntax passively structuralif
it is generally structural but not actively structural.

Additionally, consider the following notion, that can co-occur with both active
or passive structure.

5.4.4 De�nition (n-level structure ). Let object-language formulas have struc-
tural level 0. A generally structural connective c has n-level structure(and is of
level n) if it cannot be bound by formulas of level n � 1.

We can make simple tree graphs out of any possible complex sequent, by fol-
lowing the arity of the formulas. In the tree graphs that follow, this means that
when starting at the root, actively structural connectives change not only the depth
of the tree, but also the width (number of branches). The idea behind active struc-
ture is that it changes something interesting in how logical formulas are collected
together: not only is it of a higher level of abstraction than logical formulas, but
it also changes the way that they, or other structure binding logical formulas, are
held together. If structure is passive, it acts just as a placeholder of a more ab-
stract nature than what it binds, but that does not `collect anything in a different
way' than the formula that it binds already does. It just adds a `passive' layer of
structure.10 We can now consider two examples.

The sequent arrow )̀ ' is generally structural, because it cannot be bound by
logical connectives. The arrow binds two collections � ; � , and so is also actively
structural; the Gentzen comma is easily also seen to be actively structural.11 Fur-
thermore, the comma has1-level structure, as it only cannot be bound by logical
connectives. The sequent arrow has2-level structure, as it cannot be bound by
logical connectives, nor by the comma. The following tree visualizes the situation.

A1
...

; An

) ; B1

Bn
...

10Passive here does not mean that the structure is not useful proof-theoretically: it merely means it
is passive in the aspect of collecting formulas together.

11The comma isn-ary in Gentzen systems, but usually displayed explicitlyn � 1 times. For clarity,
here we take it as occurring only once and bindingn formulas.
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Now we are interested in the labeled language. Consider the tree of a labeled
sequentxRy; x : A ) y : B :

; xRy

) x : A A

; y : B B

Clearly, the labels binding modal formulas are generally structural, but their
arity is just unary. Similarly, relational atoms are generally structural, and are
nullary. That is, both formula types introduced by the labeled calculus are pas-
sively structural. The labeled structure thus essentially adds a structural level to
the comma, ensuring that the comma now gets structural level2, and the sequent
arrow structural level 3. A layer in the tree is added for every logical formula,
but the labels do not organize logical formulas in a different way. Although the
labeled syntax itself codes a graph with its own syntax, this is not re�ected in the
sequent structure, which we determine by the arity of connectives. In this sense,
the structural tree is not in a meaningful way connected to the R-graph coded by
the labeled syntax.

All in all, we do not take absence or passivity of structuralness as a reliable
property indicating semantic pollution. Structural connectives are often intended
to mirror logical connectives (see e.g. (Goré, 1998)) on a more abstract level than
the logical language. As long as logical connectives can be unary, or nullary, this
process does not indicate at all a semantic nature (see for instance the operators�
or I (interpreted in terms of negation, and truth or falsum) of the display language,
which are also passively structural). Additionally, the structural syntactic level can
simply also be used to mirror model-theoretic elements: for such `semantic' struc-
tural connectives, perhaps the chance is higher that they are passively structural,
because they do not directly relate to or act on the object language. However,
passive structuralness by no means guarantees semantic pollution.

5.5 Conclusion

This chapter has provided the main preliminaries for our characterization of se-
mantic pollution that will follow next. We are now properly embedded in the exist-
ing proof-theoretic languages for modal logic, and in the way that Kripke seman-
tics interprets these languages. We also possess some new terminology in order
to focus on the effects of individual operators within a proof-theoretic language.
Additionally, we have had a �rst taste of what semantic pollution is intuitively,
and of why several properties for de�ning semantic pollution more precisely lack
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relevance. In particular, categoricity of rules, a semantic reading of rules and
structuralness of syntax are found not to provide an adequate understanding of
semantic pollution. Let us quickly move on to see a more positive characterization
of the phenomenon.
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6
An ideal of proof systems

Characterizing semantic
pollution

This chapter concerns itself with the phenomenon of semantic pollution of proof
systems. As we have seen, an intuitive understanding of semantic pollution con-
sists of the idea that a model-theoretic semantics is somehow `imported' into the
proof-theoretic syntax. What exactly semantic pollution amounts to in more con-
crete terms, however, is largely unclear. Taking Poggiolesi (2010)'s proposal as
a starting point, we believe that the wide range of proof systems for modal logic
could bene�t from a more nuanced account of semantic pollution, and one that
is motivated by a more semantic perspective. In attempting to provide one, we
will de�ne concrete measures (resulting in four levels) of semantic pollution of
proof systems relative to the modal language, and provide a �rst comprehensive
overview of the behaviour of several proof systems for (extensions of) modal logic
under these measures. Since the debate on semantic pollution focuses almost en-
tirely on logics with Kripke semantics, we restrict our analysis to this semantics and
to proof systems for (extensions of) modal logic. Our framework, however, is in-
tended to be broadly applicable to other logics and semantics, on which we brie�y
comment in the conclusion as well as Chapter 7. Finally, we embed the general re-
sults in a philosophical discussion on semantic pollution. Our categorization is in
line with general intuitions about semantically polluted proof systems, providing
a formal underpinning for them.

Before we dive into de�ning measures of semantic pollution, Section 6.1 will
provide a few formal remarks and preliminaries to our approach, paving the way
to the next sections. A base requirement for semantic pollution will be de�ned in
Section 6.2, which will also analyze several proof systems in terms of this require-
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ment. Section 6.3 will then de�ne four levels of semantic pollution by building on
the base requirement, and discuss the results. Finally, Section 6.4 will provide an
analysis of the philosophical debate surrounding semantic pollution. This chapter
corresponds to the main part of the submitted work (Martinot, 2024a).

6.1 Preliminary remarks

Our approach has several aspects that are useful to highlight from the beginning.

6.1.1 Some formal preliminaries

First of all, semantic pollution will be a property of a proof system, but we will
sometimes abuse terminology and say that a formula type or a proof-theoretic lan-
guage itself is already semantically polluted — but it should be kept in mind that
these statements in the end only serve as shorthand for saying that aproof system
is semantically polluted (one based in the particular proof-theoretic language and
formula type).

Furthermore, it will not be possible for L-formulas to be semantically polluted:
the same will hold for proof-theoretic formulas translatable to L (as de�ned in
the previous chapter). Hence, if the translatability of a proof-theoretic formula
depends on the background logic, then whether proof-theoretic formulas are se-
mantically polluted does, too. This for instance concerns common extensions of
the Gentzen calculus for modal logic, like the nested calculus or tree-hypersequent
calculus, and the hypersequent calculus (and even the usual Gentzen arrow and
comma). Relative to a background logic, these structural sequents commonly have
intended translations in terms of, for instance, disjunction and the box operator.
Our approach will render them automatically syntactically pure. However, such
calculi have been speculated to possess (some version of) semantic pollution by
Read (2015); De Martin Polo (2024); hence, we will discuss them more in Section
6.4.

For de�ning the results of semantic pollution, the restricted versions of HL
as de�ned in Chapter 5 will come in handy. Recall that this is because we are
mainly interested in the effects of extending L by individual operators (that are,
as far as possible, only applied to formulas in L), so that we can more easily
compare their individual behaviour to that of L-formulas, and to that of other
proof-theoretic operators. The restricted versions ofHL (see Figure 5.1) will let
us distinguish between different semantic pollution results, that will indicate from
which language they are obtained.

More speci�cally, throughout the chapter, we will propose a base requirement
for semantic pollution, and four more elaborated levels of semantic pollution. Sat-
isfaction of the base requirement and of a level of pollution will then be introduced
to a proof-theoretic language, and in turn to a proof system, by aformula type. By
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focusing on formula types, the truth conditions of proof-theoretic formulas will
be analyzed at the level of their main operator. This way, it is really the opera-
tors introduced by the proof system that get full responsibility for their semantic
effects.

The results of the base requirement come with some notation. In general,
satisfaction of the base requirement (written as BR) will be indicated by the ab-
breviation `po' (for pollution, saying a formula type satis�es BR), while syntactic
purity results will be indicated by the abbreviation `pu' (for purity, saying a formula
type does not satisfyBR). For the language HL, we will furthermore distinguish
between results from different context languages, providing several levels of satis-
fying BR. Now suppose we are given the de�nition for BR. Then its satisfaction is
determined for a formula type C(L) with respect to the modal context languageL.

• The result po meansC(L) satis�es BR (po for (semantic) pollution). 1

• The result pu means thatC(L) does not satisfyBR (pu for (syntactic) purity).

For HL, C(L) sometimes captures `vacuous purity results'. Namely, its operators
cannot always show their power when restricted to L. On the other hand, C(HL)
will sometimes fail to show the individual effect of C, as C can combine with any
other operator of HL. Hence, we will introduce some weaker types of pollution
that arise for context languagesL0 such that L � L0 � HL. po is then the strongest
type of pollution for HL-operators. A resultpoL0 will indicate that L0 is the smallest
language (among the ones we have selected) to satisfyBR. This means that the
operator restricted to a smaller language will not satisfy BR, and will instead sat-
isfy a purity result: several of such results will be proven in the Appendix. We use
the following notation for weaker types of pollution.

• The result poQ;V means that C(HLQ;V ) satis�es BR.

• The result poV means that C(HLV ) satis�es BR.

• The result poQ means that C(HLQ ) satis�es BR.

• The result poHL means that C(HL) satis�es BR.

It will follow from the de�nition of BR that po implies poQ;V . Furthermore, poQ;V

implies poV and poQ , and the latter two both imply poHL , which is the weakest
type of pollution.

Finally, in this chapter, the general notation PL for proof-theoretic language
will have just three instantiations, as de�ned in the previous chapter:

• The labeled language (LL)

• The display language (DL)

• The hybrid language ( HL)
1We will assume that � (L) = � (DL), as their results for the measures for semantic pollution will be

the same.
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6.1.2 Conceptual preliminaries

Our method has a few characteristic conceptual properties, which we here em-
phasize for clarity. First, our approach is heavily framework-dependent. We see se-
mantic pollution as dependent on an object language, a proof-theoretic language,
and a particular semantics. We thus do not accommodate a notion of semantic
pollution that is irrespective of this background context, and that only relies on
proof-theoretic tools. We consider this to be natural: there is simply no absolute
standard for syntax to be `syntactic' (any expression can in principle included in
a syntax) — hence, we need a baseline connection between an object language
and a semantics in order to distinguish `semantic' and `syntactic' syntax in the
proof-theoretic language.

Second, we de�ne `operator-level'semantic pollution (by using formula types).
One might instead focus on properties of individual concrete formulas (members
of a formula type), or even of languages as an entirety. However, the interesting
level of detail seems to concern operators that a proof-theoretic language intro-
duces. This emphasizes that the object language itself is syntactically pure, and
that the proof system introduces pollution by adding to this language.

Third, we see semantic pollution as somethingstatic: if a formula type satis�es
it, then the proof system as a whole (and any formal proof using instances of the
formula type) can be considered semantically polluted. This perspective ignores
the behaviour of proof-theoretic syntax inside inference rules (i.e., the way formu-
las are usedin proofs). For instance, if the use of a semantic formula in a proof
is easily eliminable, this might take away from the level of semantic pollution.
However, this encourages a minimal view of semantic pollution, as there often
exist many translations between proof systems, where `semantic' properties may
be lost. We prefer to consider proof systems individually, and to evaluate their de-
sign. And perhaps especially when the uses of a `semantic' formula type in a proof
system are easily eliminable, the proof system should be considered semantically
polluted: why should one introduce semantic notions into a language, if it is not
even necessary?2

6.1.1 Remark. There is a general distinction between `bottom-up' and `top-down'
approaches to formalizing philosophical notions. Generally, bottom-up approaches
focus on the use of this notion by experts in practice, and aim to provide a for-
malization that matches this practice closely. Top-down approaches, on the other
hand, develop a framework based on theoretical (possibly idealized) principles
intuitively underlying a notion. Practical examples may then instead be measured
by the standard of this framework. Both approaches are valuable for different rea-
sons. This paper starts `bottom-up' by taking the intuitions on semantic pollution
mentioned in Section 5.4.1 as a given; we aim to provide a formal framework cap-
turing the idea that labeled calculi possess most semantic pollution, and that the

2See for more comments on this topic Section 6.4.2.
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usual (e.g. propositional) sequent calculus possesses none. The inspiration for and
speci�cation of our measures of semantic pollution in Section 6.2 and 6.3, how-
ever, also come with top-down in�uences on what we think makes up a `semantic
nature'.

6.2 The base requirement: violating invariance
results under model equivalences

This section will de�ne the base requirement of semantically polluted formula
types. By itself, this property provides enough information to conclude that a
formula type is semantically polluted, and it speci�es a level of pollution with
respect to it. However, the next section will introduce two properties on top of
the one de�ned here, that more clearly divide the different formula types among
four levels of semantic pollution. The idea of the base requirement comes in when
we consider the connection that the (classical) basic modal languageL displays
towards Kripke semantics as a syntactically pure baseline. That is, we can view
the way that the basic modal language distinguishes Kripke models, by describing
Kripke models with a certain level of detail, as a syntactically pure standard. The
basic modal language partitions the space of pointed Kripke models based on what
it can express about these models, by equating pairs(M; w) that it considers to be
the same (i.e., that cannot be distinguished by formulas ofL).

Formulas of a proof-theoretic language extendingL may then be found to make
more distinctions between pointed Kripke models than L, and create a more �ne-
grained partition. This tells us that the formula can express differences between
two (modally equivalent) worlds in two models that no modal formula can. It can
describe a Kripke model in a way that is unavailable to the modal language —
and in this sense, the formula has a stronger connection to the semantics. We can
check this by considering whether a proof-theoretic formula violates invariance
results under Kripke model equivalences ofL. As mentioned before, note that this
is a semantic perspective and elaboration of the suggestion proposed in (Poggi-
olesi, 2010) that semantic pollution comes down to untranslatability to an object
language. Namely, violating invariance results under model equivalences forL,
is a way of establishing untranslatability to L. We will now formally de�ne the
property of violating invariance results under Kripke model equivalences.

6.2.1 Levels of satisfying the base requirement

There are three aspects affecting the level of satisfaction of the base requirement
for formula types from HL, two for the formula types from LL and one for the
formula type of DL.
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Model equivalence ( DL, LL, HL). This concerns baseline notions of equivalence
for Kripke models. Generally, it is most dif�cult for a formula type to violate
invariance results under model equivalences that reduce many models to each
other, and this will indicate a higher level of pollution. We will use the symbol � as
covering two notions of equivalence as de�ned in Chapter 5. That is,M; w � M0; w0

means either:

1. (M; w) is isomorphicto (M0; w0), i.e. M; w �= M0; w0

2. (M; w) is bisimilar to (M0; w0), i.e. M; w - M0; w0

Note that although we can make more distinctions by picking more notions of
equivalence in between isomorphisms and bisimulations (such as generated sub-
models and disjoint unions), we believe too many equivalences will only obscure
the results, and these two extremes already form a suitable representation of avail-
able equivalences and lead to variable results.

In particular, when considering isomorphisms, violating invariance results can
only happen if a formula does something independent from the local frame and
valuation structure that surrounds w and w0. For instance, unconstrained assign-
ment functions � can scan different parts of the same model, leading to different
truth values of formulas including labels or nominals.

Although we do not include disjoint unions and generated submodels, note
that potential reasons for violating invariance under one of these notions increase,
as they reduce more models to each other. In disjoint unions, formulas that say
something about the global model situation can additionally cause violation of
invariance, since a disjoint union adds an entire model to an initial one, and a
formula may be able to express this. In generated submodels, a formula may
furthermore detect that local worlds preceding equivalent worlds disappear.

Both of these aspects are also captured by bisimulations. A formula may ad-
ditionally violate invariance under bisimulations because it detects differences in
the number of local successors of equivalent worlds, which can vary under bisimu-
lation. Thus, bisimulations capture more types of semantic pollution than isomor-
phisms, which are more strict in what counts as pollution.

Model equivalence extension ( LL, HL). This concerns the extension of the two
model equivalences to models with an assignment function. We will take the
three `equivalence strengths' for extended models(M; � ) as de�ned in Chapter 5,
corresponding to the following notation:

1. Free extended (FE-)equivalence � FE.

2. Constrained extended (CE-)equivalence � CE.

3. Strongly constrained extended (SCE-)equivalence � SCE.
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Low level High level

FE CE SCE

Bisimulation Isomorphism

HL LHLQ;VHLVHLQ

HL-restriction

Model equivalence extension

Model equivalence

Figure 6.1: Three aspects affecting the level of satisfying the base requirement.
`Model equivalence' and `model equivalence extension' apply toLL, DL and HL,
while `HL-restriction' applies only to HL.

For free-extended equivalences, note that violations of invariance results by formu-
las including name variables may be rather unsurprising, since� and � 0 can map
name variables to very different states in the equivalent models. Lack of surprise
does not indicate lack of value, however: such results show exactly that� scans a
Kripke model in a way that is foreign to the modal language, a phenomenon that
we aim for semantic pollution to capture.

The two constrained equivalences will indicate a higher level of semantic pol-
lution, as a formula violating invariance results under these equivalences distin-
guishes even more Kripke models than formulas only violating invariance results
under FE-equivalences. That is, it is more dif�cult for a formula type to violate
invariance results under a stronger equivalence for extended models.

We will use the symbol � P as in De�nition 5.3.8, only now restricted to only
two regular equivalences as de�ned above, combined with the three possible equiv-
alence strengths.

Size of the context language ( HL). It is most dif�cult for an HL-formula type
to violate invariance results relative to a small context language (see Figure 5.1),
and so this will indicate a higher level of pollution. Note that this does not apply
to LL and DL.

Figure 6.1 visualizes the effect of these three properties on satisfying the base
requirement. Now we will see the model equivalences and model equivalence
extensions de�ned in detail.
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Figure 6.2: Example of the base requirement.

6.2.2 Base requirement for semantic pollution

The work of the previous sections now comes together in the base criterion that
any semantically polluted formula type will need to satisfy.

6.2.1 De�nition (Base requirement ( BR)). Let C be an operator or metavariable
of PL, and let CLbe thecontext languageof C. Let � P consist of an extended Kripke
model equivalence with the following ingredients:

• A regular equivalence E 2 f ISO; BIg (as in Section 5.3.1)

• If PL equalsLL or HL, a model equivalence extensionS 2 f FE; CE; SCEg (as
in Section 5.3.2)

Then C satis�es BRCL;E;S , i.e., the base requirement of semantic pollution rela-
tive to context languageCL, equivalenceE and strengthS, if it violates invariance
under � P:

There are equivalent pointed models PM; w � P PM0; w0, and an A 2 C(CL)
such that

1. PM; w � A

2. PM0; w0 2 A

This requirement gives us a level of pollution with respect to the aspects shown
in Figure 6.1. We will discuss the results of BR with respect to the formula types
of DL, LL and HL in the next section, using the variants for pollution ( po) and
purity ( pu) as described in Section 6.1. In order to tear apart the formula types
even more clearly, we will de�ne more overarching levels of semantic pollution in
Section 6.3. First, a small example ofBR for an intuitive sense of it.

6.2.2 Example (Example of the base requirement ). Take the operator @a of
HL, and let L be the context language of@a . Suppose we want to show that @a

satis�es BRL;�= ;FE. Figure 6.2 shows two models(M; � ) and (M0; � 0), where we let
V (p) = w, V 0(p) = w0, � (a) = w, � 0(a) = v0. Then (M; �; w ) and (M0; � 0; w0) are
FE-isomorphic, yet M; �; w � @ap and M0; � 0; w0 2 @ap. Hence, @a(L) satis�es
BRL;�= ;FE.
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Equivalence � A
Isomorphism pu
Bisimulation po

Table 6.1: Base requirement results of the bullet operator.

Finally, we note that the base requirement is theoretically applicable to any
other combination of object language and model-theoretic semantics. However,
the details of making the requirement precise depend too much on the particular
context for a useful generalization at this point.

6.2.3 Results

We treat the results per languageDL, LL and HL. Most examples we provide are
well-known and can already be found elsewhere, for instance in (Blackburn et al.,
2001), but we discuss them here for the �rst time within the context of semantic
pollution.

Results of DL. From DL, we see that only � A as interpreted in the antecedent
position of a sequent (see Section 5.2) satis�es the base requirement. By their
translatability to L, I, A � A and � A stay syntactically pure.

� A gives us simple results (see Table 6.1). Results for extended model equiva-
lences do not apply to it, so we only consider the usual variants of Kripke model
equivalences. There, we see that it only violates invariance under bisimulations,
simply because it functions like a backwards diamond. This also indicates only a
medium level of semantic pollution, as isomorphisms preserve its truth value, and
they are harder to violate invariance under (note that a similar pattern holds if we
included generated submodels and disjoint unions —� A is polluted with respect
to the former, but pure with respect to the latter).

Results of LL. Consider now labeled formulas and relational atoms, that also
give us rather clear-cut results (see Table 6.2). Interestingly, their semantic pol-
lution is indifferent to the type of Kripke model equivalence chosen (bisimulation
or isomorphism), for all model equivalence extensions. This indicates that� rises
above the differences in model properties that the modal language cannot see.
Consider the following example for FE-isomorphisms (and so also bisimulations).

6.2.3 Example (x : p, xRy ). Consider the models in Figure 6.2, and letV (p) =
f wg, V 0(p) = f w0g. Let � (x) = w, � 0(x) = v0, � (y) = v and � 0(y) = v0. Then
(M; �; w ) is FE-isomorphic (and observe, notCE- or SCE-isomorphic) to (M; � 0; w0).
However, M; �; w � x : p, M0; � 0; w0 2 x : p, and M; �; w � xRy , M0; � 0; w0 2 xRy .
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Model equivalence extension x : A xRy
Free extended po po

Constrained extended pu po
Strongly constrained extended pu pu

Table 6.2: Base requirement results ofLL-operators (results are the same for iso-
morphisms and bisimulations of the same model equivalence extension).

Model equivalence extension a
Free extended po

Constrained extended po
Strongly constrained extended pu

Table 6.3: Base requirement results ofa (results are the same for isomorphisms
and bisimulations of the same model equivalence extension).

Stronger model equivalence extensions reduce pollution, and also tear apart
x : A and xRy , as relational atoms are more semantically polluted than labeled
formulas. Of course, this is by design of the model equivalence extensions:CE-
equivalences purify x : A by de�nition, while they do not yet tie down xRy (just
edit the previous example by giving all worlds valuation f pg — just because each
world satis�es the same modal formulas, does not mean they have the sameR-
context).

Only SCE-equivalences tamexRy . To see this, suppose thatM; �; w � xRy ,
and suppose there is a strong equivalenceM; �; w � M0; � 0; w0. By assumption,
� (x)R� (y), and we know that the entire range of � is included in the equivalence.
Hence, there are worlds s0 and t0 in M0 such that � (x) � s0 and � (y) � t0. We
also know that equivalent worlds must satisfy the same name variables, sos0 =
� 0(x) and t0 = � 0(y). Now to see that s0Rt 0, suppose that our equivalence is a
bisimulation (for isomorphisms, s0Rt 0 is clear). By the forward condition, there
existsu0 2 M0 such that s0Ru0 and � (y) � u0. But as equivalent worlds must satisfy
the same labels,u0 = � 0(y), and sou0 = t0, so that s0Rt 0 (and M0; � 0; w0 � xRy ).

Results of HL. The results of HL are a little more intricate. First consider the
simple results of a as in Table 6.3, and note that it has the same results asxRy .
The following example illustrates the cases of pollution.

6.2.4 Example (a). Take Figure 6.2 and let all worlds have valuation f pg. Let
� (a) = w and � 0(a) = v0. Then (M; �; w ) and (M0; � 0; w0) are FE- and CE-equivalent.
Yet M; �; w � a and M0; � 0; w0 2 a.

Clearly, strongly constrained extended equivalences will purify a by de�nition,
because of the strict demand that equivalent worlds are assigned the same name
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� � �
w v w0

M M0

(a) (b)

(c) (d)

� � �
w v w0

M M0

� � �
w v v0w0

�

M M0

� � � �
w v w0 v0

M M0

Figure 6.3: The extended models serving as proof for satisfying the base require-
ment. Assume that all worlds receive valuation f pg.

variables.
We then switch to the more graded results of the operators@a , 8a and #a. Re-

call that we consider them with respect to several language fragments. Note from
Table 6.5 that @a : A shows more pollution than x : A, as it retains pollution in a
context language more powerful than L. The difference is seen inCE-equivalences,
where x : A is immediately turned pure, but @aA �nds pollution even in the rather
restricted languageHLQ;V : consider the example below.

6.2.5 Example (@a3 a). Consider the pair of models in Figure 6.3(a). Let � (a) =
w and � 0(a) = v0. Then (M; �; v ) is CE-isomorphic to (M 0; � 0; v0). Yet M; �; v 2
@a3 a, and M 0; � 0; v0 � @a3 a.

In a strongly constrained extended isomorphism (see Table 6.6),@a is �nally
turned pure. As Theorem 6.6.4 shows, in fact, all formulas in HL are invariant
under SCE-isomorphisms.

But SCE-bisimulations still show a low level of pollution for @aA relative to
HLV , by interacting with 8aA. Consider the example below.

6.2.6 Example (@a(8a(a)) ). Consider the pair of models in Figure 6.3(b). Let
� (a) = w and � 0(a) = w0. Then (M0; � 0; w0) is SCE-bisimilar (M; �; w ). Yet M; �; w 2
@a8a(a), while M0; � 0; w0 � @a8a(a).

To see that for bisimulations, this is the highest level of pollution that @aA can
have, Theorem 6.6.5 shows that all hybrid formulas in HLQ are invariant under
SCE-bisimulations. Thus, any smaller language thanHLV will purify @aA.

Next, consider the operator 8aA separately. Just like in the example above,
8a is able to make restricted cardinality statements in a small language, and so
is easily able to continuously satisfy the base requirement for non-isomorphism
equivalences. An easy example works for bisimulations of all three strengths (in
the languageHLQ;V , accounting for the results in Table 6.4, 6.5, 6.6): simply take
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FE-equivalence @aA 8aA #aA
Isomorphism po po(HLQ ) po(HLQ )
Bisimulation po po(HLQ;V ) po(HLQ;V )

Table 6.4: Base requirement results ofHL-operators for free extended equiva-
lences.

CE-equivalence @aA 8aA #aA
Isomorphism po(HLQ;V ) po(HLQ ) po(HLQ )
Bisimulation po(HLQ;V ) po(HLQ;V ) po(HLQ;V )

Table 6.5: Base requirement results ofHL-operators for constrained extended
equivalences.

Example 6.2.6 for just the formula 8a(a). This is why the level of SCE-pollution
of @a relative to HLV has to be seen as rather low (it is mainly `caused by'8aA).
Note also that these results for bisimulations indicate the highest level of pollution
that 8aA can achieve, as it is invariant under L (the only smaller language than
HLQ;V ).

For isomorphisms, there is an example in the restricted languageHLQ that still
works for 8aA in the FE and CEcase (see Table 6.4, 6.5).

6.2.7 Example (8a(a _ b)). Consider the pair of models in Figure 6.3(c). Let
� (a) = w, � (b) = w, � 0(a) = w0, � 0(b) = v0. Then (M; �; w ) and (M0; � 0; w0) are both
FE- and CE-isomorphic. But M; �; w � 8a(a _ b), while M0; � 0; w0 2 8a(a _ b).

The fact that po(HLQ ) is the highest level of pollution of 8aA for FE-isomor-
phisms, is shown by Theorem 6.6.3 (showing that 8aA is invariant under FE-
isomorphisms relative to HLV ). This result extends to CE-isomorphisms, which
only pose more requirements on� . However, as mentioned before, Theorem 6.6.4
shows that SCE-isomorphisms purify 8aA (see Table 6.6).

Finally, consider #aA. By resorting to re�exivity statements, it can satisfy the
base requirement relative toFE- and CE-bisimulations and HLQ;V (Table 6.4, 6.5),
as in the following example.

6.2.8 Example (#a(3 a)). Consider the pair of models in Figure 6.3(d). Let � (a) =

SCE-equivalence @aA 8aA #aA
Isomorphism pu pu pu
Bisimulation po(HLV ) po(HLQ;V ) po(HLV )

Table 6.6: Base requirement results ofHL-operators for strongly constrained ex-
tended equivalences.
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w and � 0(a) = w0. Then (M; �; w ) and (M0; � 0; w0) are FE- and CE-bisimilar. Yet
M; �; w 2#a(3 a), while M0; � 0; w0 � #a(3 a).

Just like for 8aA, note that po(HLQ;V ) is the highest level of pollution for these
categories, as# aA is pure relative to L (the only smaller language than HLQ;V ).
For FE- and CE-isomorphisms, the following polluting example of # aA is taken
from HLQ , a less restricted language, and so less polluting (Table 6.4, 6.5).

6.2.9 Example (# a(@ba)). Consider the pair of models in Figure 6.3(c). Let
� (a) = w, � 0(a) = w0, � (b) = w, and � 0(b) = v0. Then (M; �; w ) and (M0; � 0; w0) are
FE- and CE-isomorphic, yet M; �; w � #a(@ba), while M0; � 0; w0 2#a(@ba).

To see that this po(HLQ ) result is the highest level of pollution for FE-isomor-
phisms, see Theorem 6.6.2 (showing invariance of# aA under FE-isomorphisms
relative to HLV ). Again, this result extends to CE-isomorphisms. Finally, an
example using 8aA comes back in, and gives a low pollution result for SCE-
bisimulations relative to HLV (Table 6.6).

6.2.10 Example (# a(8a(a)) ). Consider the pair of models in Figure 6.3(b). Let
� (a) = w and � 0(a) = w0. Then (M; �; w ) and (M0; � 0; w0) are SCE-bisimilar, yet
M; �; w 2#a(8a(a)) , while M0; � 0; w0 � #a(8a(a)) .

Theorem 6.6.5 then shows that (among others) # aA is invariant under SCE-
bisimulations relative to HLQ , implying that po(HLV ) is indeed the highest pol-
lution level here for 8aA. And once more, the purity result of 8aA for SCE-
isomorphisms relative to HL is shown by Theorem 6.6.4.

6.2.4 Summing up

The base requirement for semantic pollution can be satis�ed with various levels,
depending on model equivalence, model equivalence extension (if applicable) and
context language restriction (if applicable). These aspects already create a division
in satisfaction of the base requirement for formula types in LL, DL and HL. The
results are summarized in Figure 6.4. The lowest level of satisfaction of the base
requirement is steadily provided by � A. The highest level is displayed byxRy
and a, which are only `puri�ed' for strongly constrained extended equivalences,
showing the independence of� from the basic modal language.

The level of semantic pollution of @aA is reduced signi�cantly by strong equiv-
alences, but never completely eliminated (unlike x : A), due to its interaction with
other formulas in HL. The level of BR-satisfaction for # aA and 8aA is relatively
low, yet (especially for 8aA) remains persistent throughout the different model

3Two formula types have a different level of pollution in the �gure, if this difference exists with
respect to isomorphisms, bisimulations, or both. Additionally, although � A does not needFE-, CE- and
SCE-equivalences, its results can be seen as unchanged with respect to these notions.
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Low level High level

� A #aA 8aA

x : A

@aA
xRy

a

� A
#aA
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x : A
@aA xRy

a

� A
#aA
8aA

x : A
@aA

xRy
a

SCE

CE

FE

Figure 6.4: Summary of the results for (levels of) satisfaction of BR.3

equivalence extensions. Only forSCE-equivalences does# aA get similar results
to @aA, and 8aA retains the highest level of pollution there. However, although
low pollution levels remain with SCE-equivalences for@aA, # aA and 8aA, note
that these all rely on the workings of 8aA. That is, they rely on the ability of 8
to distinguish between a model cardinality of one and more than one. Clearly, we
should emphasize that for @aA and # aA this is a side effect of the context lan-
guageHLV , and this is a low level of BR-satisfaction. For 8aA itself, the property
is more inherent and re�ective of a proper remaining level of semantic pollution
(relative to the minimal context language HLQ;V ).

Furthermore, we see that the BR-results of # aA for SCE-bisimulations hold
with respect to a larger context language than those of8aA. This shows that send-
ing a to the current world (as #aA does) is something less invasive than sending
it to all worlds (as 8aA does). Both operators change the assignment function,
but #aA changes it only by using local information, while 8aA changes it by using
global information. Note that both formulas are still syntactically pure for iso-
morphisms. Thus, there must be some `actual' difference between two equivalent
models for 8aA and # aA to pick up on. This is unlike more direct uses of the
assignment function � as in xRy , x : A or a, which can more easily vary even
for very similar models, but are also more easily be constrained again by stronger
equivalences.

So far, we provided a general distinction between levels of BR-satisfaction.
In the next section, we will highlight two aspects that should, according to us,
count more strongly in determining the exact level of pollution. This provides a
more intuitive division into various types of semantic pollution, and emphasizes
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the differences that the base requirement cannot capture.

6.3 Four levels of semantic pollution

The base requirement for semantic pollution is insightful, and distinguishes be-
tween some degrees of semantic pollution. However, we believe that the emphasis
of two properties (underlying some of the results in the base requirement) should
give rise to stronger forms of semantic pollution. They can be interpreted as being
`less modal' and `more semantic' in two respects, and thus form more of an unnat-
ural invasion into the modal language than lower forms of semantic pollution.

Globalness. The �rst is the property of globalness, or world invariance. It is well-
known that “[m]odal satisfaction is intrinsically local: only the points accessible
from the current state are relevant to truth or falsity” (Blackburn et al., 2001).
Another way to view locality is to recognize that the truth value of a modal formula
can change in a model depending on the world of evaluation: if the latter changes,
the context of accessible points may change as well. The property of globalness
then becomes an `unmodal' property, and has two corresponding conceptions: the
satisfaction of a formula is global if points inaccessible from the current state are
relevant to truth or falsity; or if its truth value is the same in a model for all worlds
of evaluation. A well-known example of global formulas where these conceptions
overlap is the global modality (Blackburn et al., 2001; ten Cate, 2004):

Global diamond E: M; w � EB iff M; v � B for somestate v in M

Global box A: M; w � AB iff M; v � B for all statesv in M

The idea that inaccessible states affect the truth value of a formula can be
made precise by the notion of violating invariance results under disjoint unions.
Note that this is an instance of BR, even though we only treated isomorphisms
and bisimulations in Section 6.2 (namely, by taking as model equivalence not
bisimulation or isomorphism, but disjoint union as in De�nition 5.3.2.). Instead,
world invariance as a measure of globalness is stricter thanBR. We will show soon
that BR is indeed implied by world invariance 4, and we take the latter as our
conception of globalness. A border case that is considered local by this conception
is 8aA, that intuitively possesses some type of globalness. We will discuss this
formula more in Section 6.3.2.

Besides straying from an intrinsically modal nature, global formulas may be
seen as more semantic than local formulas. Local formulas, only taking into ac-
count accessible states, are simply blind to a certain part of a Kripke model. Global
formulas, when their truth value depends on inaccessible states, can collect more
information about the model — and by the property of world invariance, they lift

4Combined with valuation dependence or contingency.
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information up to a state that the entire model �nds itself in. That is, instead of
forming truth relations with each world separately, these formulas provide a truth
state for all worlds in a model at the same time.

Valuation independence. The second is the property of valuation independence.
Generally, a modal formula “is valid on a frame when it is globally true, no mat-
ter what valuation is used. This concept allows modal languages to be viewed as
languages for describing frames” (Blackburn et al., 2001). This quote connects
both globalness and valuation independence to semantic properties, but we here
focus on valuation independence separately. The semantic nature of such formu-
las is then still best seen when �rst restricting to the modal language. Valuation
independent modal formulas can be seen to describe the local frame structure of
the world of evaluation w, as shown by the simple example3 > (`w has a succes-
sor'). However, they are still instances of formula types that we do not regard as
semantically polluted, because operators like3 are primarily intended to capture
valuation dependent statements, and they clearly do not satisfyBR. On the other
hand, if an operator introduced in the proof-theoretic language can only convey
valuation independent information, then we consider it semantically polluted. In
case such a formula is translatable to the modal language, its semantic nature is
strengthened by the fact that it will be describing the frame. There can also be val-
uation independent formulas that are untranslatable to the modal language. They
can still describe frame structure (such as a formula that is true when the world
of evaluation has exactly two successors), but they can also concern other prop-
erties of worlds (concerning, for instance, an assignment function of an extended
model). A more general view on the semantic nature of valuation independence
then says that they have a stronger connection to the world of evaluation than the
modal language.

We can thus consider formula types satisfying one of these properties as carry-
ing a different type of semantic pollution as formula types just satisfying the base
requirement. Furthermore, formula types satisfying both globalness and valuation
independence can be thought of as possessing the strongest form of semantic pol-
lution. The gradations of satisfying the base requirement can still show differences
in semantic pollution within these four new categories.

6.3.1 De�ning the levels

The properties of globalness and valuation independence are made precise by the
following de�nition.

6.3.1 De�nition (Modal semantic properties ). Let C be an operator or metavari-
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able of PL. The modal semantic properties are then de�ned with respect to PL.5

The notion of globalness gives rise to two variants concerning therelation of C to
states.

1. Locality ( LO). There is an A 2 C(PL), a model PM and worlds w1 and w2

such that PM; w1 � A and PM; w2 2 A.

2. Globalness (GL). For each model PM and for all A 2 C(PL) it is the case
that either:

(a) PM; w � A for all w 2 W (A is globally true in PM), or

(b) PM; w 2 A for all w 2 W (A is globally false inPM)

The second property, also with two variants, concerns therelation of C to the
valuation.

1. Valuation dependence ( VD). There is an A 2 C(PL), a pointed frame
(PF; w), and two models PM; PM0 extending PF such that PM; w � A and
PM0; w 2 A.

2. Valuation independence ( VI). For each pointed frame (PF; w), and for all
A 2 C(PL), it is the case that either:

(a) PM; w � A for all models PM over PF (we say A is w-valid on PF), or

(b) PM; w 2 A for all models PM over PF (we say A is a w-contradiction on
PF)

As these properties will be imposed on top of the base requirement, they only
function to further classify formula types that are already untranslatable to the
modal language. Thus, now we can de�ne the following four levels of semantic
pollution (see Figure 6.5).

6.3.2 De�nition (Levels of pollution ). Let C be an operator or metavariable of
PL, and let BR be de�ned with respect to context language CL, model equiva-
lence E and (if applicable) extended equivalence strength S. Then four levels of
pollution are de�ned as follows.

1. C satis�es weak semantic pollutionif it satis�es BRCL;E;S + LO + VD.6

2. C satis�es local semantic pollutionif it satis�es BRCL;E;S + LO + VI.

5This is a choice: they can also be de�ned with respect toL, for instance with our earlier motivation
of capturing only the effects of C, and not interactions with other operators. However, for our oper-
ators, the results relative to the different available context languages remain the same. Additionally,
as mentioned before, # aA and 8aA simply act like A when A 2 L, so in order to see some more
interesting examples highlighting the workings of 8 and #, it is insightful to let A 2 HL, and so to let
the context language generally bePL.

6Note that here, the only reasonC is semantically polluted is that it satis�es some variant of BR.
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Global Local

Strong

Weak

BR

Figure 6.5: Levels of semantic pollution (where LO stands for locality, GL for glob-
alness,VD for valuation dependence andVI for valuation independence; the prop-
erties of GL together with VD imply the base requirement, see Theorem 6.3.3).

3. C satis�es global semantic pollutionif it satis�es BRCL;E;S + GL + VD.

4. C satis�es strong semantic pollutionif it satis�es BRCL;E;S + GL + VI.

Blackburn et al. (2001) provide a simple proof that global diamond and global
box are unde�nable in the basic modal language. Similarly, we can provide an un-
translatability result for the two properties of global semantic pollution (so that BR
is actually a super�uous requirement here). Consider the de�nition of a disjoint
union, followed by the theorem.

6.3.3 Theorem. If an operator or metavariableC of PL satis�es globalness and
valuation dependence relative toCL, then it satis�es BR[CL;

U
; FE=CE].7

Proof. Suppose that C satis�es globalness and valuation dependence relative to
CL. Then there is an instanceA 2 C(CL) and two models PM and PM0, such that
A is globally true in PM and globally false in PM0. Now take an FE or CE- disjoint
union PM

U
PM0, which will be equivalent to both PM and PM0 (separately).8

SinceA is invariant under worlds, one of the following holds:

1. PM
U

PM0; w � A for all w 2 W [ W 0

7Note that if we require that some A 2 C(PL) is contingent, then globalness by itself already
implies BR. Without contingency, > satis�es globalness, and clearly does not satisfyBR (hence, we
need valuation dependence).

8On the contrary, SCE-disjoint unions are only equivalent to one of PM or PM0, which prevents
the proof from going through. As an example, consider the instance@a p of the global and valuation
dependent @a (L). Under an SCE-disjoint union it will retain its truth or falsity, as a's range in the
disjoint union must be the same as in the equivalent model.
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2. PM
U

PM0; w 2 A for all w 2 W [ W 0

Suppose wlog that the �rst case holds. Then there exists a worldw 2 W 0 such that
PM0; w 2 A, and such that PM

U
PM0; w � A. Thus, A violates invariance under

disjoint unions.

As this theorem gives theBR-result for disjoint unions, and disjoint unions are
a speci�c type of bisimulation, the result is implied for bisimulations as well. How-
ever, it is not implied for isomorphisms. A counterexample is a global modality, for
instance Ap or Ep, which are global and valuation dependent, yet invariant under
isomorphisms.

Now we provide a few remarks concerned with the difference between formula
types C(PL) and concrete instancesA 2 C(PL) of a formula type. First, observe
that global semantic pollution requires global matters to have full in�uence on the
truth value of formulas for it to result in pollution. Suppose that a proof system
introduces an atomic formula A translatable to the speci�c formula 8a(a ^ p), or
similarly to xRy ^ p. The parts8a(a) and xRy are global and violate invariance un-
der (for instance) FE- and CE-disjoint unions (for these notions, just add disjoint
unions to the regular model equivalences in Section 6.2). However,p introduces
not only valuation dependence but also locality into A, so that both versions ofA
(as atomic formula types) are not globally semantically polluted. This means that
covering up globalness with local `camou�age' is considered to decrease semantic
pollution, as this means that it is not the primary intent of a formula to convey
just a global property. Analyzed at their main operator, our method still disects
8a(a ^ p) and xRy ^ p into syntactically pure parts (^ and p) and parts possessing
semantic pollution ( 8aA, a, xRy ).

As for the de�nition of local semantic pollution, note that it considers modal
formulas that are local and valuation-independent (like 3 > ) to be syntactically
pure. This is seemingly because ofBR, which ensures that semantically polluted
formulas are not translatable to the modal language. However, even without BR
3 > would not count as semantically polluted, as we measure pollution at the
level of formula types. Clearly, 3 (L) does not satisfy valuation independence.
Still, for each modal instance of a local and valuation independent formula, a new
primitive formula type A can be added to the modal language that has exactly
the truth condition of this instance (such as ẁ has a successor'). RequiringBR
then means that formula types A that are translatable to concrete local, valuation
independent modal formulas, are pure just like these modal formulas themselves
— while without BR, such formula typesA aresemantically polluted (even though
their translations are not). Hence, our de�nition of local pollution, including BR,
says that a formula is only locally semantically polluted if you cannot in principle
replace it in a formal proof by an expression of the object language.

The way that the modal language can describe a Kripke frame (by being valua-
tion independent) is thus considered acceptable, and a syntactically pure baseline.
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Figure 6.6: Levels of semantic pollution (the properties of GL together with VD
imply the base requirement).

� �
w v

M

Figure 6.7: Example of locality.

This includes speci�c descriptions of R-depth, as the modal operators describe ex-
actly one R-step. The `height formulas' in (ten Cate and Koudijs, 2022) show that
a formula 2 n +1 ? ^ 3 n > says thatw starts at least oneR-path of length exactly n.
The modal language cannot describe speci�cR-width, however, as a consequence
of modalities describing `at least one successor' or `for all successors'. Specifying
a precise number of successors thus provides more opportunities for introducing
semantic pollution than specifying the length of an R-chain.

6.3.2 Results

Figure 6.6 shows the general division of the formula types in terms of the four
levels of pollution. The results of locality and globalness are quite easily seen. Rel-
ative to their relevant proof-theoretic language, locality of � A should be obvious,
as should globalness ofxRy , @aA and x : A. Below are some examples of locality
of the remaining HL-formulas.

6.3.4 Example (Locality ). Consider modelM in Example 6.7. Let � (a) = w. Then
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M; �; w � 8a(3 a), as wherevera is sent to, w sees it. However,M; �; v 2 8a(3 a),
as v does not see itself nor w. Additionally, M; �; w � # a(3 a), as w sees itself,
while M; �; v 2# a(3 a), as v does not see itself.9 And clearly, M; �; w � a, while
M; �; v 2 a.

The results of valuation independence are even quicker to see. It is easy to tell
that only xRy and a have a truth value that does not vary under changing propo-
sitional valuations.

Finally, as promised, some re�ection on the hybrid operator 8aA. It does not
satisfy our criterion of globalness, but intuitively, its truth value is affected by in-
accessible worlds (A's truth is tested for a sent by � to all worlds in turn). To give
body to this intuition, note that 8aA would satisfy a criterion of globalness as fol-
lows, a variant of violating invariance under disjoint unions. Given a model PM,
add a separate Kripke model(W; R; V ) to it (essentially creating a disjoint union,
but keeping � of PM constant (in case of an extended model)). A formula type is
then `global' (i.e., able to be affected by inaccessible worlds) if its truth value can
change under this model operation. Clearly, this is the case for8a(HLQ;V ) (con-
sider 8a(a)), while it is not the case for #a(HLQ ) (as shown by an easy induction
proof). This illustrates how # aA is really just a speci�c subcase of8aA, sending
a to the current world, instead of all worlds in the domain. Thus, # aA in some
sense possess more locality than8aA, so that 8aA may deserve a higher level of
semantic pollution.

However, note that the latter idea for globalness would, as � remains static,
not consider any labeled formula to be global, which is undesirable. A variant
that would attribute semantic pollution to labeled formulas is violating invariance
results under CE-, FE- or SCE-disjoint unions — but clearly, this is just another
variant of BR, which satisfaction we already require. On top of that, recall that BR
itself already captures a difference in pollution level between 8aA and #aA (see
Figure 6.4). Hence, after taking in the four levels of pollution de�ned here, more
nuance within these levels can be found by looking at the levels ofBR-satisfaction.

Finally, note the difference between 8aA, #aA on the one hand, and labels on
the other: 8aA and #aA are still general(it is unclear which world exactly a refers
to), while name variables in @aA, x : A and xRy are alwaysspeci�c (they pinpoint
particular points in a model). This corresponds intuitively to the idea that name
variables in the latter operators are more semantically polluted than 8aA and #aA.

6.3.3 Four levels compared to the base requirement

To �nish this section off, we highlight several observations that come out of the
comparison of the four pollution levels to the results concerning BR of Section 6.2.

9Locality of 8aA and # aA is already clear from modal instances8a(p), # a(p), but hybrid local
instances provide more insight.

159



Chapter 6. An ideal of proof systems:Characterizing semantic pollution

First, � A is a minimal example of semantic pollution.It steadily has the lowest level
of pollution, according to the four levels of pollution as well as BR. Within weak
semantic pollution, it may be considered to possess a lower amount of pollution
than 8aA and #aA. On our approach, it thus possesses (in our context) the least
number of properties required to be semantically polluted. For BR, it only violates
invariance under bisimulations (consider generated submodels), but it is neither
global nor valuation-independent.

Second, BR brings nuance within weak semantic pollution and global seman-
tic pollution. Within weak semantic pollution, BR shows that 8aA possesses the
highest level of pollution in this category, leaving # aA in between 8aA and � A.
Furthermore, while @aA and x : A are put in the same category of global pollu-
tion, BR shows that @aA is able to express more semantic pollution because of its
stronger context language.

Third, the local-global distinction tears aparta and xRy . While a and xRy
seemed equal in their level of pollution with respect to BR, the four levels tear
them apart. Their difference resides in that a retains locality, while xRy does not.
In doing so, xRy becomes the maximal example of pollution among our collection
of formulas.

We conclude that the four levels of semantic pollution create a helpful overview
of the differences between our formula types, while BR remains a useful tool to
gain more re�ned insights into semantic pollution results. The results show that
display calculi are very weakly polluted, hybrid calculi possess an intermediate
level of semantic pollution (with three different variants), and labeled calculi have
the strongest level of pollution (with two different variants).

6.4 Philosophical views on semantic pollution

The previous sections gave us a de�nition of the intuitive phenomenon of semantic
pollution of modal proof systems. As shown in Section 5.4.1, the discussion in
the literature concerning philosophical suitability of semantically polluted proof
systems is ongoing. Instead of aiming to solve the matter in this dissertation, we
will propose that our characterization of semantic pollution is neutral with respect
to the debate on suitability for inferentialism; that it emphasizes importance of the
distinction between implicit and explicit proof systems; and that it is compatible
with less often voiced reasons for desiring syntactic purity.

6.4.1 Suitability of proof systems for inferentialism

The literature discusses the suitability of proof systems with extended proof-theo-
retic syntax for inferentialism, i.e. the idea that the meaning of logical connec-
tives is established by their inference rules, instead of model-theoretic semantics
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(see for instance Schroeder-Heister (2024)). Most notably Read (2015); De Mar-
tin Polo (2024) have provided a philosophical defense of semantically polluted (in
particular, labeled) calculi for inferentialism.

One view in this debate, as advocated by Read (2015); De Martin Polo (2024),
says that properties such as harmony (and separability, and others) are decisive in
determining suitability for inferentialism, no matter the proof-theoretic language
used. Then, labeled calculi are acceptable, as “[t]he labeled rules [...] for 2 and
3 are harmonious, that is, the introduction rules encapsulate the whole meaning
of the modal operators” (De Martin Polo, 2024). Read (2015) emphasizes that
“[t]he semantics lies in the shape of the rules”, and so relational atoms and labels
“need not be thought of as having any meaning themselves”.

A strand of more philosophically-oriented proof theorists argue that proof sys-
tems should suitably correspond to our inferential practice (in order to be suitable
for inferentialism). This idea also comes in independently for those who use a
proof system to faithfully formalize informal reasoning. Its application to infer-
entialism for instance emerges as Steinberger (2011)'s Principle of Answerabil-
ity: “[a]dherence to inferentialism importantly constrains one's choice of proof-
theoretic frameworks and thus requires one to reject Carnap's amoralism about
logic: the inferentialist must remain faithful to our ordinary inferential practice”.
Not only semantically polluted calculi are subject to this view, but also syntacti-
cally pure proof-theoretic languages: for instance multiple-conclusion calculi (see
Steinberger (2011); Restall (2005)), and hypersequent calculi (see e.g. Hjortland
and Standefer (2018)). On this view, it is unclear where labeled calculi stand,
although at �rst sight they seem a rather controversial idealization of modal rea-
soning in practice.10 These arguments are burdened by the question of what an
`acceptable' idealization is: Dicher (2020) for instance claims that such a boundary
is unhelpful, and any idealization should be acceptable.

Our characterization of semantic pollution in this dissertation is relatively neu-
tral with respect to these aspects of inferentialism. Semantic pollution (in terms
of satisfying the base requirement, valuation independence, or globalness) nor
syntactic purity prevents or guarantees harmony. Concerning `principles of an-
swerability', our de�nition may at �rst sight be seen as a proposed `border' for
acceptable (semantically polluted) and unacceptable (syntactically pure) idealiza-
tions. Semantically polluted calculi analyze the use of a connective in a stronger
language than the object language: such strong `language contexts' are perhaps
more prone to unacceptable idealization. However, we discourage such a strict
view: strong languages are clearly not guaranteed to be separated from inferen-
tial practice (lots of natural logical languages differ in strength), while weaker

10In terms of the possible world interpretation, there are at least certainly counterexamples. For
instance: “Why are horses necessarily mammals? Not because every horse is a mammal in every pos-
sible world. But because the property of being a horse bears a special relationship to the property of
being a mammal.” (Warmke, 2016) As for a temporal interpretation of labels, Arthur Prior (see (Black-
burn, 2006)) for a long time considered the use of labels (in hybrid logic) to promote an unnatural
`reasoner-external' perspective, as opposed to our internal experience of time.
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languages can still be shaped arti�cially and lack correspondence to practice (just
consider the debate on multiple-conclusion calculi (Steinberger, 2009)). In the
end, we simply encourage inferentialists using syntax-rich proof systems to spell
out the intended interpretation of the syntax in the context of inferential practice.

6.4.2 The relevance of distinguishing explicit and implicit proof
systems

A further justi�cation for the use of labeled rules in inferentialism draws on the dis-
tinction between explicit and implicit rules. In the literature, labeled systems are
considered to incorporate the semantics `explicitly'. Explicit semantic elements are
made precise by Poggiolesi (2010) as the idea that sequents containing them are
untranslatable to the modal language. Instead, systems such as nested sequents
or tree-hypersequents (that do have an interpretation into the logic), then import
semantic elements implicitly.11 Authors often consider the implicit incorporation
of semantic elements to be syntactically pure (Poggiolesi, 2010; Brünnler, 2010),
while (explicit) labeled calculi are generally considered semantically polluted.

De Martin Polo (2024) and Read (2015) argue that the difference between
explicitness and implicitness is less big than it seems. They argue that there is
no actual semantic difference between them when considered closely — hence,
labels should not be considered more semantically polluted than implicit calculi.
The argument in (De Martin Polo, 2024) goes:

“Read notes that in tree-hypersequent calculi, the semantic content is
still explicitly present, but is indicated by the symbols “/” and “;” in-
stead of R. Similarly to Boretti, he argues that the tree-hypersequent
rules for necessity only encode the semantic structure of modal for-
mulas in an opaque and disguised manner, thus simply obscuring the
semantic apparatus that is more evident in the notation of labeled se-
quents [...] even though the apparatus of Kripke semantics is presented
differently in tree-hypersequent systems than in labeled calculi, it is
still (i) explicitly displayed (although obscured in an unconventional
notation) and (ii) plays a fundamental role.”

While we remain neutral on the difference between implicit and explicit proof
systems regarding suitability for inferentialism, we here maintain that this differ-
ence is relevant regarding the notion of semantic pollution. As claimed above, it
is true that the labeled calculus and the nested or tree-hypersequent calculus both
arrange modal formulas into a graph structure: but this fact by itself is not enough
to claim that their relation to the Kripke semantics is the same. In this dissertation,
we suggest that semantic pollution arises from theway that the graph structure

11As mentioned, this is similar to the distinction between `external' and `internal' proof systems, see
also (Lyon et al., 2023).

162



6.4. Philosophical views on semantic pollution

is described. If it is described by a language that can express more about Kripke
models than the modal language can, then `too much' detail about the semantics
enters the language, and we talk of pollution, and of an `explicit' calculus. If, like
nested and tree-hypersequent calculi, the graph structure is described by formulas
that have an interpretation in the logic (and so a truth condition like that of a
logical formula), then this graph structure has no particular `semantic' nature at
all — in any case, it is no more semantic than the logic itself. This means that
we do not think that “in tree-hypersequent calculi, the semantic content is still ex-
plicitly present”. Rather, the semantics is describedthrough the object language.
Of course, it may still be the case that proof-theoretic syntax which has a logical
counterpart, has a different informal meaning (e.g. in inferential practice) than its
logical translation. However, our point here is that the relation to the model theory
of the proof-theoretic syntax and its logical counterpart (by their truth conditions)
is in fact the same.

Saying that “/” and “;” display Kripke semantics at the level of tree-hyperseq-
uents, is like saying that 3 and 2 display the semantics at the level of the basic
modal language. Should we thus consider3 and 2 as semantically polluted?
It seems clear that this is not so. Simply as a consequence of its model-theoretic
truth conditions, any syntactic element displays the semantics to some extent. The
interesting question for semantic pollution is where the boundary lies: what syn-
tactic elements do we consider pure (surely, the logical object language) and what
syntactic elements do we consider impure (our proposal is found in the previous
sections).

This relates to our conceptual understanding of the different ways in which
proof calculi can describe Kripke frames (see also Poggiolesi and Restall (2012)):
labeled systems can explicitly and globally describe a Kripke frame, while dis-
play calculi use a local perspective while allowing perspective switches alongR-
connections (i.e., switches between actual worlds). By incorporating the forward
as well as backward perspective, display calculi can describe a Kripke frame better
than the modal language. The tree-hypersequent or nested systems, on the other
hand, through their logical interpretation, only possess the (syntactically purest)
local `forward' perspective: everything is encoded through uses of2 .

Note also that this counters the `proof-theoretic' idea that `notational variants'
of proof systems should have an equal level of semantic pollution.12 There ex-
ist proof-theoretic translations between labeled sequents, nested sequents, (tree-)
hypersequents and display sequents (see e.g. Ciabattoni et al. (2021); Goré and
Ramanayake (2014), and the hierarchy of translations de�ned in (Lyon et al.,
2023)). Now consider for instance a labeled calculus that only allows labeled tree
sequents (so that it is formally now `just a notational variant' of a nested or tree-
hypersequent calculus, in which all structures are already trees). Our proposal will

12See (French, 2019) for an analysis of when two logics can be said to be notational variants —
note that it is unclear whether the intuitive use of notational variant here corresponds to this analysis,
although this is not the place to further investigate this.
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still say that this labeled calculus is semantically polluted, whereas the nested and
tree-hypersequent calculus is not: the labeled calculus still describes a tree using
more expressive power than necessary. It uses relational atoms and labels that,
by de�nition, can express more semantic information than the nested structure.
And perhaps more importantly: if made true model-theoretically, the labeled tree
sequent will actually indicate a tree-form in the Kripke model, by indicating the
speci�c worlds and relations. A nested sequent or tree-hypersequent has a tree
structure within the sequent, but its model-theoretic truth at a world (interpreted
in terms of disjunction and box) does not enforce this world to be arranged in a
tree inside the model. That is, even though the different proof systems may de-
scribe the same graph arrangement in a sequent, the labeled calculus does this
in a semantically polluted way. This shows that proof translations do not always
preserve philosophical values.

Hence, on our approach, the distinction between explicit and implicit notions
matters when de�ning semantic pollution: it provides a natural formal de�nition
supporting a distinction that philosophers and proof theorists already make intu-
itively — and we thus conclude that this distinction cannot be abolished on the
grounds that their semantic content is the same.13

6.4.3 Syntactic purity as an ideal of proof (systems)

Finally, we argue here that there exist clear cases where semantic pollution has
philosophical harm, other than possible harm for inferentialism, and for closeness
to inferential practice. First, motivations of aesthetics, or ideals of proof, are and
have always been common in mathematical �elds. Dawson (2006) presents an
overview of reasons mathematicians have to reprove a theorem, among which “to
employ reasoning that is simpler [...] than earlier proofs”. Simplicity is a well-
known ideal of proof, where we may distinguish between conceptual simplicity,
and formal (computational) simplicity. In our analysis of proof systems, we can
make a similar distinction. Labeled calculi may conceptually provide a simple way
of analyzing inference rules (for those familiar with Kripke semantics). However,
the ideal of simplicity may also manifest itself in the search for a proof system
in as small a language as possible. I.e., as also noted by Lyon (2021c, p. 112),
we might be interested in �nding out that there exists a satisfying proof system
for modal logic that is restricted to the modal object language, without any `brute
force' or potential clutter from external syntax. No more than aesthetics (a desire
for resource-minimality) is involved in this, and yet it is a common motivation
in mathematics. From this point of view, semantic pollution is in fact undesir-
able. Incidentally, other reasons than aesthetics may still also apply: Lyon (2021c)
notes that a tree structure of sequents (that nested sequents or tree-hypersequents

13See Section 7.1 for some more general re�ections on our choice of formalization for semantic
pollution, and Example 7.3.1 for a re�nement in the distinction between explicit and implicit proof
systems, illustrating that not all untranslatable syntax should be considered to be semantically polluted.
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guarantee, but labeled sequents do not) can be necessary for certain proof-search
algorithms. In this case, the excess of syntax in semantically polluted systems can
even provide too much freedom for technical applications.

Another ideal of proof (systems) may be, given a model-theoretic semantics
for it, that the proof system and the model theory are suf�ciently conceptually
separated. This is possibly simply what Avron (1996) meant with his claim that
a proof calculus should be `independent' from any particular semantics: the fact
that we consider proof theory to be an activity that is somehow separate from
model theory. Similarly, soundness and completeness proofs should then show
us a `valuable' insight: instead of giving us two notational variants of the same
conceptual approach to a logic, they should connect a model-theoretic perspective
to a (suf�ciently different) proof-theoretic perspective. If not, the `proof system'
can be regarded merely as a systematization of semantic thought. Although not
much more than aesthetics seems to validate these preferences, in a bottom-up
approach to philosophy of proof theory, they should be taken seriously.

A different motivation for discarding semantic proof systems, in particular la-
beled systems, has to do withimpartiality with respect to the background logic.
Given a desire for a model-theoretic semantics, and the natural interpretation of
labels into Kripke semantics, there is arguably a sense in which labeled calculi fa-
vor a classicist world-view. Classicists who want to reason with modalities may be
happy to accept labels as concerning time or possibilities. Intuitionists who wish
to assign some interpretation to labels and relational atoms, may struggle to �nd
a satisfying one: labeled rules would ask them to quantify over worlds (or times),
and explicitly refer to states other than the actual one. This simply may not be
acceptable for them, even though modal reasoning should be a perfectly accept-
able activity for intuitionists. An interesting open question relating to the latter
two points (which we leave to future research) is how a proof system is formally
independent or impartial from a particular semantics. That is, perhaps there is an
interesting way to say that the relation of labeled calculi to Kripke semantics is
more `necessary' formally, than its relation to other types of semantics.

6.5 Conclusion

We have presented a characterization of semantic pollution of proof systems in
terms of four levels of pollution. Our measures suggest that the nature of modal
syntax lies in what it can express about Kripke models, its local view of a model,
and direct interaction with basic propositions. Instead, the properties of higher
expressivity than the modal language, a global view of a model, and valuation
independence suggest semantic in�uence in proof-theoretic syntax.

Our results show that the display calculus is only weakly semantically polluted
(by � A). The hybrid calculus, on the other hand, introduces formula types that are
weakly semantically polluted (8aA; #aA), but also ones that possess global (@aA)
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and local (a) semantic pollution. Finally, the labeled calculus introduces a globally
polluted formula type ( x : A) and the only strongly semantically polluted formula
type (xRy ). In line with intuitions throughout the literature, then, the labeled
calculus can be seen as possessing the highest level of semantic pollution (among
the calculi that we studied). We concluded that the difference between explicit
and implicit proof calculi is key in our characterization of semantic pollution, and
that besides the virtues of polluted calculi, semantic pollution can just as well have
technical and philosophical downsides.

We might also seek a more general analysis of semantic pollution as a distinc-
tion between syntactic proof systems and their semantics, with applications to all
kinds of logics. Indeed, semantic pollution might occur in all logical areas where
`good' proof systems are hard to �nd. The measures of violating invariance results
under model equivalences, and being valuation independent, seem relatively eas-
ily transferable to other logics. World invariance seems more tailored to a type of
semantics with different `points of evaluation', although extensions to intuitionistic
logics seem natural. These quick considerations already give reason to think that
certain proof systems for neighborhood semantics (similar to labeled systems) are
semantically polluted (see (Dalmonte et al., 2018), and similarly (Negri, 2016)),
as well as a proof system for intuitionistic predicate logic (see (Baaz and Iemhoff,
2008)).

Besides the extension of semantic pollution to other logics, future research
could analyze semantic pollution of modal proof systems for different types of
proof systems than the ones we chose to study; or they could provide additional
conceptions of semantic pollution that come with different measures. These direc-
tions could all provide us with a more fundamental understanding of the differ-
ence between syntax and semantics. The next chapter will re�ect some more on
possible generalizations of this measure of semantic pollution.

6.6 Appendix

We here provide the various induction proofs referred to in the paper:

1. #aA is invariant under FE-isomorphismsrelative to HLV (see Theorem 6.6.1
and 6.6.2).

2. 8aA is invariant under FE-isomorphismsrelative to HLV (see Theorem 6.6.1
and 6.6.3).

3. All formulas in HL are invariant under SCE-isomorphisms(see Theorem 6.6.4).

4. All formulas in HLQ are invariant under SCE-bisimulations (see Theorem
6.6.5).
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The �rst proof will set the stage for showing that # aA is invariant under FE-
isomorphisms relative to HLV . Note that we cannot show that any hybrid formula
A has this property, as the base case whereA is a nominal a violates it. The
reason we show the general Theorem 6.6.1 before Theorem 6.6.2 is that the case
of 2 A requires a to be mapped to an arbitrary y (instead of already sending a
to the current world as #aA does), in order to apply the induction hypothesis at
R-reachable worlds. We use�= FE as a symbol for FE-isomorphism, and �= SCE for
SCE-isomorphism.

6.6.1 Theorem. SupposeM; �; w �= FE M0; � 0; w0 and M; �; y �= FE M0; � 0; y0. Then for
all A 2 HLV : M; � [a7! y ]; w � A iff M0; � 0

[a7! y0]; w0 � A.

Proof. The proof proceeds by induction on A, with an induction hypothesis for B
less complex than A. AssumeM; �; w �= FE M0; � 0; w0, and M; �; y �= FE M0; � 0; y0.
Consider the cases below (we omit the straightforward cases of conjunction and
negation).

• Base case. Clearly, a proposition letter p has this type of invariance under
FE-isomorphisms. For nominals, supposeM; � [a7! y ]; w � a. Then � [a7! y ](a) =
w (and y = w). Now consider � 0

[a7! y0]. As M; �; y �= FE M0; � 0; y0, and y = w,
it holds that w �= FE y0. As M; �; w �= FE M0; � 0; w0, it also holds that w0 = y0.
Hence, � 0

[a7! y0](a) = w0, and M0; � 0
[a7! y0]; w0 � a.

• Box. SupposeM; � [a7! y ]; w � 2 A. We need to show that for all v0 such that
Rw0v0, M0; � 0

[a7! y0]; v0 � A. By the isomorphism, for every suchv0 there is an
isomorphic world v such that wRv. By assumption, for thesev, M; � [a7! y ]; v �
A. Then by the induction hypothesis, for each correspondingv0 it holds that
M0; � 0

[a7! y0]; v0 � A. Hence,M0; � 0
[a7! y0]; w0 � 2 A.

• Satisfaction. SupposeM; � [a7! y ]; w � @aA. Then M; � [a7! y ]; � [a7! y ](a) � A.
By assumption, � [a7! y ](a) (that is, y) is isomorphic to y0. Then by the induc-
tion hypothesis, M0; � 0

[a7! y0]; � 0
[a7! y0](a) � A. That is, M0; � 0

[a7! y0]; w0 � @aA.

• For all. Suppose M; � [a7! y ]; w � 8aA. Then M; (� [a7! y ])a ; w � A for all
(� [a7! y ])a . Note that this simply equals M; � [a7! v]; w � A for all v 2 W .
By the isomorphism, for each v 2 W we have a world v0 2 W 0 such that
M; �; v �= FE M0; � 0; v0. By the induction hypothesis, and by surjectivity of the
isomorphism, we haveM0; � 0

[a7! v0]; w0 � A for each v0 2 W 0. In other words,
it holds that M0; � 0

a ; w0 � A for all � 0
a . So, M0; � 0; w0 � 8aA, and we can also

rewrite this as M0; � 0
[a7! y0]; w0 � 8aA (as the assignment ofa does not matter).

• Down-arrow. Suppose M; � [a7! y ]; w � # aA. Then M; (� [a7! y ])[a7! w ]; w �
A. We can rewrite this as M; � [a7! w ]; w � A. Now we apply the induc-
tion hypothesis to obtain M0; � 0

[a7! w 0]; w0 � A. Again, we can write this as
M0; (� 0

[a7! y0])[a7! w 0]; w0 � A, so that we obtain M0; � 0
[a7! y0]; w0 � #aA.
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6.6.2 Theorem. #aA is invariant under FE-isomorphisms relative toHLV .

Proof. Take Theorem 6.6.1 and consider the instance wherey = w and y0 = w0.
The theorem then says that for isomorphic statesw and w0, M; �; w � # aA iff
M0; � 0; w0 � #aA.

6.6.3 Theorem. 8aA is invariant under FE-isomorphisms relative toHLV .

Proof. We simply need to prove that for all models M; M0, assignment functions
�; � 0, worlds w; w0 and variants � a and � 0

a , if M; �; w �= FE M0; � 0; w0 then

M; � a ; w � A for all � a iff M0; � 0
a ; w0 � A for all � 0

a

So supposeM; �; w �= FE M0; � 0; w0, and that for some A 2 HLV , M; � a ; w � A for
all � a . This equalsM; � [a7! v]; w � A for all v 2 W . By the isomorphism, for each
v 2 W there is a world v0 2 W 0 such that M; �; v �= FE M0; � 0; v0. By Theorem
6.6.1, and by surjectivity of the isomorphism, we obtain M0; � 0

[a7! v0]; w0 � A for
eachv0 2 W 0. Thus, M0; � 0

a ; w0 � A for all � 0
a .

6.6.4 Theorem. All formulas A 2 HL are invariant under SCE-isomorphisms.

Proof. The proof is by induction on A, with an induction hypothesis for formulas
B less complex thanA. We only treat the cases of nominals and of the hybrid op-
erators (as the modal cases are straightforward). SupposeM; �; w �= SCE M0; � 0; w0.

• Base case. SupposeM; �; w � a, so that � (a) = w. By the requirements
of SCE-isomorphisms, equivalent worlds satisfy the same nominals, and so
� 0(a) = w0, and M0; � 0; w0 � a.

• Satisfaction. SupposeM; �; w � @aA. Then M; �; � (a) � A. By the induction
hypothesis, and the fact that M; �; � (a) �= SCE M0; � 0; � 0(a), M0; � 0; � 0(a) � A.
Hence,M0; � 0; w0 � @aA.

• For all. SupposeM; �; w � 8aA, so that M; � [a7! v]; w � A for all v 2 W . We
have to show that M0; � 0

[a7! v0]; w � A for all v0 2 W 0. By the isomorphism,
for each v0 2 W 0 we have a world v 2 W such that M; �; v �= SCE M0; � 0; v0.
Speci�cally, for each such pair of worlds, M; � [a7! v]; w �= SCE M0; � 0

[a7! v0]; w0

holds: changing a's assignment does not break theSCE-isomorphism, as
a is still sent to equivalent worlds. By the induction hypothesis, and by
surjectivity of the isomorphism, we have M0; � 0

[a7! v0]; w0 � A for each v0 2 W 0.
Hence,M0; � 0; w0 � 8aA.
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• Down-arrow. SupposeM; �; w � # aA, so M; � [a7! w ]; w � A. Then, we also
have a strong isomorphism M; � [a7! w ]; w �= SCE M0; � 0

[a7! w 0]; w0, as a is still
sent to equivalent worlds. By the induction hypothesis, M0; � 0

[a7! w 0]; w0 � A.
Hence,M0; � 0; w0 � #aA.

6.6.5 Theorem. All formulas A 2 HLQ are invariant under SCE-bisimulations.

Proof. This proof proceeds in the same way as that of Theorem 6.6.4. Note that the
base case works even for bisimulations, asSCE-bisimulations still need equivalent
worlds to satisfy the same nominals. We skip the8aA case (which does not work
anymore because of possible change in model cardinality over the equivalence),
but the cases of nominals,@aA and #aA go through as before.
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7
Re�ections on ideals and

formalization

We have traversed the landscape of ideals of proof and proof systems, and made
several stops for case studies. It is now time to take a broader perspective, and to
comment on possible connections between these case studies, and various poten-
tial generalizations. This will illustrate the characteristics of the general strategy
that underlies our approach to these case studies, while our pluralist attitude will
still recognize that there are a myriad of ways to formalize ideals of proof.

In particular, this chapter is divided into three parts. First, we will more closely
consider the formalization of ontological purity compared to the formalization of
semantic pollution in Section 7.1, to see where their conceptual as well as tech-
nical similarities lie and cease to exist. We then turn to possible generalizations
of the measures of ontological purity (for formal proofs) and semantic pollution
in Section 7.2, speci�cally focusing on different ingredients of a proof system, dif-
ferent types of proof systems and different background logics. Third, Section 7.3
aims to connect our formalizations to the general considerations on formalization
provided in Chapter 1, specifying several virtues and dangers of our case studies,
and re�ecting on formalization of ideals of proof generally. The majority of this
chapter should be considered as a preliminary broader understanding of the work
done in the case studies, and as providing wide-ranging suggestions for further
research.

7.1 Two formalizations compared

We may observe that the approaches to formalizing ontological purity and seman-
tic pollution of formal proofs display several striking similarities, but also relevant
differences. We discuss both patterns here, in order to better understand why they
were chosen, and to extract a possible core strategy to formalizing proof ideals,
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syntax referents
Baseline Reference

1

2

Figure 7.1: The reference of syntax (and extensions) to referents (and extensions).

that might bene�t other ideals of proof as well. First, we elaborate on how the
two formalizations should be understood as relating to each other conceptually,
followed by a discussion of their respective use of formal tools.

7.1.1 The reference and the referents

A main similarity between the formalization of ontological purity and syntactic
purity for formal proofs is that they both take a baseline relation of syntax referring
to certain referents(see Figure 7.1), where this baseline represents an `acceptable
reference' satisfying the ideal of proof. In the previous chapters, our task lay in
formalizing what this baseline reference amounts to, but also (as visualized by
the dashed arrows in the �gure) in specifying how new (extended) syntax can
have an acceptable reference relation (compatible with the baseline reference),
as well as what extensions of the referents yield an acceptable reference relation.
Instead, syntax is considered to satisfy ontological impurity and semantic pollution
if it goes beyond the accepted reference relation, i.e., to be incompatible with the
baseline reference (possibly in different ways).

In the studies of ontological purity and semantic pollution, the baseline refer-
ence relation concerns the relation of syntax to a formal structure — more specif-
ically, what pinpoints the referent is the interpretation, or truth condition, of a
syntactic element in a(n) (intended) model of a mathematical or logical theory. 1

This means that the reference relation is taken to exist independently of a prover's
epistemological state. Although the initial choice of the baseline reference con-
tains a certain arbitrariness (in the selection of an ontology, and the selection of a
type of logical semantics), suiting the informality of an ideal of proof, once settled
it �xes the initial formalization of the ideal, and allows it to be re�ned or extended
by (suitable) formal tools from that point on. We will compare the use of several
related formal ingredients for purity and semantic pollution in the next sections.
First, we stress that although both ideals start from a baseline reference of syn-
tax to certain referents, this reference relation plays a different conceptual role in

1Recall that for ontological purity, this relation is at �rst informal, and if the intended standard
model of a theory is adequate, it can be taken as a formal model-theoretic relation. Although a �rst-
order model can always be seen as a formal structure only, neutral on its ontological interpretation
(i.e., what types of mathematical objects are in its domain), assuming the adequacy of a standard
model, we will at times use the term `model' synonymously with `ontology' in this chapter.
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Syntax

ModelOntology
Partition of models

Syntax

Figure 7.2: Visualization of the baseline reference relation for ontological purity
(left) and syntactic purity (right).

determining whether purity or pollution holds.

In short, the difference is that ontological purity concerns the referents, while
semantic pollution concerns the reference. This can be understood as follows. For
ontological purity, the baseline relation consists of the indication of an ontology
by a signature of certain primitives and a set of axioms in terms of them. New
syntax can only be fully pure if it refers to exactly the right ontology, and nothing
else: how this is done, is in principle irrelevant. As we have seen, one way for
new syntax to be guaranteed to refer to the right ontology, is to be an abbreviation
of a `baseline syntax formula' (as in de�nitional extensions of the context theory);
but other ways may exist. In order for new syntax to be secondarily pure, what is
important is that they refer to surrogates of the right ontology. We found a way to
ensure this by requiring that new syntax comes from a theory that interprets the
context theory. Such syntactic elements then have `good uses' (when they refer to
surrogates) or `bad uses' (when they do not). In short, the referent is the main
indicator of purity.

Compare this to semantic pollution, where the baseline reference relation con-
sists of the reference of a syntactic language toall models in a class that it is sound
and complete with (see Figure 7.2). The baseline relation tells us how this lan-
guage partitions the models into equivalence classes. This already suggests that it
is not the particular referent that guarantees syntactic purity. Instead, in order to
check whether newly introduced syntax is compatible with the baseline relation,
then, we check whether it makes the same distinctions between the models. Note
also that the occurrence of semantic pollution does not require any change of the
model ingredients itself; nor is any particular ingredient of the model `impure'
from the beginning. Proof-theoretic syntax will describe the same referents as the
object language, while the baseline reference relation sets the standard forhow
syntax is supposed to describe it.
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To simulate or not to simulate the referents

Further observations should clarify the different ways in which ontological purity
and syntactic purity accept simulations (or surrogates) of the baseline referents.
First, observe the different levels on which model equivalences are used. For on-
tological purity, only one ontology is included in the baseline reference relation;
and any extension of this relation to other referents concerns restricted ontologies
of non-context theories. That is, even though the context theory will have many
other models besides the one representing its ontology, these will not participate in
an accepted reference relation, as we cannot guarantee their purity. Consider the
many non-standard models ofPA, for instance, containing non-standard numbers
on top of all standard natural numbers — we certainly do not want to enforce that
the intended `pure' content of an arithmetical theorem contains such non-standard
numbers.2

By contrast, in the case of semantic pollution, model equivalences are used to
create a partition of a class of models, and so are already built into the baseline
reference relation. We are less interested in using model equivalences in order to
extend the baseline reference relation, as for ontological purity. That is, we have
not used restrictions of models of other logical theories (or other types of seman-
tics of the same logic, such as neighborhood, topological or algebraic semantics),
to simulate the original syntactic purity result. Let us say a bit more on why our
formalization does not allow any such `secondary' syntactic purity result (elaborat-
ing on the remarks in Section 6.4.2). Generally, while our choice of formalization
for ontological purity can be seen as one slowly widening the boundaries of a tra-
ditional interpretation of purity; the formalization of syntactic purity is better seen
as a �rst, fully-�edged characterization of that notion. In that role, it aims to do
justice to the unique status of labeled syntax as polluted, and as we will argue
now, to a pre-theoretic understanding of syntactic purity as relative to a �xed class
of models, and as fundamentally motivated by syntactic simplicity.

More speci�cally, one can understand syntactic purity as a `semantics-relative'
property. For ontological purity, we argued that a mathematical structure can in
principle be instantiated by any mathematical objects, and so by any (powerful
enough) type of semantics. But a partition of models is a view on a particular
semantics. When replaced by a different semantics, our current position is that
syntactic purity needs re-evaluation, because a `view on a semantics' is only an
interesting property relative to that particular semantics. It seems too �eeting a
property to be suitable for simulation. In case one is interested in more toler-
ant (secondary purity-like) views, given a partition of models that is disconnected
from its semantics, the question needs to be answered whether anything intuitively
meaningful remains that we consider relevant for syntactic purity, and that can be

2Even models that are (mathematically) very similar to the `pure' ontology might not suf�ce: con-
sider a model containing just the even numbers, whereS is interpreted as +2 , and so on — this might
be a model of PA, but it is simply not the right ontology if we are looking for N.
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simulated through a translation. Consider an attempt: we might use a translation
from an accepted proof-theoretic language to a semantically polluted language,
and we restrict the uses of the polluted language to (more or less) translated ex-
pressions. These translations would originally be syntactic elements that equate
the `right' models. Hence, perhaps now, even though the polluted language makes
a more �ne-grained partition of models, the restricted use of polluted expressions
might be said to `simulate' the more coarse-grained partition. It remains unclear,
however, in which exact sense translated syntactically pure syntax would approx-
imate the truth conditions (embodying the perspective on the semantics) of the
baseline pure syntax; and whether there is any interesting philosophical view on
the nature of truth conditions that can motivate such a simulation. We leave such
intriguing attempts to future studies.

A more fundamental reason for our current formalization choices may be found
in the initial motivations for syntactic purity and ontological purity. Syntactic pu-
rity is an ideal of proof systems directly, whereas ontological purity originates from
an ideal of informal proof. The intuitions of syntactic purity, then, (according to
our current conception) concerns a certain simplicity of the base elements of the
syntax (relating to the ideal of syntactic parsimony, see Chapter 1 and Section
6.4.3). This is something absolute, that translations are not guaranteed to pre-
serve: just like interpretation translations, proof-theoretic translations can take
a language with simple (or natural) base elements to a language with complex
(or arti�cial) base elements. Then we might restrict the complex language to
just translations of the simple language, but to `simulate simplicity' is arguably
not enough if we use too heavy machinery in doing this. Thus, we believe that a
more absolute characterization of semantic pollution portrays intuitions surround-
ing syntactic simplicity better. For ontological purity, the ideal of informal proof
does not place any immediate intuitive requirements on the `simplicity' of the use
of syntax; we just need to be convinced that the selected syntactic counterparts
succeed in referring to the right ontology.

For now, these re�ections should clarify the most important conceptual similarities
and differences between our formalizations of of ontological purity and seman-
tic pollution. A main difference concerns the baseline reference relation, where
ontological purity focuses on the referents, while syntactic purity focuses on the
reference. In the spirit of Chapter 1, however, we repeat that one may choose to
focus on different pre-theoretic aspects of these ideals, so as to end up with dif-
ferent formalizations (that possibly share more of their conceptual underpinning
regarding the reference relation).

7.1.2 Similarity of formal ingredients

We now observe that there are two main similarities between the use of formal
tools for ontological purity as well as semantic pollution: the similarity between
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de�nitional extensions and the formula interpretation; and the similarity between
the interpretation translation and Kripke model equivalences.

For the �rst, consider the formal tools used for a conservative syntactic exten-
sion of the baseline reference relation (see arrow 1 in Figure 7.1), by which we
mean that the extension preserves full ontological and full syntactic purity. In case
of ontological purity, this concerns the extension of the context theory to its def-
initional extensions. In case of syntactic purity, this concerns the extension of a
logical language, to proof-theoretic languages that have a formula interpretation
back into the logic. Intuitively, these extensions are highly similar. A de�nitional
extension obtained by adding to T an explicit de�nition of symbol A, can be seen
to be the same as a proof-theoretic language extending a logical languageL by
syntax that has a formula interpretation (a sequent � ) � , for instance, can be
seen as an `abbreviation' of

V
� !

W
� ). Of course, the function of the extension

is different: proof-theoretic syntax is not added to an object language along with
an explicit de�nition of its formula interpretation — it is immediately brought into
practice by incorporating it in logical axioms and rules of inference. We also repeat
in the spirit of the previous section that the reasons why the extensions preserve
full ontological and full syntactic purity, respectively, are different. In the case of
ontological purity, it is of importance that the new symbol refers to the right onto-
logical elements, whereas in the case of syntactic purity, we care that new symbols
make the same distinctions between the models.

The second similarity concerns the extension of the ontological and syntactic
purity result under `equivalent' versions of the referents. Recall that this is in-
cluded in the baseline reference relation for syntactic purity, and holds relative
to the same syntax, de�ned by particular model equivalences. It corresponds to
arrow 2 in Figure 7.1 for ontological purity, which holds relative to different syn-
tax, and is induced by the syntactic interpretation translation. We might wonder
whether the surrogates induced by interpretations satisfy particular model equiva-
lences, just like the Kripke model equivalences we used. While again, the speci�cs
should be elaborated on elsewhere, we here observe that surrogate ontologies
seen asinternal models, indeed seem to satisfy �rst-order model equivalences. The
interpretation translation induces internal models that are created from models
of the interpreting theory; and these are models of the context theory. For a full
de�nition of internal models induced by the interpretation translation, see (Visser,
1997) (for a conceptual description, see also the end of Section 4.3.1).

Since such internal models will interpret the same signature as the standard
model of the context theory, they can be related to the standard model by the
usual �rst-order model equivalences. Arguably, due to their high similarity to
the standard model (they will not contain any more objects or operations than
the standard model), they will satisfy strong model equivalences such as isomor-
phisms (which are bijective homomorphisms, that in turn are structure-preserving
functions between models, see e.g. Hodges (1993)). Hence, if we consider the
ontology as the intended standard model of the context theory, the induced inter-
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nal models are equivalent to the ontology. In a sense, then, the baseline reference
relation is extended (through a secondary level of purity) to `one structural equiv-
alence class' of models, including the ontology and its induced surrogates; and sat-
isfaction of the syntax of the context theory is invariant under these equivalences.
We may interpret this as similar to the workings of Kripke model equivalences for
syntactic purity, even though the level of syntactic purity stays the same under
(and is de�ned by) these model equivalences, while the level of ontological purity
does decrease relative to induced internal models.

Finally, conceptually, we might even see light similarities between a structural-
ist view on mathematical ontologies, and a local view on Kripke models, which are
both limited views of the respective formal structures: in both cases, the language
`forgets' certain parts of the models. A surrogate ontology is captured by the `good'
formulas (as in De�nition 4.3.1), and the domain formula � makes sure that a part
of the original ontology is cut away, simply forgotten. With respect to the remain-
ing elements, the equivalence holds. Kripke model equivalences may also discard
part of the model as not taking part in the equivalence (although isomorphisms do
not). Both phenomena can be taken as a focus on `core' information of the model,
and leaving out unnecessary details. A �nal soft similarity may be seen between
the language restriction for secondary purity, and the hybrid language restrictions
to small formula types. In both cases, the (ontological or syntactic) purity result
relative to such restrictions is lower than it would have been relative to the context
theory and full HL, respectively. Note, however, that the nature of the language re-
striction is different in both cases: in small formula types, the restriction excludes
speci�c operators entirely from the language; for secondary purity, the good for-
mulas exclude certain usesof operators. Additionally, language restrictions in the
hybrid language serve to consider the effects an operator more independently, or
objectively; for secondary purity, the power of operators is reduced to limit their
objective power, and simulate something else. We intend these last remarks to
be taken lightly, and more detailed analysis of such surface similarities is neces-
sary; however, they illustrate a broad common ground for the formalization of
ontological and syntactic purity.

7.1.1 Remark. To close the comparison between ontological purity and semantic
pollution, we remark that a major difference seems to be that semantic pollution
is measured relative to the logical language, whereas ontological purity is mea-
sured with respect to the non-logical (mathematical) language. We might perhaps
wonder whether the logical language might also induce breaches of ontological
purity; and whether the non-logical language might also induce breaches of syn-
tactic purity. If we take each ideal as strictly corresponding to just one of the
formal categories of language (logical or non-logical), then this is by de�nition
not possible. However, on more tolerant views this might be interesting to inves-
tigate more closely. For instance, on such views perhaps set-theoretic elements
of the proof-theoretic syntax introduced by certain `neighborhood' proof systems
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(see (Negri, 2016)) might be able to affect the ontology of a formal theorem, by
letting it include a domain of sets (even though the non-logical language might
be, say, an arithmetical language). Here, there might be a case for saying that the
proof-theoretic language creates ontological impurity. This is a speci�c example of
the general idea that we might add any mathematical symbol (likely inspired by
which mathematical structure makes up a logical semantics) to the proof-theoretic
language. Still, our measures are currently separated by the distinction between
the logical and non-logical language, and are suitable for their respective ideals as
long as this classi�cation is considered satisfactory.

7.1.3 Conclusions

Our comparison of ontological purity and semantic pollution illustrates the idea
that a theorem can be seen as possessing a `natural context' of an ontology and
a structure (that encourages simulation of the ontology), as well as a partition
of logical models (that is less suitable for simulation). Discrepancies of the proof
concerning this context can cause violations of ideals of proof.

Given that two ideals of proof have suited a type of formalization including a
baseline reference relation as in Figure 7.1, we might wonder whether other ideals
of proof could also bene�t from such a starting point. A candidate might be Pin-
cock (2015)'s abstract explanation, that we have seen in Chapter 2. In short, this
concerns the relation between mathematical objects mentioned by the theorem,
and abstractions of these entities occurring in the theorem (and the existence of a
biconditional between the mathematical objects and their abstractions). We might
start to think about a formalization of such an ideal by considering our strategy
for ontological purity, where we also made use of syntax referring to certain math-
ematical elements, and where a mathematicalstructure embodied an increase in
abstraction. However, a foreseen dif�culty for Pincock explanation is the fact that
it is not obvious how to formalize abstraction differences relative to formal proofs.
Pincock's model requires us to �nd a way to compare the level of abstraction of
objects mentioned by the theorem, with those occurring in the proof. Like with
ontological purity, we might associate the theorem with one formal theory, and the
proof with another, and aim to establish an abstraction difference between these
theories. However, as we have seen, interpretability and other notions of equiv-
alence for �rst-order theories quickly equate entirely different theories with each
other, and �nd a similar level of expressive detail in two theories that intuitively
may possess different levels of abstraction. The power of syntax in �rst-order
theories is simply often comparable, and we may not easily �nd a way in which
multiple concrete objects instantiate one abstract object, the way Pincock intends
the abstraction relation. However, interesting analyses may surely present them-
selves.
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7.2 Potential generalizations of two formalizations

Our formalizations of ontological purity (of formal proofs) and semantic pollution
are designed for speci�c proof systems with an established grammar, set of axioms
and inference rules. Naturally, we may wonder what happens to these measures
if we generalize them to proof systems that have a different balance between
grammar, axioms and inference rules; or a similar balance, but different instances
of these categories. Many things could be said on this topic; but we will restrict
ourselves to some main expectations and suggestions.

We consider three types of generalizations. The �rst concerns thelevel of anal-
ysis of the measures with respect to the ingredients of a proof system. We may
distinguish the levels of measures acting on the grammar; the axioms; the infer-
ence rules, and entire formal derivations. These levels put different emphases
on the ideals of proof, and on different aspects of their role in reasoning. The
second generalization concerns thetype of proof system. We formulated our mea-
sures in terms of natural deduction (for purity), and variants of sequent calculi
(for semantic pollution). For both ideals, it is helpful to see if there any interest-
ing observations to make if we consider different types of proof systems. The �nal
generalization concerns the behaviour of measures relative to changes in theback-
ground logic, which were also �xed in our case studies. We concerned ourselves
with classical �rst-order logic, and classical modal logic. We might look at how
these measures work for higher- or lower-order logics, as well as intuitionistic log-
ics. Within the same category, we will consider changes of logical semantics: this
is mainly relevant for semantic pollution.

7.2.1 Level of analysis

The formalization of ontological purity focuses on a proof system as an entire
entity. That is, the formal measures already act on multiple ingredients of a proof
system, and so generalizations of measures regarding their level of analysis are not
so abundant. Full purity for formal proofs essentially relies only on the (grammar
and) axioms of the context theory. However, logical inference rules are assumed
to be purity-preserving, i.e., they cannot bring us from one ontology to another. In
theory, of course, relating to the boundary between logic and mathematics — rules
may be devised that do act on the mathematical ontology in an extraneous way. If
they do, then additional measures are necessary to enforce full purity initially. For
now, this just means that the requirement for inference rules to be `logical' should
be kept under scrutiny.

Secondary purity, on the other hand, relies on the axioms of the (interpreted)
context theory, a grammar restriction of the interpreting theory, and restricted
inference rules (that are the only allowed rules after the occurrence of `pure for-
mulas'). Thus, simultaneous requirements are given for acceptable axioms, rules,
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and grammar: all ingredients work together to make a formal proof pure, and
no single ingredient is enough to guarantee secondary purity. Hence, the formal-
ization of secondary purity is comprehensive regarding the ingredients of a proof
system.

Some more interesting observations can be made for semantic pollution. We
made sense of semantic pollution completely by posing requirements on the proof-
theoretic grammar. We can naturally wonder what semantic pollution looks like
when it is de�ned speci�cally for different levels of analysis. Here we provide some
brief thoughts on semantic pollution for inference rules. We �rst observe that ex-
tending the `grammar measures' to work for inference rules seems too quick. For
instance, one might want to assign syntactic purity to `rules with a formula in-
terpretation', but this seems to require turning rules into axioms, which in many
settings (take the modal Necessitation rule, also discussed below) already cannot
be done. Furthermore, in order to establish that a rule violates invariance under
model equivalences, we would need truth conditions for rules; but the interesting
part of truth conditions will be given by the grammar of its premises and con-
clusions. Hence, no natural way of saying that an inference rule (speci�cally)
satis�es semantic pollution seems to arise. Let us consider two examples to gain
some more insight into the possible behavior of semantic pollution for inference
rules.

Necessitation. Consider the modal necessitation rule:

A
2 A

It is widely known that this rule is not interchangeable with an axiom of the form
A ! 2 A, due to the rule acting globally on a Kripke model, and the formulas
inside the implication acting locally on it. This shows exactly that the rule is not
translatable to the modal language (note that it thereby avoids the `formula in-
terpretation' guarantee for syntactic purity). Now suppose we take as a baseline
reference relation the modal language with respect to a class of Kripke models that
includes both normal and non-normal models (the latter can for instance be mod-
els that include `non-normal worlds' that do not satisfy any boxed formula). The
language will partition this class into equivalence classes which will sometimes
reduce a normal and a non-normal model together (when non-normal worlds are
not related to other worlds by the equivalence). Now suppose we introduce the
Necessitation rule on top of this baseline. There will not be worlds that locally
violate Necessitation, and so it cannot distinguish more models this way. Globally,
however, the Necessitation rule will hold for all normal models, but will be vio-
lated for all non-normal models. This might happen within a previously de�ned
equivalence class of the partition, and so the rule may satisfy a global version of
BR.
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We may also emphasize with this example that the class of models selected for
the baseline reference relation affects the pollution result (already for our gram-
matic version of BR). If we consider a class of models that are all normal, compar-
ing Necessitation to the reference relation will not create any semantic pollution,
as the rule is valid everywhere. An example of this phenomenon for our orig-
inal grammatic requirements is for instance a speci�c instance of the relational
atom xRx , its truth condition expressing re�exivity of a speci�c world. While
this quickly violates invariance under (some) model equivalences if we consider
a bisimulation between a re�exive world, and two worlds seeing each only each
other — it no longer does so if our base reference relation holds with respect to a
class of re�exive Kripke models only. This emphasizes that a big enough `sample'
of models, allowing contingencyof newly introduced proof-theoretic ingredients,
is best for accurately analyzing semantic pollution (note that the original measures
of De�nition 6.3.2 allow non-contingencies in the strongest form of semantic pol-
lution).

The ! -rule. Consider next the usual variant of the ! -rule (omega rule).

' (0) ' (1) ' (2) : : :
8n' (n)

Some philosophical controversies surround this rule — for one, this concerns its
relation to inferential practice. Although most people seem to think the ! -rule is
intuitive, and “instances of the omega-rule are at least informally valid” (McGee,
cited in (Murzi, 2014)), it is also thought to be separated from inferential practice.
This is because the rule works from in�nitely many premises, and “it stretches the
concept of a rule to encompass rules nobody is ever able to apply” (Peregrin,
2020). Contradictory sounds are also heard, claiming that “human beings do
sometimes employ in�nite rules of inference in their reasoning” (Brîncuş, 2024)
(see also (Warren, 2021) for an elaborate philosophical argument on accepting
in�nitary reasoning). These arguments raise questions about the use of the! -
rule for inferentialism, among others. Second, the ! -rule also enriches theories of
arithmetic: PA supplemented with the ! -rule can prove the consistency ofPA and
secure completeness.

Hence, two intuitions on the semantic nature of the ! -rule may arise. The
�rst is that it in fact possesses arithmetical content, and this type of content now
enters a proof system. The second concerns the in�nitary nature of the rule: we
might think that only the semantic side is fully equipped to deal with full in�nity,
where models may well be in�nite mathematical structures. Thus, the in�nitary
aspect of semantics could be a property that can semantically pollute a proof sys-
tem. Whether proof theory is indeed meant to only deal with �nite proofs, is
debated in the literature (this relates to the usual assumption that syntactic for-
mulas need to be �nite, which is also not a given — see for instance a discussion
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in (Shapiro, 1991, §9.1.3)). Both suggestions provide avenues that can be ex-
plored more deeply as possible ways in which inference rules can be semantically
polluted.

For now, note that in�nity by itself is not a semantic culprit relative to the
measureBR. It is easy to come up with trivially in�nite rules (such as a rule that
concludesA from in�nitely many copies of the same formula A), that do not vi-
olate invariance results under model equivalences. Still, we do note that such
in�nite rules do not have a (valid) formula interpretation, as the translation (if
we assume compositionality) would need to result in an in�nite formula. This
particular guarantee for syntactic purity is then not satis�ed in the usual settings. 3

The question remains in which exact sense the! -rule might satisfy BR. The ! -rule
ensures every truth in the standard model of PA becomes provable; implying that
differing properties in non-standard models violate this rule. Yet relative to the
`baseline reference' ofPA to, say, the standard model and all models isomorphic
to it, the ! -rule will simply hold (and allow better description of these models).
Relative to a non-standard model, the! -rule will be false if it concerns a property
that only the standard model satis�es. Hence, we expect that like Necessitation,
relative to a big enough class of models, the! -rule may induce semantic pollution.

In short, the previous examples illustrate some preliminary insights into semantic
pollution for inference rules. We see that a rule may satisfy BR on the level of
validity (relative to a large enough class of models); and that in�nity does not
guarantee BR-satisfaction. In general, then, it is useful to see that translatabil-
ity as a measure of syntactic purity and satisfyingBR are not exact counterparts.
Formula interpretations merely guarantee syntactic purity, while BR guarantees
semantic pollution but does not capture all untranslatable formulas. Moreover, in
future studies we might want to take a conceptually different approach towards
analyzing semantic pollution for inference rules or for entire proofs. It seems that
the type of semantic pollution that they would possess (if any), would be more
syntax-independent (and so of a different nature) than the pollution of a proof-
theoretic grammar. Recall that main examples of grammatical pollution relied
on a clear separation from the local, valuation-dependent truth conditions of the
modal language. This `view' on Kripke models is something that we can less easily
attribute to inference rules, which are based more naturally in validity (and so are
in principle not local, nor valuation-dependent). We look forward to see possibly
different conceptions of semantic pollution shape this ideal of proof on the levels
of inference rules and formal proofs.

3Similar considerations can be given for cyclic or non–well-founded proof systems, that use in�nitely
many rule applications.
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7.2.2 Type of proof system

For ontological purity, our measures were biased to natural deduction proof sys-
tems. Full purity does not require any adaptations when we switch to Hilbert-style
or sequent-style proof systems; but secondary purity does, especially in the re-
quirement for the `threshold for pure formulas' (of De�nition 4.3.2) occurring at
some point in each proof branch. That is, we still want to be sure that at some
point the proof restricts itself to formulas describing surrogates only. While we will
not treat the cases of Hilbert-style and sequent-style calculi in full detail, we can
illustrate preliminary workings of the derivation criterion in these settings by tak-
ing again Example 4.3.3 concerning a single-inference (by assumption fully pure)
Q-proof, and a secondarily pure proof in C2

FO. The fully pure inference was:

8x(x = x)
8E0 = 0

The secondarily pure proof was as follows.

C2
FO

...
8x((T (a; x) _ x = b) ! x = x)

8E
(T(a; b) _ b = b) ! b = b

8x(x = x)
8Eb = b _I

T (a; b) _ b = b
! Eb = b

Recall that the �rst derivation of b = b in the rightmost branch does not satisfy the
derivation criterion, and only the bottom instance shows that it can be done in a
pure way.4

Now consider a Hilbert-style system, one where we only have the inference
rule Modus Ponens, and the usual �rst-order axioms.5 The secondarily pure proof
can be seen to go as follows. Let� (x) := T(a; x) _ x = b, and let all inference rules
be instances ofMP. Let the starred instances of the domain formula coincide to
paste the two derivations together as one.

8x(x = x) ! b = b 8x(x = x)
b = b b= b ! � (b)

� (b)( � )
C2

FO

...
8x(� (x) ! x = x) 8x(� (x) ! x = x) ! (� (b) ! b = b)

� (b) ! b = b �(b)( � )
b = b

4Although we do not do so here, this suggests that it might be interesting to further analyze the
way that the derivation criterion encourages (perhaps even requires) cyclicity.

5In the �rst-order setting, quanti�er rules can be common for Hilbert-style systems. However, the
setting where the axiom-rule ratio includes the largest number of axioms and the least number of rules
may show the differences with respect to natural deduction most clearly.
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We see that the de�nition of `pure formulas' (as in De�nition 4.3.2) needs to be
enlarged in this setting, in order to include some `good formulas' (as in De�nition
4.3.1) as well. Take for instance 8x(� (x) ! x = x) ! (� (b) ! b = b), which
is a `good' formula (and not a `pure' one), but is also an axiom of the proof (in
the natural deduction setting, only assumptions that can later be discarded are
examples of leaves that are `good'). The Hilbert-style focus on axioms makes it
harder to separate `pure' formulas (such as8x(� (x) ! x = x)) from their `good'
recombinations. Additionally, and related, the loosened threshold of purity oc-
curring in a proof generally also shifts upwards towards the leaves of the proof,
as the Hilbert-style axiom schemas allow instantiations by (recombinations of)
� -relativized sentences. On the contrary, in natural deduction proofs, the Hilbert-
style logical axioms are built into rules, so that the pure formulas always really
occur in the middle of a formal proof, or as an assumption. In short, and see-
ing that the rule MP itself does not need a restriction, derivation criterion for
secondary purity is really generalized to act on the grammar.

Consider now a (shared-context) sequent-style system for �rst-order logic (af-
ter (Negri and Von Plato, 1998), we let all instances ) a = a be axioms). The
secondarily pure proof can be depicted as follows.

C2
FO

...
) 8 x((T (a; x) _ x = x) ! x = x)

) b = b _R
) T(a; b) _ b = b b= b ) b = b

! L
(T(a; b) _ b = b) ! b = b ) b = b

8L
8x((T (a; x) _ x = x) ! x = x) ) b = b

Cut
) b = b

Several observations can be made with respect to the derivation criterion in
this setting. First, recall that in sequent calculi with mathematical axioms, the Cut
rule is commonly not eliminable, making only free-cut elimination feasible. The
application of Cut in this proof shows how the Cut rule connects two separate parts
of the proof. The left part starts from powerful axioms, and works down towards
a relativized (pure) axiom, marking the onset of a pure derivation. For the right
part, we might choose whether to take a top-down, or a bottom-up perspective on
the rules. The top-down perspective seems to suggest that the purity guarantee on
the right side also only kicks in at the premise of the Cut rule, where (thinking of
the sequent arrow as representing derivability) the sequent8x((T(a; x)_ x = x) !
x = x) ) b = b represents a pure derivation ofb = b. As for the part of the proof
above the Cut premise, we might think that we do not have enough information
about the `derivability context' of the relevant formulas yet. The atomic formulas
at the leaves are gradually built into more complex formulas, either restricted to
referring to surrogates, or not. After building up some complexity, they might form
instances of a pure formula, or instead something more powerful. This conceptual
perspective makes the derivation criterion less interesting, as it secures only the
purity of the last inference, that of the Cut rule.
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More natural might then be to take on a bottom-up perspective of the rules in
the right part of the derivation. While the left part of the derivation functions to
derive a pure (relativized) axiom, the right part then serves to display how this
relativized axiom is used, i.e. how we can reduce its complexity in a pure way. On
this perspective, the entire right part may be considered to �nd itself among good
formulas. When we read the tree bottom-up, the rule 8L (bottom-up) can be seen
to perform quanti�er elimination to the left side of the sequent, which is a safe
operation purity-wise. More decomposition brings us to the building blocks b = b,
which still originates from the pure cut formula. That is, decomposing a pure
derivation does not give us anything extraneous. Hence, this understanding says
that a sequent calculus proof may ef�ciently outlaw any extraneous formulas to a
particular part of the derivation that works from mathematical axioms; the other
part of the derivation then takes a derived formula, and brings it back to simpler,
still pure, atomic formulas. In our example, the premises of the Cut rule may then
be considered to mark the pure threshold, and to induce further upwards purity
of the proof on the right side.

Additionally, since the bottom-up reading of the proof only reduces complexity
of formulas (aside from possible uses of the Cut rule), no additional restrictions
on inference rules need to be placed, once we work from a pure formula upwards.
The cut formula is thus the most important source of possible impurity, and needs
to be restricted by requirements of `goodness' or `pureness'. Recall that in (Arana,
2009) (see also the remarks of Section 3.2), it was investigated whether cut elim-
ination could `purify' a proof, assuming that the cut formulas themselves can con-
tain extraneous content, precisely because they violate the subformula property.
The idea was rejected there, mainly because of the need for free-cut elimination for
�rst-order mathematical theories, reducing the subformula property to one where
formulas may also be subformulas of the (mathematical) axioms. It is a nice ad-
ditional insight that we now see that the subformula property relative to a pure
cut formula (as we de�ned in De�nition 4.3.2) in fact is suf�cient for purity. Our
example suggests that the cut formula may be seen as the pure threshold, derived
from stronger mathematical axioms — `after' this, a pure derivation is guaranteed,
as shown by the (cut-free) part of the derivation that works its way back to the
logical axioms.

We repeat that for a thorough understanding of the derivation criterion for Hilbert-
style and sequent-style calculi, the precise formal details should be worked out
elsewhere. Finally, regarding the type of proof systems used for de�ning seman-
tic pollution, we restricted ourselves to sequent calculi and generalizations. The
same grammar requirements can be imposed on natural deduction and Hilbert-
style proof calculi, easily. However, they seem especially suitable for sequent cal-
culi, as the generalizations of the data structures used there are most sensitive to
grammatical pollution. In natural deduction and Hilbert-style calculi, extended
proof-theoretic languages are less common, although labeled formulas may cer-
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tainly also occur there (see e.g. (Basin et al., 1998)). Then again, it might turn
out that natural deduction and Hilbert-style systems are more prone to other types
of semantic pollution, for instance occurring on the level of inference rules, or en-
tire derivations. A �nal interesting generalization for semantic pollution would
be to consider the setting of semantic tableaux (see, e.g. (Priest, 2008)), where
proofs work from the axioms but also the negation of a conclusion, towards a con-
tradiction. Semantic tableaux seem have a more speci�c connection to the model
theory, by providing a method to identify a speci�c (counter)model from a formal
proof. This may indicate a different type of semantic pollution, appropriate for
this style of proof system.

7.2.3 Background logic and logical semantics

Changes in the background logic of our case studies also provide new contexts in
which to make the formal measures precise. In particular, we de�ned ontological
purity with respect to classical, �rst-order logic. A change to intuitionistic logic
would raise some conceptual as well as technical questions. Conceptually, intu-
itionistic theories adapt the style of reasoning and proving done on an ontology,
but perhaps preserve most aspects of the ontology itself.6 Technically, especially
regarding the derivation criterion, more open questions arise. In the intuitionistic
world, there less Visser (1997)-style interpretations are expected to exist, because
commutativity with of the interpretation translation with intuitionistic connectives
works less well. This suggests that a mathematical structure will be occupied by
less intuitionistic mathematical domains than classical ones, resulting in a slightly
stricter notion of secondary purity for formal proofs. This does not have to be a
bad thing: the fewer interpretations that work may instead be more natural, as
the very technical and complex interpretations are now ruled out. Note that these
changes only really make a difference for purity results of formal derivations, how-
ever. For informal proofs, there are built-in requirements on naturalness already,
so that secondary purity for informal proofs does not change just because there are
lessinterpretations into intuitionistic versions of theories — only if interpretations
between such theories stop existing altogether, the informal purity result would
also stop holding.

Finally, different notions of reducing theories to each other (such as realizabil-
ity) exist in the intuitionistic setting, compared to the classical situation. It would
be interesting to see if any such notion could lead to a different notion of surro-
gacy, or to different derivation criteria (the same holds for second-order versions
of mathematical theories and notions of equivalence).

As for semantic pollution, we considered classical (propositional) modal logic in
our case study. Changes to intuitionistic, or higher-order logics lead to different

6With the exception of more extreme constructive viewpoints: for instance, strict �nitism would
arguably strongly reduce the complexity of ontologies, in particular only allowing �nite ones.
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truth conditions of logical constants, and so to a shifted baseline reference rela-
tion, including new (variants of) model equivalences. A change of background
logic may naturally come with a change of logical semantics, as well (although
the same logic may already have various types of semantics itself). All these new
baselines provide suitable case studies for semantic pollution with respect to var-
ious proof-theoretic languages. As mentioned in the previous chapter, likely can-
didates for semantic pollution may be `neighborhood proof systems' (Dalmonte
et al., 2018; Negri, 2016) (introducing besides `world labels', for instance also
`neighborhood labels' or even set-theoretic predicates), as well as a proof system
for intuitionistic predicate logic (Baaz and Iemhoff, 2008) (introducing axioms
that include symbols for among others a set of Kripke worlds and the preorder on
them, as well as the �rst-order domains attached to Kripke worlds).

Taking the baseline reference relation of our case study as �xed for the mo-
ment, other interesting questions arise. Suppose for instance, given this baseline,
that we change to neighborhood semantics. Can the level of pollution of the same
proof-theoretic syntax now change? The notion of formula interpretation is inde-
pendent of semantics (as we de�ned it based on provability and logical entailment
only), and so syntactically pure formulas will at least stay syntactically pure un-
der such a change. That is, they retain an outlook on the new type of semantics
similar to that of the object language. But perhaps syntactic elements without a
formula interpretation can now lose or gain (levels of) semantic pollution — this
might happen when a formula obtains a new truth condition with respect to the
different semantics, which satis�es different properties than before. We look for-
ward to more insights into these topics. For instance, relative to neighborhood
semantics,x : A will arguably retain its truth condition x � A, and is likely to still
violate invariance under neighborhood model equivalences, which will not imme-
diately take into account a label assignment function. However, it seems already
more of a challenge to provide a truth condition for xRy relative to neighborhood
semantics, and analyze its level of semantic pollution there.

7.2.4 Conclusions

We see various possibilities of adapting the measures for both ontological purity
and semantic pollution to other proof-theoretic and logical contexts. The interest-
ing generalizations for ontological purity seem to mainly concern other types of
proof systems, while semantic pollution seems also worth generalizing to different
ingredients of a proof system, and to different types of logical semantics. This
difference arises from the fact that the measures for purity pose an order restric-
tion on formal proofs, which manifests itself differently for various types of proof
systems. On the other hand, our focus for semantic pollution was restricted to
proof-theoretic grammar, leaving other characterizations open. We hope to obtain
more future insights into the relation between the formal measures for ontological
purity and semantic pollution, as well as their generalizations.
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7.3 Re�ections on formalization

In this �nal section, we address the insights we gain into the notion of formaliza-
tion. In Chapter 1, we introduced the possible advantages and disadvantages of
formalizations of a pre-theoretical concept. Here we want to see more speci�cally,
for the three different types of formalization we carried out (see Section 1.3), what
they contribute to.

Recall from Chapter 1 the various theoretical virtues and dangers of formaliza-
tions outlined by Hansson (2000). We describe the main patterns of virtues and
dangers found for formalizations of proof ideals for informal proofs (on purity and
explanation), the formalization of purity for formal proofs, and the formalization
of semantic pollution for formal proofs. We end by shortly re�ecting some more
on what we have learned about the formalization of an ideal of proof in general.

7.3.1 Ontological purity and explanation for informal proofs

In Chapter 2 we already analyzed some aspects of the type of sharpening done
by models of ideals for informal proofs — here, we emphasize some further as-
pects of these formalizations. First, models of explanation and purity for informal
proofs rely on intuitions in an essential way, which characterizes their virtues and
dangers. They certainly serve to sharpen or elucidate a pre-theoretic conception
of an ideal. However, the level of sharpening is itself also of an informal nature.
Sharpening is achieved by introducing new terminology that has more concep-
tual content than the existing pre-theory, but that still remains indeterminate with
respect to various aspects; hence a reliance on intuition persists. For instance,
models of purity sharpen the notion of `content' of a theorem, and how to restrict
a proof to it by introducing new terminology ( topic, ontology, and so on); mod-
els of explanation sharpen the notion of an explanatory relation between a proof
and a theorem (by introducing terms like argument pattern, characterizing prop-
erty, and so on). This ensures that sharpenings can manifest themselves in widely
different ways.

Dependence on intuitions has advantages, as it avoids possible oversimpli�ca-
tion by reducing everything to one formal ingredient; and prevents the formal-
ization from only capturing very speci�c examples of proofs satisfying the ideal.
Simultaneously, the ingredients that are fully sharpened manage to provide new
insights into the ideal. For instance, we speci�ed a certain variant of purity, where
we suggest that a mathematical structure can be referred to by a formal set of ax-
ioms, its de�nitional extensions, and their interpretations into other theories. This
surely narrows down the pre-theoretic notion of `content of a theorem', and shows
a way in which we may conceive of purity as having degrees. Additionally, such
a sharpening provides new emphasis on philosophical problems such as: when
can two formulations of theorems be considered the same? What does it mean
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more speci�cally to be a (natural) formalization? More speci�cally: what is the
boundary between a property being formally de�nable by a theory, and for this
de�nition to be a natural one?

The reliance on intuitions also relates to the dangers of the formalization. The
type of `formal oversimpli�cation' that is avoided by leaving room for intuitions, is
regained when considering a more conceptual type of oversimpli�cation. That is,
by de�ning an informal, relatively open type of concept, we require our intuitions
to always have a say in how to �ll it in. But consider the crystallization of content
into an ontology: one simply cannot always have clear intuitions on an ontology
for a given theorem (for instance, recall examples on meta-theoretic theorems like
the consistency of theories; or set-theoretic theorems that could have wildly dif-
ferent (sizes of) ontologies associated to them). In those cases, what its content
is supposed to be is unclear. Similarly, the step from an ontology to a formal the-
ory can be oversimpli�ed, as mentioned in Chapter 3. That is, a formal theory
will never perfectly capture an ontology, for instance because its axioms in the
formal setting turn out more or less powerful than previously thought (consider
Gödel's Incompleteness Theorems); or, because the set of formal primitives do not
completely capture the intuitively important objects and operations. This danger
is also found in models of other variants of purity and explanation for informal
proofs (for instance, in selecting the set of operations mentioned by a theorem, an
argument pattern, a characterizing property, and so on). While some key examples
may �t these conceptual terms well, in other cases they may be highly oversim-
pli�ed. Although we advocate these sharpenings as merely specifying a variant of
an ideal within a pluralist setting of various formalizations, the danger remains
that they are taken too universally, and that we let them `blunt' the philosophical
debate by ignoring the more re�ned intuitions underlying ideals like purity.

Furthermore, we should be aware of the purpose of such formalizations. Because
the ingredients of models of ideals for informal proofs are not calibrated for appli-
cation to proofs where no clear intuitions exist regarding the ideal (or ingredients
of the model), these models seem to primarily serve providing more theoretical
insight into the nature of an ideal (rather than aiding the practical veri�cation of
whether or not proofs possess an ideal). Given certain intuitive examples (not)
possessing the ideal, such models provide more theoretical insight into what un-
derlies these intuitions. Applying the model to `neutral' examples where no in-
tuitions about the ideal exist, may still provide more conceptual insight into the
model itself. It shows us which aspects of a model are well-de�ned, and which
ones need a tolerant interpretation and rely on intuition. And it provides insight
into which aspects sharpened by the model are present and absent in the exam-
ple, providing a sense of how it relates to and departs from some model of the
ideal. Our study in Chapter 2 for instance helped show how the sharpenings of
two different proof ideals interact theoretically, showing whether our intuitions
for these ideals are in fact based on the same theoretical properties, or not. A
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shared underpinning of multiple ideals would support the idea that these theo-
retical properties are important in clarifying what makes mathematics revealing
(as ideals of proof guide mathematical practice). It would also suggest that such
shared properties are key to successful formalizations. The inconsistent results of
Chapter 2 concerning purity and explanation, however, suggests that stable prop-
erties underlying formalizations of proof ideals may be hard to �nd.

7.3.2 Ontological purity for formal proofs

Consider now more speci�cally the model of ontological purity for formal proofs,
given its model for informal proofs. We might say that this model serves less
to elucidate a pre-theoretic conception, and more to provide knowledge on the
formalization of informal proofs into formal proofs. The question here is, given an
informal proof that is ontologically pure, which formal proofs should be given a
level of purity? We focus on some speci�c aspects relating to the formalization of
ontological purity.

First, the main sharpening of ontological purity for formal proofs concerns its
relation of the `informal use' of an ontology in a proof to syntax restrictions for
formal proofs (to any syntax of the context theory, and to a syntax restriction (in
a particular order) in theories interpreting the context theory). This sharpening
shows that there is a �ne balance between which informal aspects of a proof can
be preserved, and which are ignored in the formalization. For instance, while an
informal proof is `really' able to restrict its ontology to surrogates, by simply not
mentioning any other objects or operations, our natural deduction proofs need
to mention the unrestricted axioms of interpreting theories in order to provide
a `gapless' formal proof. Hence, a choice arises concerning how one formalizes
use of surrogate ontology in a full formal proof — we chose to do this with an
order constraint on syntax occurring in the formal proof (other ways may exist).
Similarly, as long as syntax belongs to the language of the context theory or to
the `good' formulas of an interpreting theory, we do not take inference rules as
affecting the ontology. This means that no matter how complex a syntactic string
becomes through manipulation by inference rules, such that it conceptually does
not correspond anymore to a natural concept, or such that it might conceptually
be more similar to a concept from a different ontology — we will still consider it
pure, as it will have an acceptable ontological interpretation.

We see some dangers of the formalization of ontological purity for formal
proofs concerning oversimpli�cation and sensitivity to technical artifacts, as be-
fore. As mentioned above, the requirements of pure formal derivations are per-
haps loose (by accepting all syntax produced by a set of axioms), but also strict (by
the speci�c use of the interpretation translation, and the speci�c requirements of
the derivation criterion — both might be generalizable). This undoubtedly creates
some distortion of the conception of ontological purity for informal proofs that we
started out with. However, note that the formalization of ontological purity for
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informal proofs was a sharpening already of the pre-theoretic conception of purity
generally, so that its subsequent transferral to the setting of formal proofs can (as
a sharpening of a sharpening) be considered relatively accurate. That is, relative
to the pre-theoretic conception of purity, generally, the formalization of ontolog-
ical purity for formal proofs provides various distortions and oversimpli�cations
— but relative to the model for ontological purity for informal proofs, we are left
with fewer gaps to �ll. The gaps that are left, such as the choice of ontology, and
notion of `(natural) formalization', are included in the formalization as intended
remaining open texture. Then, once these choices are made, ontological purity for
formal proofs is entirely sharpened.

Further, the formalization of an ideal of proof to the setting of formal proofs
may come with supplementary formalizations of related concepts. For instance,
secondary ontological purity for formal proofs provided an accompanying sharp-
ening of the notion of a proof simulation (by Theorem 4.4.3). This can be seen
as a proof simulating not only the ontology of the context theory by surrogates,
but also by simulating certain proof steps (and perhaps the proof strategy) of a
formal proof. While this is an aspect of formal proofs that is too �ne-grained to
be relevant for ontological purity, the concept might provide clarity in more for-
mal settings. The formal tools used in obtaining these sharpenings additionally
give rise to several open questions. For instance, how can we characterize the
proofs satisfying a derivation criterion that are not a simulation? More generally,
what other interesting ways of simulating proofs are there, and what proof aspects
do they �x? What other translations between theories induce some (variant of a)
derivation criterion? And what philosophical properties do (proof) translations re-
ally preserve, and which ones do they not preserve? These are just a few examples
of many others, and we leave the search for precise answers to these questions to
further research.

7.3.3 Semantic pollution for formal proofs

Finally, we turn to the model of semantic pollution for formal proofs, which serves
to elucidate a pre-theoretic ideal that already concerns formal proofs. Because
the notion of a formal proof is well-de�ned, the pre-theoretic ideal may itself be
considered a bit more precise already. If we consider the informal description of
semantic pollution as `a semantics invading a proof system', we are already clear
about the nature of the terms `semantics' and `proof system'. It is the notion of
`invading' that is in particular need for formalization.

Like ontological purity, syntactic purity and `extraneous' semantic elements are
made precise by differences in language strength and formal notions of sameness.
Our sharpening says that semantic pollution is about a certain simplicity of syntax,
and that stronger syntax that violates invariance results under model equivalences
can express `too much' about some (type of) semantics. Again, the formalization
leads to some interesting further questions, including: how can we measure the
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power or effect of an individual operator, when it is added to a language? How
can we better characterize the gap between being untranslatable to a language,
and violating invariance results under model equivalences? Furthermore, how
do syntactic purity and semantic pollution relate to informal proofs? We might
envision speci�c cases where a similar informal variant of these properties hold:
an informal proof in the �eld of proof theory may be semantic (using the model
theory), or syntactic (using just proof-theoretic tools). A model-theoretic proof
of a syntactic property such as cut elimination might be considered `semantically
polluted' in this case. However, the informal counterpart of the ideal seems to have
a slightly different conceptual �avor than semantic pollution for formal proofs, and
for informal proofs, it might in fact relate more generally to ontological purity. This
is something that deserves further exploration.

A speci�c aspect of the sharpening of the base requirement, concerns our un-
derstanding of `simple' syntax. The formalization shows that language strength is
not all-determining for semantic pollution; an important factor is also the level of
connectionto a language. To illustrate this, consider the following example.

7.3.1 Example. Consider �rst-order modal logic as the baseline syntax, relative
to �rst-order Kripke semantics and a labeled proof-theoretic language. Now take
a labeled formula, such asx : 8a(2 a) or xRy . A (constant-domain) �rst-order
Kripke model is commonly a tuple (W; R; D; I ) where W is a set of worlds, R
is the accessibility relation on worlds, D is the constant domain associated with
each world, and I is a function assigning to each pair of ann-ary predicate and a
world, an n-tuple of elements of D . Now, even though the object language is of
�rst-order strength, the model is not yet equipped to provide truth conditions to
labeled formulas, becauseI does not interpret labels. Hence, the truth condition of
x : 8a(2 a) and xRy will still need a model M = ( W; R; D; I ) to be augmented by
a label assignment function � : Lab ! W . Furthermore, if we consider any usual
model equivalence for M , it clearly does not include any conditions on � . Hence,
as before, new model equivalences will have to be de�ned for models(M; � ). For
weak model equivalences that just `add� on top', it is easy to see that labeled
formulas will still satisfy BR. Semantic pollution thus still occurs.

Hence, in a sense, semantic pollution is, besides the strength of a proof-theoret-
ic language, also about the connection between the model-theoretic interpretation
of elements of this language. The formula xRy may be thought of as similar in
strength to the �rst-order object language, but semantic pollution can still occur
because the interpretation of the set of labels is separated from the set of �rst-
order variables. Recall that we also saw an example of the converse in the previ-
ous section on generalizations: the situation where the object language was not
strong enough to translate a proof-theoretic element (take a trivial in�nite rule
with in�nitely many copies of the same premise), but where this did not result in
semantic pollution. There, all the ingredients of the (in�nite) representation of the
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rule, were still compatible with the object-language perspective on the model the-
ory. These examples further clarify what the formalization of semantic pollution
focuses on, and what it does not.

Finally, the formalization may be seen to suffer from dangers of similar nature
as before. Oversimpli�cation of intuitions is one: based on different interpreta-
tions of the open texture of the pre-theoretic ideal of syntactic purity, one might
prefer different a `calibration' of the formalization of semantic pollution. For in-
stance, one might want semantic pollution to be more sensitive towards untrans-
latability, less sensitive to the `connectedness' between syntactic elements, or even
more sensitive to the use of syntax, e.g. their manipulations in formal proofs. Or,
within our focus on the grammar of a proof system, semantic pollution might in-
stead be de�ned in terms of a baseline reference relation that is more tolerant than
just the perspective of the object language. The de�nition of such formal variants
of semantic pollution would be nicely comparable to our original variant, and it
might lead to a family of formal notions of semantic pollution.

7.3.4 General remarks on formalizations of proof ideals

A few �nal remarks concern some more general properties of a formalization of an
ideal of proof (which require a more detailed analysis for de�nite conclusions). A
main observation concerns the idea that pre-theoretic properties can be formalized
with varying levels of `�xedness', or levels of remaining open texture. By this we
mean that the formalization can contain different levels of built-in �exibility for an
agent, relative to how the open texture of certain aspects is accommodated. For
instance, for the formalization of the notion of computability by Church's Thesis
(see Chapter 1), essentially nothing is left for an agent to interpret for themselves.
Indeed, we might think that a formalization is supposed to turn all aspects of
the pre-theory into formal counterparts. But our case studies have shown that
sometimes we might prefer only formalizing someproperties of the pre-theory, or
only partly formalizing the properties of the pre-theory. In order to be more aware
of this possibility, we might want to categorize formalizations according to their
level of `remaining' open texture. After all, a formalization is only satisfactory if it
�xes as well as leaves open the right notions.

At �rst sight, (at least) four levels might be distinguished. Rigid formalizations
of pre-theoretic ingredients may be called �xed : any existing pre-theoretic open
texture is completely taken away. That is, an agent � using such a formalized
model has no choice whatsoever in determining the ingredient of the model, as
the model determines what the formalization becomes. In our formalization of on-
tological purity, the notions of interpretations and de�nitional extensions have this
�xed character (relative to a context theory). Similarly, the property of violating
invariance results under model equivalences is �xed (relative to a reference rela-
tion), as well as our chosen properties of globalness and valuation independence.
These properties make up automatic components in the evaluation of (ontological
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or syntactic) purity of formal proofs.
Ingredients that are slightly less rigidly formalized we might call semi-�xed.

For instance, this could include the case where a pre-theoretic notion is formal-
ized into a completely determinate type of formal counterpart — i.e., � cannot
choose the nature of the formalized object (or property).7 However, � has free-
dom in choosing a precise instance of this object or property, that she thinks �ts the
formalization at hand best. In our formalizations, this may involve the particular
choice of the baseline reference relation (including a choice of context theory, and
for semantic pollution, a choice of syntax and semantics). Additionally, the notion
of an `operational domain' (from Kahle and Pulcini (2018)'s operational purity)
may be seen to satisfy this level, since the nature of a numerical domain is clear,
but there is a degree of freedom in deciding upon one.

Other levels provide less ground to stand on for formalizations. A, say,semi-
�exible formalization can be given of a pre-theoretic ingredient, when there exists
a relatively stable, shared intuition on its nature — yet when applying the formal-
ization in practice, the precise details need to be gauged per individual example.
That is, although the ingredient is characterized by a strong basic understanding
(among the mathematical community), the variety of practical examples requires
an agent � to form a unique perspective on each individual formalization. Several
ideals of proof can be considered to have ingredients of this nature. The notions of
(surrogate) ontology, and structure, are arguably examples of such notions for on-
tological purity. The notion of operation (for operational purity), dependence (in
Steiner explanation), and abstraction (in Pincock explanation) seem also suitable
examples of semi-�exible formalizations. Surely there is a wide, shared under-
standing of what these notions are supposed to mean. However, reducing them to
a �xed counterpart, even a single type of object or property, seems highly unlikely
to do justice to the variety of ways in which proof ingredients can satisfy them.8

Finally, a formalization may include ingredients that are such `loose' sharpen-
ings, that we could call them �exible . Here, a suggestive term might be given to
the formalized ingredient, but it lacks the stable, shared understanding that was
present in the previous level. Our agent � has the freedom to choose precisely
what type of formal object this becomes, as well as which precise instance of this
object she chooses: as long as she can argue in some convincing way that these
choices satisfy the suggestive requirements of the formalization. In topical pu-
rity, while the notion of `topic' and `co-�nality' might be evaluated as semi-�exible,
there is arguably less shared understanding surrounding these notions. That is, the
type of things that a topic can be are wide-ranging, and co-�nality as a property is
quite sensitive towards different interpretations. Other properties perhaps falling

7Such as a set, a function, a formal theory, a language or a model, any type of thing that we deem
rigorously de�ned.

8Note that, although we for instance relate an ontology to a formal theory, we do not suggest that
they are the same types of things. An ontology is considered to be a separate entity from a formal
theory, the latter of which is considered to refer to the former.
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into this category include Steiner's `characterizing property', as well as Kitcher's
`argument pattern'.

Hence, a formalization can be seen as coming with an optimal `level of speci-
�city', or balance between intuition and rigidity, that allows it to work best in prac-
tice. Overspeci�cation relates to many dangers of formalization, and can quickly
be seen to make formalizations useless, and separated from pre-theoretic intu-
itions. For our examples, we see the trend that formalizations for informal proofs
leave some level of open texture for each ideal. Even for semantic pollution and
syntactic purity, as properties of formal proofs (concerning the highest level of de-
terminacy), the initial choice of the baseline reference relation leaves some open
texture. For instance, labels are not `polluted by de�nition'; they are polluted rela-
tive to the baseline chosen. Similarly, a proof of a theorem is not pure or impure in
some absolute sense, but only relative to a choice of ontology and context theory.

There should be many other interesting general properties of formalizations for
ideals of proof that we have not considered closely. For instance, formalizations
may be differently suitable for de�ning levels or degrees of the property that they
formalize. In general, we expect that a formalization with less remaining open
texture provides more opportunities for de�ning levels. Namely, if all ingredi-
ents of the formalization are rigid, it is easier to play with the chosen variable
settings by tuning them slightly differently, and to see what properties of the pre-
theory remains. Furthermore, a general property of formalizations of proof ideals
is whether formalizations tell us anything about the relation between informal
and formal proofs. The relation between informal and formal proofs can be seen
as inherently connected to the problem of proof identity: the former might be in-
terpreted as asking which informal proofs are `the same' as which formal proofs.
In Chapter 1 we mentioned that one way to distinguish proofs conceptually is by
seeing which ideals of proof they (do not) possess. This implies that formalizations
of ideals of proof might provide more insight into (conceptual) proof distinction,
and so into the relation between informal and formal proofs.

In general, formalizations at the level of informal proofs (as in Chapter 2)
seem to give at least a boost in specifying sharpened informal properties that are
relevant for conceptual proof distinction — they can be used as guidelines for
bringing an ideal to the formal setting. Formalized ideals of formal proofs (such
as semantic pollution) more easily provide distinctions between formal proofs, but
these properties are not guaranteed to correspond to anything meaningful on the
informal side. The only ideal de�ned for both informal as well as formal proofs
was ontological purity, providing a �rst way to link the two. We look forward to
gaining more insights into the exact connections between the two types of proofs.
For now, in line with pluralism on formalizations, we suggest that a context- or
property-relative attitude to proof identity, and to the relation of informal to for-
mal proofs, is useful — implying that criteria of identity are variable relative to
properties of interest.
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7.4 Conclusion

In this chapter, we have considered the formalization of ideals of proof from a
more general point of view. We considered the likenesses and differences between
the formalizations of ontological purity (for formal proofs) and semantic pollution,
and we saw several potential generalizations of their criteria. Finally, we discussed
the value and nature of the speci�c formalizations. Plenty of directions for future
research can be seen to emerge here. While proof systems are ever-changing, we
look forward to new ones coming into existence, and to formalizations of ideals of
proof being developed in new settings.
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In this dissertation, we have explored three ideals of proof, and attempted to com-
pare them more closely and de�ne several of their formalizations. In particular,
Chapters 3 and 4 introduced a new variant of purity of mathematical proofs into
the literature, that of ontological purity, and examined under which criteria for-
mal natural deduction proofs can be said to satisfy a full and secondary level of
this type of purity. Secondary purity was argued to deserve its name by securing
a reference relation to surrogate ontological content through criteria relying on
the interpretation translation, thereby preserving the structural content of a the-
orem. We thus provide a �rst characterization of purity for formal proofs, while
showing that the particular philosophical viewpoint on mathematical content that
is adopted, can affect the resulting purity outcomes.

Ontological purity also occurred in the broad comparison of models for purity
and explanation of informal proofs in Chapter 2. There, we investigated the be-
havior of each model when applied to a standard proof of the In�nitude of Primes
(displaying features of purity), and a standard proof of Pythagoras's Theorem (dis-
playing properties of explanation). Such a case study showed that the intuitions
underlying a single ideal of proof are multi-faceted and can lead to widely differ-
ent sharpenings. While the geometric notion of similarity occupied an explanatory
role in the proof of Pythagoras's Theorem, it was able to introduce epistemic, oper-
ational as well as (in a geometric setting) ontological types of impurity according
to various models. The `pure' arithmetical tools used to prove the In�nitude of
Primes turned out to be compatible with Kitcher's unifying argument patterns, but
showed no clear characterizing property in the sense of Steiner's model of expla-
nation, nor an abstraction difference as intended by Pincock's model. Hence, the
comparative study of purity and explanation reinforces the idea that, although
these ideals may share a conception where pure and explanatory elements possess
a certain basic simplicity, they differ in richer sharpenings that allow purity and
explanation to stem from more wide-ranging conceptual properties. The study
also featured the more tolerant workings of our notion of ontological purity, that
allowed purity of the proof of Pythagoras's Theorem as long as the theorem is
conceived of as referring to an ontology including arithmetic.

We made the switch to a discussion of proof systems and Kripke semantics
for modal logic in Chapter 5, in order to ready ourselves for the formalization
of semantic pollution in Chapter 6. The preparation consisted of an overview of
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the display language, the labeled language and the hybrid language, as well as a
de�nition of various types of Kripke model equivalences that incorporate require-
ments on the label assignment function. After providing an introduction to the
notion of semantic pollution and possible formalizations, we then introduced a
�rst elaborate conceptual understanding of semantic pollution in Chapter 6. In
particular, we suggested that a semantics can be said to `invade' a proof-theoretic
language when formula types from this language make more �ne-grained distinc-
tions between models than the object language does. Hence, the base requirement
for semantic pollution was formalized as formula types from proof-theoretic lan-
guages violating invariance results under model equivalences. Additionally, taking
the local and valuation-dependent properties of the modal language as character-
istic of the modal perspective on Kripke models, we suggested that globalness and
valuation independence, on top of the base requirement, indicate even stronger
levels of semantic pollution. This led to a �rst systematic classi�cation of the lev-
els of semantic pollution of various proof-theoretic languages, in which labeled
languages displayed a high level of semantic pollution.

These case studies can also be seen to contribute to the broader question of
what is a `good' mathematical proof, and a `good' design of proof systems. This is
a topic Chapter 1 showed comes with many motivations, ranging from desirable
epistemic qualities of a mathematical proof, to technical motivations from proof
theory itself, but also relating to proof-theoretic semantics, categoricity, and so
on. Whatever one's goal for a proof or a proof system, we advocate generally
a conscious design of proof systems relative to that goal. By this we mean that
there should be an awareness of the plurality of motivations in the �eld, and a
recognition that the design choices made for a speci�c goal, may affect other goals
(even if one may not have these other goals oneself).

Finally, Chapter 7 provided a preliminary more general perspective on our case
studies. We observed that the formalizations of ontological purity and semantic
pollution are alike in taking a reference relation as a starting point, which forms
the context relative to which they can be measured more formally. On the other
hand, we emphasized that our interpretation of these pre-theoretical ideals were
based in the referents for ontological purity, but based in the reference relation
itself for syntactic purity. We also saw that the ideals we considered bene�t from
keeping a level of open texture within the �nal formalization. Finally, we believe
that the formalizations of ontological purity and syntactic purity are suitable for
generalizations relative to various aspects, including the ingredients of a proof
system, different types of proof systems, and differences in background logics and
logical semantics. All these topics lead to various interesting possibilities for future
research.

All in all, we encourage a pluralist and open-minded attitude towards the for-
malization of proof ideals, where ones preferred pre-theory offers guidance on an
appropriate level of remaining open texture in a formalization, and where formal
tools provide clarity where possible.
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More broadly, this work can be considered to touch on various higher-level topics.
We end our contemplations, and this dissertation, by highlighting a few of them
below.

`Natural' syntactic codings and translations. Although we provided case stud-
ies of formalizing ideals of proof, formalization in mathematics more generally
remains an obscure, quite impenetrable notion, where lots of insights may still
be gained. The type of formalization of (mathematical) notions into formal the-
ories or formal proofs involves, ultimately, a choice of syntactic representation of
this content. As seen in the case study of ontological purity, the distinction be-
tween `formalizable' and `naturally formalizable' is for instance certainly one that
deserves more attention, and which may lead to a better understanding of for-
malization generally. In this dissertation, we took this distinction as a guideline
(evaluated by the standards of the mathematical community) for when an infor-
mal proof is `fully' pure, and when it is `secondarily' pure — more clarity on natural
versus more `arti�cial' formalizations would clarify the workings of ontological pu-
rity on the level of informal proofs. On the side of formal proofs, formalization
had already occurred, and the interpretation translation was allowed to induce
secondary purity in any (valid) way. Still, even there, more insight into the dis-
tinction between `natural' and `arti�cial' interpretations between theories might
make the notion of surrogate content more tangible, and would reduce the dis-
tance between informal proofs using surrogate content, and their formalizations
relative to an interpretation translation.

More speci�cally, the naturalness of the primitives as occurring in a set of con-
text theory axioms has been key for ontological purity. De�nitions of mathematical
concepts that are not directly given by the primitives may however quickly involve
layers of `codings' where basic syntactic elements function as representations of
various different concepts (PA's syntax for natural numbers can code, for instance,
complex arithmetical properties, but also concepts such as negative numbers, set-
theoretic membership, and so on). Clearly, however, syntactic complexity cannot
function as a measure of a conceptual notion of arti�cialness: languages with a
small signature (such asf2g ) simply need to use high syntactic complexity (and
more codings), and even for simple concepts, than languages with a rich signa-
ture. Recall also for instance Example 3.4.4, that commented on the formalization
of an uncountable set in PA, and whether representing just one element of this set
can be considered a `formalization' of the entire set. These issues raise the ques-
tion: how distanced may representations of mathematical content be from their
original concept in order to still be a `formalization'? And how can we de�ne a
notion of syntactic `naturalness' that is independent of a signature's richness, and
determined not just by syntactic complexity?
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Informal and formal proofs. Our case studies certainly touched on the question
of how informal proofs relate to formal proofs, and in particular, how each may
be said to approximate the other. For ontological purity, we suggest that a (pos-
sibly surrogate, and structural) ontology of a theorem is a property that can be
described for both informal proofs, and for formal proofs. Hence, considering par-
ticular (philosophical) properties of proof as a �xed property under formalization,
can be an effective strategy for linking informal proofs to formal proofs.

However, again, the question remains how informal and formal proofs relate to
each other in a more general sense. We note that several approaches to answering
this question exist in the (growing) literature on this topic — one of them is to
work with more re�ned levels of formality. For instance, besides the formal proofs
in proof systems as we know them, and informal proofs as certain natural lan-
guage descriptions of proofs, “it is also possible to imagine higher-level proofs that
are nonetheless presented in a language that has been fully speci�ed, so that the
resulting proofs can be checked by purely mechanical procedures” (Avigad, 2006)
(see also for more recent work on such `conceptual yet precise' proofs (Weber and
Tanswell, 2022; Avigad, 2024)). A promising approach to this topic may thus rest
on formalizing the reasoning steps and strategies used in a proof. Combined with
formalizations of the more philosophical aspects of proofs (such as proof ideals),
such a strategy might result in an comprehensive bridge between informal and
formal proofs.

The relation between proof theory and model theory. Finally, we note that
the investigation of semantic pollution suggests that more nuance may be given in
the different ways that proof theory and model theory relate to each other, aside
from soundness and completeness results. Whereas a soundness and completeness
result relates a whole syntactic language to a semantics, we may take our formal-
ization of semantic pollution as advocating more subtle distinctions between the
way the object language relates to it, and a proof-theoretic language. In particu-
lar, it advocates more re�nement in the role of the model-theoretic interpretation
function, and whether or not it lets the interpretation of proof-theoretic syntactic
elements depend on the object language interpretation.

Taking this to a different level, we note that it might be interesting to more
closely investigate not only when a syntactic element violates invariance results
under model equivalences in general — but when a syntactic element is `biased'
towards a particular semantics, more speci�cally. For instance, including labeled
formulas in a proof-theoretic languages forces one to make sense of them semanti-
cally, and Kripke semantics provides the intended way of doing this. But how does
the model-theoretic interpretation of labeled formulas change when adopting a
different type of semantics? That is, the modal language displays �exibility with
respect to many types of semantics (such as Kripke semantics, neighborhood se-
mantics, topological semantics and algebraic semantics). It seems natural to think
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that adding proof-theoretic formulas like labels makes the language less �exible in
this respect. While, for instance, bilateral syntax (see e.g. (Rum�tt, 1997; Smiley,
1996)) can help enforce categoricity results for a semantics, making the relation
between a proof theory and model theory more stable and complete — perhaps to
a lesser extent there is also an interesting way of saying that semantically polluted
syntax �xes, or rather prefers, the type of semantics that it was inspired by.
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Jáskowski, S. (1934). On the rules of suppositions in formal logic. Oxford: Claren-
don Press.

Jojgov, G. I., Nederpelt, R. P., and Scheffer, M. (2004). Faithfully re�ecting the
structure of informal mathematical proofs into formal type theories. Electronic
Notes in Theoretical Computer Science, 93:102–117.

Kahle, R. and Pulcini, G. (2018). Towards an operational view of purity. The Logica
Yearbook 2017.

Kanger, S. (1957). Provability in logic. PhD thesis, Acta Universitatis Stockholmien-
sis, Stockholm Studies in Philosophy 1, Almqvist & Wiksell, Stockholm.

Kashima, R. (1994). Cut-free sequent calculi for some tense logics.Studia Logica,
53(1):119–135.

Kaye, R. and Wong, T. L. (2007). On interpretations of arithmetic and set theory.
Notre Dame Journal of Formal Logic, 48(4):497–510.

Kim, J. (1994). Explanatory knowledge and metaphysical dependence.Philosoph-
ical Issues, 5:51–69.

Kitcher, P. (1975). Bolzano's ideal of algebraic analysis. Studies in History and
Philosophy of Science Part A, 6(3):229–269.

Kitcher, P. (1981). Explanatory uni�cation. Philosophy of science, 48(4):507–531.

Kitcher, P. (1989). Explanatory uni�cation and the causal structure of the world.
In Scienti�c explanation, pages 410–505. MN: University of Minnesota Press.

Lakatos, I. (1978). What does a mathematical proof prove? In Worrall, J. and Cur-
rie, G., editors, Mathematics, Science and Epistemology, page 61–69. Cambridge
University Press.

Lakatos, I. (2015). Proofs and refutations: The logic of mathematical discovery.
Cambridge University Press.

208



Bibliography

Lange, M. (2009). Why proofs by mathematical induction are generally not ex-
planatory. Analysis, 69(2):203–211.

Lange, M. (2014). Aspects of mathematical explanation: Symmetry, unity, and
salience. Philosophical Review, 123(4):485–531.

Lange, M. (2015). Explanation, existence and natural properties in mathematics–a
case study: Desargues' theorem.Dialectica, 69(4):435–472.

Lange, M. (2016a). Because without cause: Non-casual explanations in science and
mathematics. Oxford University Press.

Lange, M. (2016b). Explanatory proofs and beautiful proofs. Journal of Humanistic
Mathematics, 6(1):8–51.

Lange, M. (2019). Ground and explanation in mathematics. Philosophers' Imprint,
19.

Lavine, S. (2000). Quanti�cation and ontology. Synthese, 124:1–43.

Lehet, E. (2021). Impurity in contemporary mathematics. Notre Dame Journal of
Formal Logic, 62(1):67–82.

Leibniz (1981). New Essays on Human Understanding. Cambridge University Press,
Cambridge.

Leitgeb, H. (2009). On formal and informal provability. In Bueno, O. and Linnebo,
Ø., editors, New Waves in Philosophy of Mathematics, pages 263–299. Palgrave
Macmillan UK, London.

Lewis, C. I. (1918). A Survey of Symbolic Logic. Berkeley: University of California
Press.

Lyon, T. (2021a). Nested sequents for intuitionistic modal logics via structural
re�nement. In Das, A. and Negri, S., editors, International Conference on Au-
tomated Reasoning with Analytic Tableaux and Related Methods, pages 409–427.
Cham: Springer.

Lyon, T. (2021b). On the correspondence between nested calculi and semantic
systems for intuitionistic logics. Journal of Logic and Computation, 31(1):213–
265.

Lyon, T. (2021c). Re�ning labelled systems for modal and constructive logics with
applications. PhD thesis, Technischen Universität Wien.

Lyon, T. S., Ciabattoni, A., Galmiche, D., Larchey-Wendling, D., Méry, D., Olivetti,
N., and Ramanayake, R. (2023). Internal and external calculi: Ordering the
jungle without being lost in translations. arXiv preprint arXiv:2312.03426.

209



Bibliography

Maddy, P. (2019). What do we want a foundation to do? In Re�ections on the
Foundations of Mathematics, pages 293–311. Springer.

Mancosu, P. (2001). Mathematical explanation: Problems and prospects.Topoi,
20(1):97–117.

Mancosu, P., Poggiolesi, F., and Pincock, C. (2023). Mathematical explanation. In
Stanford Encyclopedia of Philosophy, pages 1–43. Stanford.

Marin, S. (2018). Modal proof theory through a focused telescope. PhD thesis,
Université Paris Saclay.

Marquis, J.-P. (2016). Stairway to heaven: the abstract method and levels of
abstraction in mathematics. The Mathematical Intelligencer, 38(3):41–51.

Martinot, R. (2022). Towards a formal analysis of semantic pollution of proof
systems.The Logica Yearbook 2022, 33(1):79–98.

Martinot, R. (2024a). A formal characterization of semantic pollution of modal
proof systems.Submitted.

Martinot, R. (2024b). Ontological purity for formal proofs. The Review of Symbolic
Logic, 17(2):395–434.

Martinot, R. and Poggiolesi, F. (2025). Purity and explanation: A systematic case
study. Synthese (accepted).

McCarthy, T. (2021). Induction, constructivity, and grounding. Notre Dame Journal
of Formal Logic, 62(1):83–105.

McMullin, E. (1985). Galilean idealization. Studies in History and Philosophy of
Science Part A, 16(3):247–273.

Murzi, J. (2014). The inexpressibility of validity. Analysis, 74(1):65–81.

Negri, S. (2005). Proof analysis in modal logic. Journal of Philosophical Logic,
34(5):507–544.

Negri, S. (2011). Proof theory for modal logic. Philosophy Compass, 6(8):523–538.

Negri, S. (2016). Non-normal modal logics: a challenge to proof theory. In Arazim,
P. and Lavicka, T., editors,The Logica Yearbook 2016, pages 125–140. College
Publications.

Negri, S. and Von Plato, J. (1998). Cut elimination in the presence of axioms.
Bulletin of Symbolic Logic, 4(4):418–435.

Negri, S. and Von Plato, J. (2008). Structural proof theory. Cambridge University
Press.

210



Bibliography

Novaes, C. D. (2019). The beauty (?) of mathematical proofs. In Aberdein, A. and
Inglis, M., editors, Advances in Experimental Philosophy of Logic and Mathemat-
ics, pages 63–94. Bloomsbury Publishing.

Nummela, E. (1987). No coincidence. The Mathematical Gazette, 71(456):147–
147.

Pel, B. (2023). `A Remarkable Arti�ce': Laplace, Poisson and Mathematical Purity.
The Review of Symbolic Logic, pages 1–37.

Peregrin, J. (2020). Rudolf Carnap's inferentialism. In The Vienna Circle in
Czechoslovakia, pages 97–109. Springer.

Pillay, A. (2021). Remarks on purity of methods. Notre Dame Journal of Formal
Logic, 62(1):193–200.

Pimentel, E. (2018). A semantical view of proof systems. InLogic, Language, Infor-
mation, and Computation: 25th International Workshop, WoLLIC 2018, Bogota,
Colombia, July 24-27, 2018, Proceedings 25, pages 61–76. Springer.

Pincock, C. (2015). The unsolvability of the quintic: A case study in abstract
mathematical explanation. Philosopher's Imprint, 15(3):1–19.

Poggiolesi, F. (2009). The method of tree-hypersequents for modal propositional
logic. In Towards Mathematical Philosophy: Papers from the Studia Logica confer-
ence Trends in Logic IV, pages 31–51. Springer.

Poggiolesi, F. (2010). Gentzen calculi for modal propositional logic. Springer Sci-
ence & Business Media.

Poggiolesi, F. (2024). Mathematical explanations: An analysis via formal proofs
and conceptual complexity. Philosophia Mathematica, 32:1–30.

Poggiolesi, F. and Genco, F. (2023). Conceptual (and hence mathematical) expla-
nation, conceptual grounding and proof. Erkenntnis, 88(4):1481–1507.

Poggiolesi, F. and Restall, G. (2012). Interpreting and applying proof theories for
modal logic. In New waves in philosophical logic, pages 39–62. Springer.

Pottinger, G. (1983). Uniform, cut-free formulations of T, S4 and S5. Journal of
Symbolic Logic, 48(3):900.

Priest, G. (2008). An introduction to non-classical logic: From if to is. Cambridge
University Press.

Rathjen, M. and Sieg, W. (2024). Proof Theory. In Zalta, E. N. and Nodelman,
U., editors, The Stanford Encyclopedia of Philosophy. Metaphysics Research Lab,
Stanford University, Winter 2024 edition.

211



Bibliography

Rav, Y. (2007). A critique of a formalist-mechanist version of the justi�cation
of arguments in mathematicians' proof practices. Philosophia Mathematica,
15(3):291–320.

Read, S. (2015). Semantic pollution and syntactic purity. The Review of Symbolic
Logic, 8(4):649–661.

Resnik, M. D. and Kushner, D. (1987). Explanation, independence and realism in
mathematics. The British journal for the philosophy of science, 38(2):141–158.

Restall, G. (2005). Multiple conclusions. In Logic, methodology and philosophy of
science: Proceedings of the twelfth international congress, pages 189–205. Kings
College Publications London.

Rum�tt, I. (1997). The categoricity problem and truth-value gaps. Analysis,
57(4):223–235.

Russ, S. (1980). A translation of Bolzano's paper on the intermediate value theo-
rem. Historia Mathematica, 7:156–185.

Ryan, P. (2023). Szemerédi's theorem: An exploration of impurity, explanation,
and content. The Review of Symbolic Logic, 16:700–739.

Sambin, G. and Valentini, S. (1982). The modal logic of provability. the sequential
approach. Journal of Philosophical Logic, 11(3):311–342.

Schroeder-Heister, P. (2014). Harmony in proof-theoretic semantics: A reductive
analysis. In Dag Prawitz on proofs and meaning, pages 329–358. Springer.

Schroeder-Heister, P. (2024). Proof-Theoretic Semantics. In Zalta, E. N. and Nodel-
man, U., editors, The Stanford Encyclopedia of Philosophy. Metaphysics Research
Lab, Stanford University, Summer 2024 edition.

Shapiro, S. (1991). Foundations without foundationalism: A case for second-order
logic, volume 17. Clarendon Press.

Shapiro, S. (1997). Philosophy of mathematics: Structure and ontology. Oxford
University Press.

Shapiro, S. (2006). Computability, proof, and open-texture. In Church's Thesis
After 70 Years, pages 420–455. Ontos Heusenstamm.

Shapiro, S. (2008). Identity, indiscernibility, and ante rem structuralism: The tale
of i and -i. Philosophia mathematica, 16(3):285–309.

Simpson, A. K. (1994). The proof theory and semantics of intuitionistic modal logic.
PhD thesis, University of Edinburgh.

Smiley, T. (1996). Rejection. Analysis, 56(1):1–9.

212



Bibliography

Steinberger, F. (2009). Harmony and logical inferentialism. PhD thesis, University
of Cambridge.

Steinberger, F. (2011). Why conclusions should remain single. Journal of Philo-
sophical Logic, 40(3):333–355.

Steiner, M. (1978a). Mathematical explanation. Philosophical Studies: An Interna-
tional Journal for Philosophy in the Analytic Tradition, 34(2):135–151.

Steiner, M. (1978b). Quine and mathematical reduction. The Southwestern Journal
of Philosophy, 9(2):133–143.

Straßburger, L. (2007). What is a logic, and what is a proof? In Logica Universalis:
Towards a General Theory of Logic, pages 135–152. Springer.

Sundholm, G. (1981). Hacking's logic. The Journal of Philosophy, 78(3):160–168.

Swoyer, C. (1991). Structural representation and surrogative reasoning.Synthese,
87:449–508.

Tappenden, J. (2012). Fruitfulness as a theme in the philosophy of mathematics.
The Journal of Philosophy, 109(1/2):204–219.

Thiele, R. (2003). Hilbert's twenty-fourth problem. The American mathematical
monthly, 110(1):1–24.

Thorstad, D. A. (2012). Purity of Methods. PhD thesis, Bryn Mawr College.

Tong, H. and Westerståhl, D. (2023). Carnap's problem for intuitionistic proposi-
tional logic. Logics, 1(4):163–181.

Torre, L. and Villata, S. (2014). An aspic-based legal argumentation framework
for deontic reasoning. In Computational Models of Argument: Proceedings of
COMMA, pages 266–421.

Tosatto, S. C., Boella, G., van der Torre, L., and Villata, S. (2012). Abstract norma-
tive systems: Semantics and proof theory. InThirteenth International Conference
on the Principles of Knowledge Representation and Reasoning.

Turner, R. (2010). Programming languages as mathematical theories. InThinking
Machines and the Philosophy of Computer Science: Concepts and Principles, pages
66–82. IGI Global.

Visser, A. (1997). An overview of interpretability logic. In Kracht, M., de Rijke,
M., and Wansing, H., editors, Advances in modal logic '96, pages 307–359. CSLI
Publications.

Waismann, F. (1968). Veri�ability. In How I See Philosophy, pages 39–66. Palgrave
Macmillan UK, London.

213



Bibliography

Wansing, H. (1994). Sequent calculi for normal modal propositional logics. Jour-
nal of Logic and Computation, 4(2):125–142.

Warmke, C. (2016). Modal semantics without worlds. Philosophy Compass,
11(11):702–715.

Warren, J. (2021). In�nite reasoning. Philosophy and Phenomenological Research,
103(2):385–407.

Weber, K. and Tanswell, F. S. (2022). Instructions and recipes in mathematical
proofs. Educational Studies in Mathematics, 111(1):73–87.

Weir, A. (2016). Informal proof, formal proof, formalism. Review of Symbolic Logic,
9(1):23–43.

Zach, R. (2007). Hilbert's program then and now. In Jacquette, D., editor, Hand-
book of the philosophy of science, Volume 5: Philosophy of Logic, pages 411–447.
Elsevier.

Zach, R. (2023). Hilbert's Program. In Zalta, E. N. and Nodelman, U., editors,
The Stanford Encyclopedia of Philosophy. Metaphysics Research Lab, Stanford
University, Winter 2023 edition.

214



Samenvatting

Wiskundigen bewijzen eenzelfde stelling vaak op meerdere manieren, zelfs als ze
al overtuigd zijn van de waarheid van de stelling. Het opnieuw bewijzen van
een stelling gebeurt om verschillende redenen: bijvoorbeeld om de kracht van
verschillende methodologieën te laten zien; om eerdere argumenten die als ge-
brekkig of onvolledig worden beschouwd te verbeteren; eenvoudiger redenerin-
gen te gebruiken; resultaten uit te breiden en te generaliseren; enzovoort. Een
speci�eke tak van zulke motivaties richt zich op zogenaamde �loso�sche `idealen'
— bepaalde conceptuele eigenschappen die als kenmerkend worden gezien voor
`goede' wiskundige bewijzen (zoals eenvoud of schoonheid). Dit proefschrift fo-
cust allereerst op bepaalde�loso�sche bewijsidealen.

Daarnaast geldt dat zowel de wiskunde als de logica een inherent samenspel
kennen tussen formele en informele concepten, waarvoor de juiste balans moet
worden gevonden. Het is moeilijk te achterhalen hoe formalisering van informele
noties in detail werkt, en wat de precieze verschillen zijn tussen informele en
formele concepten. Een tweede kernaspect van dit proefschrift is daarom de toe-
spitsing op formalisering van begrippen rondom wiskundige bewijzen.

Dit proefschrift brengt deze twee aspecten samen door verschillende formali-
seringen van bewijsidealen te de�niëren en met elkaar te vergelijken. De idealen
die we beschouwen, missen het soort precisie dat kenmerkend is voor wiskundige
de�nities, maar spelen desondanks een legitieme rol in het sturen van wiskundige
praktijk. Door hun formaliseringen te bestuderen, willen we zowel de aard van
bewijsidealen als de aard van formalisering zelf beter begrijpen.

(In)formele bewijzen en formaliseringen

De bewijzen en formaliseringen die bestudeerd worden in dit proefschrift bevin-
den zich op verschillende beschrijvingsniveaus, welke Hoofdstuk 1 behandelt.
We maken ten eerste onderscheid tussen het niveau vaninformele en formele
bewijzen. Informele bewijzen duiden `echte' wiskundige bewijzen aan, zoals ze
door wiskundigen in de praktijk bedacht en opgeschreven worden. Een informeel
bewijs beschrijft een argument in natuurlijke taal vermengd met formele sym-
bolen. Zo'n argument heet `informeel', omdat de natuurlijke taal het toestaat om
kleine redeneersprongen te maken, om bepaalde aannames impliciet te laten, en-
zovoort: het bewijs kan daarom niet volledig waterdicht genoemd worden.
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De bewijstheorieis een breed veld in de wiskundige logica waar bewijzen en
redeneringen zelf als wiskundige objecten behandeld worden, en biedt een manier
om een volledig formeel bewijs te construeren. Een belangrijk begrip uit dit veld
is dat van een bewijssysteem. Een bewijssysteem bestaat uit een volledigformele
taal, een verzameling van basisaannames in deze taal van waaruit bewijzen mogen
beginnen (axioma's), en een stel regelsdie bepalen welke conclusies in de formele
taal uit welke premissen getrokken mogen worden. Een formeel bewijsis dan
een geldige a�eiding van een uitspraak (in de formele taal) met gebruik van de
toegestane axioma's en regels van een bewijssysteem.

Het onderscheid tussen informele en formele bewijzen is van belang, want
er bestaan �loso�sche idealen van beide soorten bewijzen. Afhankelijk van of
een ideaal informele of formele bewijzen betreft, kan de formalisering ervan ver-
schillende vormen aannemen. Een formalisering van een ideaal voor informele
bewijzen, verduidelijkt vaak wanneer informelebewijzen hieraan voldoen. Dit kan
door nieuwe concepten te introduceren, maar in bepaalde mate nog steeds van in-
tuïtie en natuurlijke taal afhankelijk te zijn. Een ideaal voor informele bewijzen
kan echter ook radicaler geformaliseerd worden, namelijk door te de�niëren wan-
neer eenformeelbewijs aan dit (oorspronkelijk informele) ideaal voldoet. Omdat
een formeel bewijs een wiskundig rigide object is, kan een bewijsideaal in dit geval
sneller gekoppeld worden aan precieze eisen voor de formele taal, de axioma's of
de regels van een formeel bewijs. Ook �loso�sche idealen die van zichzelf al alleen
formele bewijzen betreffen, kunnen verschillende soorten formaliseringen krijgen.
Over het algemeen hebben idealen van formele bewijzen echter iets sneller een
formalisering die precieze eisen stelt aan de ingrediënten van een formeel bewijs.

De belangrijkste resultaten van dit proefschrift betreffen de formaliseringen
van drie bewijsidealen. Hoofdstuk 2, 3, en 4 gaan overzuiverheiden verklarend
vermogen, twee idealen (oorspronkelijk) van informele bewijzen, terwijl Hoofd-
stuk 5 en 6 semantische vervuiling(en zijn tegenpool, syntactische zuiverheid)
bestuderen, een ideaal van formele bewijzen.

Zuiverheid en verklarend vermogen

Een eerste bijdrage van dit proefschrift is de relatief grootschalige vergelijking van
verschillende formaliseringen van zuiverheid en verklarend vermogen (voor in-
formele bewijzen) die we hebben uitgevoerd in Hoofdstuk 2. Zuiverheid is een
bewijsideaal met een lange geschiedenis die herleid kan worden tot overwegingen
van Aristoteles en Archimedes. Zuiverheid betreft de gedachte dat een wiskundige
stelling slechts met bepaalde middelen bewezen zou mogen worden. Een `zuiver'
bewijs bevat in algemene zin alleen begrippen die bij de `inhoud' (of het `onder-
werp') van de stelling horen — een onzuiver bewijs gebruikt daarentegen con-
cepten die de inhoud van de stelling overschrijden. Dit kan op meerdere manieren
opgevat worden. Een traditionele interpretatie stelt dat een wiskundige stelling
binnen een bepaaldediscipline valt (zoals rekenkunde, geometrie, of topologie).
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Een zuiver bewijs van een stelling mag dan geen noties gebruiken die duidelijk bij
een andere discipline horen.

Het is misschien geen verrassing dat de evaluatie van wanneer een bewijs
zuiver of onzuiver is, op de intuïtie van wiskundigen berust. Een formalisering
van zuiverheid probeert bepaalde kernaspecten van die intuïtie precies te maken.
In onze vergelijking in Hoofdstuk 2 namen we drie modellen van zuiverheid mee:
Arana and Detlefsen (2011)'s model, dat een bewijs zuiver noemt als het alleen
noties gebruikt die we nodig hebben om de stelling te kunnenbegrijpen; Kahle and
Pulcini (2018)'s model, dat stelt dat een zuiver bewijs alleen wiskundige operaties
gebruikt die niet sterkerzijn dan de operaties die in de stelling voorkomen; en ons
nieuwe voorstel voor ontologischezuiverheid, waarop in de volgende paragraaf
uitgebreider wordt ingegaan.

Het tweede bewijsideaal betreft het verklarend vermogen van een bewijs. Dit
ideaal komt voort uit het idee dat sommige bewijzen van een stelling laten zien
waarom de stelling waar is (en verklarend vermogen bezitten), terwijl andere
bewijzen slechts laten zien dat de stelling waar is (en geen verklarend vermo-
gen bezitten). Paragraaf 2.2 geeft in de eerste alinea een voorbeeld van dit on-
derscheid. Maar ook bij het beoordelen van bewijzen op dit ideaal speelt de in-
tuïtie van wiskundigen een grote rol, en er bestaan diverse soorten formaliserin-
gen van verklarend vermogen. In Hoofdstuk 2 nemen we drie bekende modellen
van verklarend vermogen mee in de vergelijking met zuiverheid: Kitcher (1989)'s
model, dat verklarend vermogen koppelt aan een redeneerpatroon dat in hoge
mate verschillende bewijzen met elkaar verenigt; Steiner (1978a)'s model, dat
stelt dat een bepaalde k̀arakteriserende eigenschap' van een element in de stelling
moet voorkomen in het bewijs, wil deze verklarend vermogen bezitten; en Pincock
(2015)'s model, dat zegt dat het bewijs (op een relevante manier) abstractermoet
zijn dan de stelling die het bewijst.

Hoofdstuk 2 vergelijkt deze modellen met elkaar aan de hand van twee con-
crete wiskundige bewijzen: een verklarend bewijs van de Stelling van Pythago-
ras, en Euclides' zuivere bewijs van de oneindigheid van de priemgetallen. De
resultaten wijzen uit dat in de meeste gevallen, zuiverheid en verklarend vermo-
gen van elkaar verschillen. Beide idealen hebben een rijke pluraliteit aan eigen-
schappen die benadrukt kunnen worden in een formalisering. In algemene zin is
zuiverheid iets strikter en afhankelijker van het wiskundige domein dat gebruikt
wordt, terwijl verklarend vermogen een bepaalde (domein-onafhankelijkere) re-
latie vereist tussen een stelling en het bewijs. Hoofdstuk 2 draagt bij aan ons
begrip van de speci�eke verschillen tussen zuiverheid en verklarend vermogen,
door formaliseringen systematisch met elkaar te vergelijken.

Ontologische zuiverheid

Hoofdstuk 3 en 4 introduceren een nieuwe formalisering van zuiverheid, namelijk
ontologische zuiverheid. De formalisering heeft zowel betrekking op informele
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bewijzen als op formele bewijzen. Kort gezegd voldoet een wiskundig bewijs aan
ontologische zuiverheid als het alleen gebruikmaakt van wiskundige objecten en
operaties (een wiskundige ontologie) waar de stelling zelf ook iets over zegt. Dit
is een vrij tolerante formalisering van zuiverheid, omdat zij relatief onafhanke-
lijk is van hoe we een stelling en een bewijs begrijpen: het gaat primair om de
wiskundige elementen zelf.

De formalisering is daarnaast vernieuwend omdat zij twee niveaus de�nieert
van ontologische zuiverheid: volledigeontologische zuiverheid, en secundaireon-
tologische zuiverheid. Volledige zuiverheid eist van een bewijs dat de objecten en
operaties waar het naar verwijst, de directe elementen zijn waar de stelling over
gaat. Secundaire ontologische zuiverheid stelt daarentegen dat een bewijs ook
andere objecten en operaties mag gebruiken, zolang deze de `daadwerkelijk zuiv-
ere' ontologie simuleren. Dit motiveren we vanuit het structuralisme(zie (Shapiro,
1997)), een �loso�sch perspectief op wiskundige inhoud waarbij elk wiskundig
domein een onderliggend `abstract skelet' (eenstructuur) bezit, waar speci�eke
details over de oorspronkelijke wiskundige objecten achterwege gelaten worden,
en alleen de verhoudingenvan objecten tot andere in hetzelfde domein worden
meegenomen. Een structuurveralgemeniseertdus een speci�ek wiskundig domein,
en staat andere wiskundige domeinen toe dezelfde structuur te bezetten. Een
voorbeeld is de getallenreeksN (0, 1, 2, ...). Deze reeks wordt gede�nieerd door
Peano rekenkunde, een theorie die speci�ek daarvoor gemaakt is en beschouwd
wordt direct te verwijzen naar N. Tegelijkertijd kunnen heel andere wiskundige
theorieën ook verwijzen naar simulaties van N, bijvoorbeeld Zermelo-Fraenkel
verzamelingentheorie, geometrische theorieën, enzovoort. Zulke simulaties be-
houden misschien niet de directe ontologie waar een stelling over gaat — maar
ze behoudenwel de onderliggende structuur van de ontologie. Dit rechtvaardigt
de secundaire vorm van zuiverheid: als een bewijs van een stelling overN verza-
melingen gebruikt, maar alleen verzamelingen die simulatiesvan 0, 1, 2, ... zijn,
dan is het bewijs alsnogsecundair zuiver.

Hoofdstuk 3 en 4 de�niëren een methode om ontologische zuiverheid van in-
formele bewijzen, maar ook van formele bewijzen te bepalen. Om te preciseren
wat een `simulatie' is in de context van formele bewijzen, worden wiskundige hulp-
middelen gebruikt, met name de interpretatievertaling van Visser (1997). Dit laat
zien dat wiskundige noties samen met �loso�sche perspectieven kunnen leiden tot
succesvolle formaliseringen.

Syntactische zuiverheid en semantische vervuiling

Tenslotte bekijken Hoofdstuk 5 en 6 een �loso�sch ideaal van formele bewijzen.
De bewijstheorie (en formele bewijzen) worden ook wel syntactischgenoemd, om-
dat een bewijssysteem vastlegt hoe formele syntax gemanipuleerd mag worden om
tot een sluitend bewijs te komen. Dit contrasteert met de semantischebenadering
van een redeneersysteem (eenlogica), waarbij het vooral gaat om de vraag: in
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welke situaties is een uitspraakwaar? De waarheid van uitspraken wordt formeel
gemodelleerd door wiskundige constructies zoals waarheidsberekeningen, Kripke-
modellen en algebra's. Normaalgesproken zoekt men eenbalanstussen de syntac-
tische en de semantische beschrijving van een logica, zodat deze goed op elkaar
aansluiten.

Hier komt echter ook een �loso�sch ideaal van bewijssystemen bij kijken,
namelijk syntactische zuiverheid. Dit ideaal stamt uit de intuïtie dat, ook al moeten
de syntactische en semantische benadering van een logica goed op elkaar aan-
sluiten, er tegelijkertijd ook een bepaalde afstand moet bestaan tussen beide per-
spectieven. Als een bewijssysteem namelijk te veel lijkt op de semantiek, dan is het
resultaat dat beide systemen op elkaar aansluiten bijna triviaal. Een bewijssysteem
mag dus volgens sommigen niet `te semantisch' (i.e. semantisch vervuild) zijn.

Het fenomeen van semantische vervuiling is grotendeels voortgekomen uit de
ontwikkeling van logica's die modaliteiten gebruiken (formaliseringen van ter-
men als `noodzakelijkerwijs' en `mogelijkerwijs'). Voor zulke logica's is het re-
latief moeilijk om een bewijssysteem te vinden met `goede' wiskundige eigen-
schappen. Een oplossing hiervoor is om bewijssystemen te ontwerpen waarbij
invloed van de semantiekin de syntax te zien is. Zo'n bewijssysteem is intuïtief niet
meer syntactisch zuiver, maar in plaats daarvan semantisch vervuild. Een primair
voorbeeld bestaat uit de zogenaamde `gelabelde bewijssystemen' voor modale
logica's. De veelvoorkomende Kripke-semantiek voor modale logica's gebruikt
wiskundige grafen om waarheid in te modelleren. Een graaf is een verzamel-
ing punten x; y; z; :::, waarvan sommige verbonden zijn door lijnen (aangegeven
door xRy; xRz; ::: ). Een bewijssysteem voor modale logica's heeft op zichzelf niet
direct met grafen te maken, maar toch kan een succesvol bewijssysteem ontwor-
pen worden door de semantische punten (als `labels') en lijnen alsextra syntax
toe te voegen aan de al bestaande formele taal (deobjecttaal). De taal van het
bewijssysteem krijgt daardoor extra expressieve kracht en extra structuur, maar
is volgens sommigen nu semantisch vervuild. Of syntactische zuiverheid altijd de
voorkeur verdient is discutabel, en wiskundigen en �losofen hanteren verschil-
lende perspectieven hieromtrent. Minder controversieel is om te zeggen dat het
afhankelijk is van het doel van een bewijsyssteem of syntactische zuiverheid dan
wel semantische vervuiling een betere optie is — een context-afhankelijke aanpak
lijkt dus het beste.

Ook al wordt semantische vervuiling veelvuldig kort benoemd in de bewijstheo-
retische literatuur, het is nog maar zelden diepgaand onderzocht. Hoofdstuk 5 en
6 introduceren een uitgebreide conceptuele en formele de�nitie van semantische
vervuiling. De gedachte is dat een bewijssysteem semantisch vervuild is, als de
extra syntax van het bewijssysteemmeer kan uitdrukken over de semantiek, dan
de objecttaal zelf. Dit formaliseren we door middel van `noties van gelijkheid' voor
semantische modellen. Namelijk: als de objecttaal geen onderscheid kan maken
tussen twee semantische modellen, maar de extra syntax van het bewijssysteem
wel, dan noemen we het bewijssysteem semantisch vervuild. Hierbovenop identi�-
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Samenvatting

ceren we nog twee extra eigenschappen die speci�ek zijn voor de grafensemantiek,
die een hoger niveauvan semantische vervuiling aangeven. Hierdoor ontstaan er
in onze formalisering vier niveaus van semantische vervuiling, die een relatief gen-
uanceerd beeld geven van de verschillende manieren waarop bewijstheoretische
syntax semantisch beïnvloed kan worden.

We passen de formalisering toe op een collectie van bewijssystemen voor de
modale logica, en presenteren een eerste systematische analyse van deze talen op
basis van onze maatstaven voor semantische vervuiling.

Tenslotte biedt Hoofdstuk 7 verdere re�ecties op formalisering(en), en gaat het
dieper in op mogelijke generalisaties van het werk uit eerdere hoofdstukken. De
gede�nieerde formaliseringen voor bewijsidealen kunnen in de toekomst op vele
manieren worden uitgebreid, door bijvoorbeeld te focussen op andere ingrediën-
ten van een bewijssysteem, op andere soorten bewijssystemen, en andere logica's.
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